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Lecture 1

Introduction to Resolution of Singularities

Since time immemorial mathematicians have been looking for ways to get rid of singularities. This
course will look at a specific technique to do so pioneered by deJong, and build up some of the

theory along the way to understand the proof of his main result.

§1.1 Some basic definitions

DEFINITION 1.1.1. Let X be a reduced locally noetherian scheme. A resolution of singular-
ities of X is a map of schemes f : X’ — X such that:

(1) f is proper.
(2) X' is regular.

~

(3) f is birational (i.e. there exist dense opens U C X, U’ C X' such that f: U = U).

EXERCISE 1.1.A. Show that condition (3) in the above definition is equivalent to the following:
There exists a dense open U C X such that f~1(U) C X’ dense and f~}(U) = U.

REMARK 1.1.2. The above definition is given in extreme generality. In virtually all contexts
within this course one could just as well replace the “reduced locally noetherian” in the above

definition with “integral noetherian” if one so wishes.

We could be greedy in how nice we want a resolution of singularities to be. As motivation, we
recall that virtually all organically occuring commutative rings in number theory or algebraic geom-
etry are excellent', e.g. any complete noetherian local ring, any Dedekind domain of characteristic
0, rings of real or complex convergent power series, and any localizations or finitely generated alge-
bras over the previous are all excellent. For any excellent scheme — which is a rather mild condition
— the regular locus

Reg(X) :={z € X : 0, regular}

is (Zariski) open.

HorE. The open set U along which the isomorphism f : f~1(U) -~ U holds for a resolution of

singularities can be arranged to be exactly the regular locus Reg(X). Moreover we could also ask

Lthis notion will be discussed a bit later on in the course
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that the closed set X’ — f~1(U) (given the reduced structure) to be a “nice” closed subset of X’

in the sense of the following definition.

DEFINITION 1.1.3. Let S be a regular scheme and let D C S be an effective Cartier divisor (i.e
a closed subscheme whose ideal sheaf .#p C Og is invertible) We say D is a strict normal

crossings divisor (henceforth abbreviated to sncd) if:
(1) D is reduced.

(2) All the irreducible components {D;},., of D (given the reduced structure) are regular.

(3) For any finite subset J C [ (the index set of the irreducible components of D), the

intersection

DJI: ﬂDj

jeJ

is regular of pure codimension #J in S (i.e. dimOp, ¢ = dim Oge — #J for all £ € Dy).

The prototypical intuitive geometric picture to keep in mind for the above definition is a union of
hyperplanes through the origin in an affine space; all the irreducible components are geometrically
nice and taking successive intersections among such components decreases the dimension by 1 each
time.

There are different ways one can characterize sncd’s. For every £ € D, (#p)e = (t) is an ideal in
the regular local (and thus UFD) Ogg, and t = [[;cjc; ti where (t;) = (&p, )¢ for D; the irreducible
component of D through &.

EXERCISE 1.1.B. Check that a reduced Cartier divisor D C S is an sncd if and only if the irre-
ducible factors of the local generators of (.#p)¢ consitute part of a regular system of parameters

in OS,E-

One difficulty with the notion of an sncd is that it is not an étale-local condition: one cannot
determine whether a reduced closed subscheme in a regular scheme S is an sncd solely by looking
at its pullback to some étale cover of S. Since the right notion of “stalk” in the étale topology is
strict henselization, the difficulty boils down to the fact that the henselization of a local noetherian

domain need not be a domain (much as for completion, as will be illustrated shortly).

ExampLe 1.1.4 (Failure to be an sned). Consider the nodal cubic
C:= {y2 = 2%(x + 1)} C A}

for k a field of characteristic that is not 2. This is integral but not regular (this fails at the
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origin (0,0)), so it is not an scnd. The element 1 + x is a square in the completion

R = @C,(0,0) = k[z,y]/(y* — 2°(z + 1))

since the Taylor series of /1 + x has coefficients which are all rational of denominator a power

of 2. Thus that R is not a domain since we have

v —2*(x+1) =y —2v1+2)(y+2v1+a),

yielding surjective maps R — k[z,y]/(y — /1 + z) ~ k[z] and R — k[x,y]/(y +zv/1 + ) ~
k[x]. Similarly C' has reducible pullback C” over the étale neighborhood

U = Spec(kla, y, VI T €)1sa) = Spec(kle, ylion) = o # ~1} C AZ

of the origin, with C’ an sncd in U. So although the geometry of C' at the origin causes C' not

to be an sncd, it becomes an sncd over an étale neighborhood or “formal-locally” at the origin.

Motivated by the above example, we wish to weaken the notion of an sncd to allow for an

étale-local notion:

DEFINITION 1.1.5. Let S be a regular scheme. A reduced effective Cartier divisor D C S is a

normal crossings divisor (ncd) if for all points £ € D, there exists an étale neighborhood
f:U" — S such that f~1(D) C U’ is an sncd.

For regular S that is excellent (a mild condition: see §3.3), the Artin-Popescu approximation
theorem to be discussed later (§21.3) gives that a Cartier divisor D C S is an ncd if and only if
Spec(Op.) C Spec(Og¢) is an sncd for all € € D; we will not use this.

EXERCISE 1.1.C. Let S be a regular scheme. If a Cartier divisor D C S is an ncd, show that
D C S is an sncd if and only if all irreducible components D; C D (with the reduced structure)
are regular. The only non-trivial part here is the intersection codimension condition; one must

traverse between D and its pre-image under an étale map to verify this.

§1.2 Some deep results

The dream scenario is to have a resolution of singularities that is an isomorphism over the regular
locus of a given scheme and has preimage in the resolution whose complement is an ncd. The

following result has been described by Kollar as Hironaka’s magnum opus.

TrHeoreEM 1.2.1 (Hironaka). For a reduced separated scheme X of finite type over a field k£ of

characteristic 0, there exists a resolution of singularities f : X’ — X such that
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1. f is an isomorphism over Reg(X) = X® C X, and
2. f74(X —Reg(X)) C X’ is an ncd.
In characteristic p > 0 the analogous statement remains unknown (but it is known when dim X < 2).

REMARK 1.2.2 (Historical Aside). The original formulation of the theorem was in greater gen-
erality and its original proof is notoriously complex, so much so that Deligne found it over-
whelming to navigate the many intricacies of Hironaka’s paper (split into two parts, one 95
pages [Hir64a] and the other 122 pages [HirG4b]) after taking it with him on his year in the
Belgian army. The proof has been revised and simplified by many people over the years; Kollar

has a rather efficient 30(ish)-page proof in [Kol07].

Johan deJong took a different approach to the problem of resolving singularities by introducing
the weaker notion of an alteration that turns out to often be sufficient and permits a striking

existence resolution in positive characteristic as well.

DEFINITION 1.2.3. Let X be an integral Noetherian scheme. An alteration of X is a map
f: X' — X where

1. X’ is integral and regular,
2. f is dominant proper (and thus surjective),
3. [k(X') : k(X)] < 0.
EXERCISE 1.2.A. Use a standard spreading out argument to show condition (3) in the definition

above is equivalent to the following; there exists a dense open U C X such that f~'(U) — U
is finite flat (even finite étale when k(X’)/k(X) is separable).

The 3rd condition in Definition 1.2.3 makes the geometry of X’ rather different from that of
X; e.g., any regular curve C' over a field k a function field which is a finite extension of k(t), so if
C is proper then it is a finite cover of P,. So in some sense an alteration loses a huge amount of
geometry, but for various uses this turns out not to be as detrimental as one might imagine. The

main aim of this course is to prove:

THEOREM 1.2.4 (deJong). For k any field, let X be a k-variety (integral separated of finite
type) and pick any proper closed subset Z C X. Then we have a diagram

f‘l(Z) X 5 X
f f

L —— X
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where f : X’ — X is an alteration, X’ is a regular projective k-variety and ¢ : X’ — X' is a
dense open immersion such that the closed set f~1(Z)U (X — X') = X’ — f(X — Z) with

the reduced structure is an sncd in X .

WARNING. The definition of variety in the above theorem, which we shall use as in deJong’s

paper, does not require geometric integrality (oft stipulated by some).

REMARK 1.2.5. 1. The theorem will ensure that if k is perfect then we can arrage k(X')/k(X)

to be separable (equivalently X’ — X is finite étale over a dense open in X).

2. The proof of this theorem gives no control on how X’ —Z relates to Reg(X). In particular
it does not imply Theorem 1.2.1 (as far as is known), nor does the method enable one to
ensure X’ — X is étale or even quasi-finite over a chosen regular point in X. Nonetheless,
deJong’s method was adapted by Abramovich and deJong to prove a weaker version
of Hironaka’s theorem in characteristic 0 with birational maps (not just an alteration)
[Ad97]. We will discuss next time with some examples that for certain types of statements
the existence of a regular alteration can be used in place of appeals to Hironaka’s great

theorem.
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Lecture 2

Using Alterations

§2.1 Some applications and non-applications

Hironaka’s theorem was so optimal and versatile that for several decades it blinded everyone to
weaker alternatives that might be within reach in positive characteristic (though a small community
did work on finding shorter approaches to the proof of Hironaka’s result). In this section we go over

some applications of the theorem in which alterations in place of birational maps actually suffices.

The Riemann Existence Theorem. Riemann proved the algebraicity of compact Riemann sur-
faces by showing (in modern language) that any compact connected Riemann surface X admitting
a non-constant meromorphic function (which thereby exhibits X as a finite flat cover of CP!. There
are various ways to generalize this in the language of algebraic varieties or monodromy. The follow-
ing vast generalization, called “Riemann Existence Theorem” in [SGA 1, Exp. XII, Thm. 5.1], builds

on a key ingredient due to Grauert and Remmert.

THeEorEM 2.1.1. Let X be a locally finite-type C-scheme, and let X — X?" be the analytifi-
cation functor from the category of such schemes to the category of complex-analytic spaces.

For the categories
Fe(X) = {finite étale covers £ — X'}

and

Fe (X)) := {finite étale covers E' — X} = {finite-degree covering spaces T'— X (C)},

the analytification functor £ +— E®*" is an equivalence of categories.

If X is assumed to be proper then the above theorem is a relatively simple consequence of Serre’s
GAGA. Grothendieck’s proof in the general case involves working locally on X to reduce to affine
X that is made reduced, then normal, and Hironaka’s resolution of singularities is applied to the
affine normal X embedded in a projective closure. The use of Hironaka’s result can be replaced

with deJong’s alterations.

EXERCISE 2.1.A. Adapt the proof of Theorem 2.1.1 in [SGA1, Exp. XII] to use deJong’s theo-

rem on alterations in place of Hironaka’s result.

Artin Comparison Theorem. Suppose .# is an abelian sheaf on the étale site of a locally finite
type C-scheme X. The analytification functor (used in Theorem 2.1.1) gives rise to an analogous
functor at the level of abelian sheaves to produce #*" on X(C). This can a powerful tool for

computing étale cohomology, such as in the following result.

10
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THEOREM 2.1.2 (Artin Comparison). Let X be a separated finite-type C-scheme, and % a

constructible abelian étale sheaf on X. The natural map
H*(Xe, ) — H*(X(C),.7")

is an isomorphism

The analogous statement for H? (cohomology with compact support) is significantly easier to
prove via an inductive argument with excision sequences, base change theorems, and curve fibrations
to ultimately reduce to the case of curves. Such inductive tools are not available for H®, which
makes the proof of the Artin comparison theorem for it far more difficult. The proof in [SGA4]
uses resolution of singularities. Later Berkovich [Ber93, Thm. 7.5.1(iii)] gave an entirely different
approach for proving an analogous comparison theorem with étale cohomology for non-archimedean
analytic spaces (over any non-archimedean field, which could have positive characteristic) in which
all need for resolution-type results was eliminated. Berkovich’s method adapts to make sense over
C, where it removes all use of resolution-type tools in the proof of Theorem 2.1.2.

However, there remains an important role for resolution in this matter: bootstrapping to con-
structible f-adic sheaes % with arbitrary singularities for X. This upgrading to the f(-adic case
is not too hard to prove in the smooth case, but in general it uses the local triangulizability of
X (C). Happily, that triangulation result can be bypassed: an elegant argument of Deligne (private

communication) uses alterations to carry out a slick reduction to the smooth case.

Mixed Hodge Structures. In Deligne’s theory of mixed Hodge structures for singular algebraic
schemes X over C, he used Hironaka’s resolution to build “proper hypercoverings” of X whose layers
are smooth. One can use alterations for the same purpose, and the rest of Deligne’s development

goes through without any changes.

Algebraic deRham theory (a non-application). Let X be a smooth separated scheme of finite
type over C. We have the algebraic deRham complex (not exact for the Zariski topology)

° d d d
X/c:(OX—>9§</C—>Q§</C—>"')

which gives the deRham cohomology Hig (X/C) := H' (X, Q% sc), where H*(—) denotes the hyper-

cohomology of a complex. A natural analytification map
Hgp (X/C) — HY(X™, Q%) ~ H'(X(C),C)

(last step via the complex-analytic Poincaré Lemma) is an isomorphism [Gro66, Thm. 1'].

11
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REMARK 2.1.3. For proper X this “deRham comparison map” can be shown to be an isomor-

phism by use the Leray spectral sequence to reduce to the GAGA comparison isomorphisms
for H (V).

The proof that Hiz(X/C) — H(X(C),C) is an isomorphism first uses a Cech type reduction
to quasi-projective X, and then Hironaka’s theorem (applied to a projective closure of X) yields
an open immersion X < X with smooth projective X for which X — X is an ncd inside X.
Grothendieck exploted the favorable geometry of ncd’s to then deduce the desired isomorphism
property for X from the settled proper case. Since Hg(X/C) behaves poorly with respect to
proper surjections, and deJong’s theorem also doesn’t control the quasi-finite or étale locus in the

base, it doesn’t seem possible to replace this use of Hironaka’s theorem with deJong’s.

§2.2 Regularity versus Smooth

Let S be a scheme locally of finite type over a field k. We say S is regular if Og; is regular for
all s € S. (It is sufficient to check regularity of Og; for closed s € S, by Serre’s result that the
localization of a regular local ring at a prime ideal is regular.) Note that this makes no reference
to the k-structure on S it is a property of the abstract scheme S.

We say that S is smooth over k if any of the following (not obviously!) equivalent conditions
are satisfied (writing Sk to denote S ® K for a field extension K/k):

1. S is regular,

2. Sy is regular for all finite &' /k,

3. Sy is regular for all &'/k,

4. Sy is regular for some perfect k'/k,

5. S — Spec(k) satisfies the infintesimal smoothness criterion.

When £ is perfect then smoothness over k is equivalent to regularity and otherwise these two

conditions are distinct:

ExampLE 2.2.1. Let k be an imperfect field with chark =p > 0and a € k—kP (e.g. k =F,(¢)
and a = t). Pick m > 1 with p{ m. Let C = {y™ = 2P —a} C A}. Since a & kP, 2P —a
is irreducible in k[z] and one checks usng the ramification theory of dvr’s that klz,y]/(y™ —
(P — a)) is Dedekind (showing it is the integral closure of k[z] in the degree-m extension
k(x)((x? — a)'/™).) In particular C is regular.

Over k the defining equation becomes y™ — (27 — a) = y™ — (z — a)? for o = a. Therefore,

12
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Cy, is integral (as p { m) but it has a unique singularity at («,0). Clearly C' — {{} is k-smooth
for the closed point & = (2P — a,y).

The preceding example is k-smooth on a dense open. More broadly, such generic smoothness
for a curve encodes a property of the field extension k(C)/k as we explain with the next class of

examples.

ExAMPLE 2.2.2. Let K/k be finitely generated of transcendence degree 1; using normalization
of a projective model we have K = k(C') for a unique regular proper connected curve C' over k.
Choices of finite k(z) — K correspond to finite flat maps C' — P}, over k. If C has a k-smooth
dense open subset U then there exists an étale k-map U — Al where x € k corresponds to
separating transcendence basis over k for k(U) = k(C) = K. In particular K/k having a

separating transcendence basis (equivalent to K /k being separable in the sense of field theory

[Mat90, §26]) is equivalent to the existence of a k-smooth dense open U C C.

The next example has the remarkable feature of being regular but not generically k-smooth (in
fact it is geometrically nowhere reduced) yet with k algebraically closed in the function field (so
the presence of nilpotents over k is not caused by the presence of a nontrivial purely inseparable

extension of the constant field occuring inside the function field).

ExXAMPLE 2.2.3 (MacLane). Let k = Fy(s,t) and C = {saz? + ty? = 1} C AZ. Tt is readily
verified that C' is integral and with a bit more work that C' is Dedekind, and more challenging
to prove (exercise!) that k is algebraically closed in k(C).

Since Cp = {(ox+71y)? = 1} for o = s and 77 = t, we see that C' is geometrically irreducible
but geometrically everywhere non-reduced. In particular, k(C')/k does not have a separating

transcendence basis since C' does not have a k-smooth dense open subset.

More broadly, these considerations show that if X is a variety over k& (in the sense of [de]96]:
an integral separated scheme of finite type over k) then even if k is algebraically closed in k(X)
there may not exist a k-smooth alteration. Indeed, if k(X)/k is not separable (i.e. no separating
transcendence basis) then there is no k-smooth alteration X’ — X since otherwise the compos-
ite field inclusion k& C k(z) C k(X’) being separable would imply k(X)/k is separable (use the
characterizations of separability in [Mat90, Thm. 26.2]).

Thus, the best one can hope for in general is the existence of a regular alteration rather than a
k-smooth one (if k is not perfect), even if k is algebraically closed in k(X). When X is generically
k-smooth (and k is not perfect) then deJong’s proof still produces only a regular alteration rather

than a k-smooth one.

13
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Lecture 3

Semi-stability and Excellence

§3.1 Basic Idea of deJong’s proof

Consider a proper closed subset Z C X with X a variety over k.

Step 0: Use Chow’s Lemma and normalization to reduce to X quasi-projective and normal,
and then to the case k = k. This settles dimension d = 1 (d = 0 is trivial), and we will induct on
d>1.

Step 1: Use blow-ups to pass to where there is a surjective map X — P! with fibers smooth
and geometrically connected curves over a dense open.

Step 2: Use properness of the moduli stack M, ,, of stable genus-g curves with n marked points
(which we’ll discuss later) for suitable n to build alteration Y’ — P{~! and X’ — X fitting into a

commutative diagram

X/ alteration X

L

Y/ Pd—l

where X’ — Y’ has all fibers as semistable geometrically connected curves (defined below); beware
that Y’ may be awful.

This is where alterations most essentially arise, due to their role in the “semistable reduction
theorem for curves” (to be discussed a bit later in this lecture) that in turn underlies properness of
the global stack M, ,,.

Step 3: Apply induction to Y’ (and its proper closed locus Z’ of non-smooth fibers for X’ — Y”)
to pass to where Y is smooth and the family X — Y of geometrically connected semistable curves
is smooth over Y — Z for an sned Z C Y. This is now a very favorable geometric setup: a smooth
base Y and a curve fibration X — Y with only mild singularities that moreover are supported over

an sncd in Y. Concrete blow-ups on X (no more alerations) then conclude the proof.

§3.2 Semistable Curves
We begin our discussion of semistability for curves with the theory over a field.

THrEOREM 3.2.1. Let X be a pure 1-dimensional finite type scheme over k. Pick x € X closed.

The following are equivalent:

(1) For some T € Xy over z, O%__is k-isomorphic to either k[t] or kJu,v]/(uv)
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(2) Either z lies in the open k-smooth locus X®™ or there exists a common étale neighborhood

(over k)
(U, ) \
(X’ IL“) ({UU = 0}7 (O’ O))

(which implies that X is k-smooth on V' — {z} for some open V' > x).

When these equivalent conditions hold, we say X is semi-stable at x.

Proof. The difficult part (1)=(2) uses Artin approximation (as a special case of the study of “or-
dinary double point” singularities carried out in [FK88, §2, Ch.III]). O

Note the consequence that if X is semistable at 2 which is not a k-smooth poin then k(x)/k
is separable (thanks to the description using a common étale neighborhood with the origin in

{uv = 0}). This may seem like a minor observation but is technically extremely useful later on.

DEFINITION 3.2.2. We say X is semi-stable if it is semi-stable at all closed points = € X, in

which case the open subset X*™ C X is a dense open.

Beware that we do not require semistable curves (which are clearly k-smooth on a dense open)
to be irreducible. This is very important for stating the “semistable reduction theorem for curves”
(which in turn underlies properness of associated moduli stacks of stable curves), as already for
elliptic curves over the fraction field of a dvr R a good notion of “semistable reduction” involves a
proper flat R-model whose special fiber tends to be reducible.

To explain the general “semistable reduction theorem” for curves, we start with the following

result for abelian varieties elegantly proved by Deligne at the end of [SGAT7, Exp.I]:

THEOREM 3.2.3 (Semi-stable reduction of abelian varieties). Let A be an abelian variety over
K = Frac(R) for a dvr R. There exists a finite separable extension K’/K so for the R-finite
semi-local integral closure R' C K’ of R the Néron model &7’ = Néron(Ag-) has “semistable

reduction”: the identity component of each geometric special fiber of .7’ has “affine part” that

is a torus.

Here, “affine part” refers to a general theorem of Chevalley [Con(2] that every smooth connected
group variety G over a perfect (e.g., algebraically closed) field is uniquely an extension of an abelian
variety by a smooth connected affine group G*. The requirement for the affine part to be a torus
is illuminated partly by the general fact any commutative smooth connected affine group over a

perfect field is uniquely the product of a torus and a commutative unipotent group.
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REMARK 3.2.4. Letting k be the residue field of R, in Theorem 3.2.3 is enough (by Deligne’s
proof) to take K'/K that splits the finite étale K-group A[¢] for an odd prime ¢ # char(k) or
¢ =4 (when char(k) # 2).

To apply the preceding theorem to curves, consider smooth proper and geometrically connected
curve X over K = Frac(R). There exists a “minimal regular proper model” of X: a proper flat
morphism 2~ — Spec(R) with generic fiber X such that 2" is regular and has “no contractions”
in its special fiber (minimality): this means no proper birational f : 2~ — % to another regular
proper flat R-scheme % with f not sending an irreducible component of 2} onto a point (this is
equivalent to f not being quasi-finite, which in turn is equivalent to it not being an isomorphism
by normality considerations). A minimal regular proper model is unique when g > 0.

The existence of a minimal regular proper model is a combination of two deep ingredients:
Lipman’s resolution of singularities for abstract excellent (§3.3) surfaces and the Lichtenbaum /Sha-
farevich theory of minimal models for regular proper flat R-curves. These ingredients are developed
in [CS86, Ch. XI, XII] (with a minor restriction on residue fields for abstract surface resolution in
equicharacteristic p > 0 that [k(z)? : k(z)] < oo for all closed points x, which will be harmless
for our later purposes with proper flat curves with smooth generic fiber over a dvr since we will
only need it when the residue field is algebraically closed; alternatively, [SP, Tag 0ADW] gives a
proof without this restriction, the key points being [SP, Tag 0B4U] and its use in [SP, Tag 0BGN]).
Although there are non-excellent dvr’s (to be discussed next time), R is always excellent and this
can be used via a trick to make a regular proper flat model over a general dvr R when one is in
hand over R.

The geometry of a minimal regular proper model can be connected to the geometry of the Néron
model of the Jacobian A := Picg(/ « (an abelian variety with dimension g := genus(X)). This a
fundamental discovery of Deligne and Mumford [DM69, Prop. 2.3, Thm. 2.4]:

THEOREM 3.2.5 (Deligne-Mumford). If g > 2 and the residue field k& of R is perfect then A
has semistable reduction if and only if the minimal regular proper model 2~ — Spec(R) has

semistable special fiber.

The formation of both the minimal regular proper model (in positive genus) and the Néron model
commute with base change to the strict henselization R*", so for the purposes of the proof one can
assume k is algebraically closed (as is done in the proof by Deligne and Mumford). The hypothesis of
perfect residue field is not an obstacle for the purpose of proving a “semistable reduction theorem
for curves” as stated without restriction on k& below. The reason is that there is always a local
dvr extension R — R’ with ramification degree 1 inducing a separable algebraic extension K'/K
on fraction fields and the perfect closure k,/k on residue fields (proved by a Zorn-style argument

inside K, using that a finite purely inseparable extension of the residue field can be realized with a
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ramification-degree 1 separable extension of the fraction field), and we can use the desired conclusion
over such an R’ to get what we want over a finite separable extension of the original K.

What about g < 17 Any smooth curve (as for any non-empty smooth scheme over a field)
acquires a rational point over a finite separable extension of the base field, so for g = 0 it becomes
P! over a finite separable extension of the base field and for ¢ = 1 it becomes an elliptic curve
(i.e., a 1-dimensional abelian variety) over such an extension of the base field. For elliptic curves,
the Néron model has semistable reduction if and only if the minimal Weierstrass has semistable
special fiber [Conl5, Thm. 5.5], in which case (by the theory of relative semistable curves over dvr’s
to be discussed later on) a regular resolution constructed by explicit blow-up is seen by étale-local
calculation to be a minimal regular model with semistable special fiber

Combining these special facts for ¢ < 1 with Theorem 3.2.5 for ¢ > 2 and Theorem 3.2.3 for

abelian varieties yields:

THEOREM 3.2.6 (Semistable reduction theorem for curves). For a smooth proper geometrically
connected curve X over K = Frac(R), there exists a finite separable K’/K and proper flat R'-

curve 2" with semistable special fibers and generic fiber K’-isomorphic to Xg := X Q@x K'.

The reliance upon Néron models of abelian varieties for this result about curves might be both-
ersome. An extremely combinatorial approach to semistable reduction for curves that still uses
abstract surface resolution but no abelian varieties was worked out by Artin and Winters and is
presented in [SP, Tag 0C2Q)].

§3.3  Excellence

It is technically very convenient to reduce some tasks to calculations with completed local rings,
essentially because completions may admit more explicit descriptions than local rings for the Zariski
topology. As a basic example, the algebraic local rings at closed points on a smooth curve over an
algebraically closed field k cannot be described in any general explicit way but their completions
are always the same: k[t]. But when passing between a local ring A = Ox, on a variety and its
completion A, what properties are preserved or possibly lost? This was a very active area of study
in the mid-20th century, initially by Zariski and Nagata, and put into its best formulation with
Grothendieck’s theory of excellence.

The upshot is that most noetherian rings one encounters are excellent, and it guarantees many
nice facts for passing between A and A. We will harness the power of excellence in several places,
and to that end we now take up a short summary about the concept. The two best references on
this are [Mat80, Ch. 13] (refers to some earlier commutative algebra results also proved in [Mat90])
and [EGA, §5-§7, esp. §7.8ff]. We'll get to the main definition next time, and for now we introduce:
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DEFINITION 3.3.1. A noetherian ring A is called catenary if for all p C p’ in A, all maximal
chains of primes between them (in the sense that there are no intermediary primes at each step,

not maximal in length) chains p =py C p1 C --+ € p, = p’ have n = dim Ay — dim A,. We say

=g

A is universally catenary if all finitely generated A-algebras are catenary.

Note that this definition is really a condition on the domains A/p. Informally, catenary rings are
those with a well-behaved theory of codimension. For instance, fields are universally catenary thanks
to the good behavior of codimension for varieties over a field. It is difficult to build non-catenary

noetherian rings, but they do exist.

ExamvpLE 3.3.2. ([Mat90, §17.4]) Every (quotient of) a Cohen-Macaulay ring is catenary. If a
Cohen-Macaulay ring B maps onto A then B[Ty,...,T,] — A[Ti,...,T,] so such A are even

universally catenary.

ExampPLE 3.3.3. The Cohen Structure Theorem tells us that every complete local noetherian

A has a surjection B — A with B regular (hence CM), so all such A are universally catenary.
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Lecture 4

Excellence 11

§4.1 Definition and examples
DEFINITION 4.1.1. A noetherian ring A is called excellent if it satisfies the following properties:
1. it is universally catenary,

2. it is a G-ring: for all primes p of A, the faithfully flat map Spec(4)') — Spec(A;) has
geometrically regular fibers (i.e., for every prime q C p the noetherian “formal fiber

algebra” A} ®4, £(q) is regular and remains regular after all finite extensions on r(q));

3. for all finitely generated A-algebras A’, the regular locus Reg(A’) C Spec(A’) is open.

The conditions (2) and (3) together are called quasi-excellent. By far the most subtle of these
conditions is the G-ring property (named after Grothendieck, who conceived of this daring condition
under which one should expect interesting properties of AQ to descend to A, due to results on
“flatness and fibers” as in [Mat90, §23|, and more importantly proved the G-ring condition is very
robust: inherited under passage to finitely generated algebras). It should also be noted that since
condition (3) may seem hard to verify in practice, it does admit more readily verifiable equivalent
formulations such as [Mat90, Thm. 24.4] (also see [EGA, IVy, 6.12.4]).

ExAampPLE 4.1.2. Consider a dvr R with fraction field K. The condition for A to be a G-ring
is that K’ @k K is reduced for all finite extensions K’ /K, which is to say K /k is a separable
extension in the sense of field theory (equivalently, all subextensions of K finitely generated
over K admit a separating transcendence basis). This is automatic when char(K) = 0, and
in [BLRI0, §3.6, Ex. 11] there is given an example of a non-excellent dvr due to failure of the

G-ring property.

ExamvprLe 4.1.3. All fields, and all Dedekind domains with fraction field of characteristic 0

(such as Z!), are G-rings.

EXERCISE 4.1.A. For a regular curve C' over any field k, show that K := k(C) has K/K
separable in the sense of field theory (i.e., K’ ® K is reduced for all finite extensions K'/K).
Thus, the algebraic local rings O¢,. at closed points are G-rings and so are excellent (parts
(1) and (3) of the definition of excellence are more readily verified; e.g., (3) can sometimes
be studied using [Mat90, Thm. 24.4], which allows one to infer openness of the regular locus

for finitely generated algebras over a field k by harnessing generic smoothness for reduced
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algebras of finite type over k and inheritance of regularity from regularity of a flat cover [Mat90),
Thm. 23.7(i)]).

THEOREM 4.1.4 (Grothendieck/Nagata; EGA 1V,y, §7.8). Excellence satisfies the following

properties:

1. Every complete local noetherian ring and every Dedekind domain of characteristic 0 is

excellent.

2. Excellence is inherited under passages to finitely generated algebras and localization at

multiplicative sets (e.g., every localization of a finitely generated Z-algebra is excellent).
3. If A is excellent and reduced then the normalization map A — A is module-finite.

4. If P is any of a long list of “nice” homological properties of local noetherian rings and
P(A) := {p € Spec(A) : A, satisfies P}

then

« P(A) is open in Spec(A),

o for all ideals I C A and the I-adic completion A of A, the map [ : Spec(ﬁ) —
Spec(A) satisfies f~1(P(A)) = P(A) (in particular, if A is local excellent and A is
the completion at the maximal ideal then A satisfies P if and only if A does!)

Assertion (2) in the preceding result is the most remarkable aspect, in view of how the G-ring

condition is defined.

DEFINITION 4.1.5. A locally noetherian scheme X is excellent if every affine open Spec(A) C
X has A excellent, or equivalently that all members of some affine open cover have excellent

coordinate rings.

REMARK 4.1.6. There is a “Jacobian criterion” for excellence of regular Q-algebras [Mat&0,
Thm. 101], essentially that there are as many linearly independent derivations as the dimension
(in the local case). With this one can verify excellence of the analytic local ring of holomorphic
functions Ogn  and hence of the local ring on any complex-analytic space.

Since excellence allows one to pass back and forth between a local ring and its completion
for various good homological properties, it follows that if X is any locally finite type C-scheme
then properties transfer back and forth between Ox, and Oxan, for all x € X(C) because

these two excellent local noetherian rings naturally have the same completion (ultimately due
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to the case of the origin in affine space).

A similar conclusion holds for algebraic schemes over non-archimedean fields k& and the
associated rigid-analytic spaces, but the proof is more complicated (e.g., we cannot use a
Jacobian criterion for excellence when char(k) > 0). In general k-affinoid algebras and rigid-
analytic local rings are excellent, but this is much harder than the work in the complex-analytic

case.

§4.2 Relation between resolution of singularities and G-rings

The following discussion is never going to be used, but it is psychologically valuable for highlighting
why the G-ring condition (and so ultimately quasi-excellence) is a natural concept in any general

study of resolution of singularities.

THEOREM 4.2.1. [EGA, IV,, 7.9.5] Let X be a locally noetherian scheme. Assume for all open
U C X and all finite Y — U with Y integral, there exists a resolution of singularities for Y.

Then X is quasi-excellent (i.e., all local rings Ox , are quasi-excellent).

The statement of this result in [EGA] omits mention of U (i.e., only finite Y — X with Y
integral are considered), but this does not seem to be correct since such a global hypothesis does
not seem to be “localizable” enough for the proof to work (why should a finite scheme over an open
U C X extend to a finite X-scheme?). Note also that we are not requiring Y — U to be surjective;

it may be a finite cover of an irreducible component of U.

Proof. We focus on the G-ring aspect, which is where the real substance lies, so (thanks to our
hypotheses being localizable) we may assume X = Spec(A) is affine. We want to show for primes
p of A that the formal fiber algebras of Spec(A;) — Spec(4,) are geometrically regular. We omit
some routine technical details in what follows (such as tracking how our hypotheses behave under
some reduction steps), to focus on the key points.

Pick a prime q € Spec(4,); i.e., a prime of A inside p. We want to show that the x(q)-algebra
A} ®a, r(q) is regular and remains as such after scalar extension to all finite extensions of x(g). We
may pass to the quotient of A by the prime corresponding to g to reduce to the key case when A is
a local domain; i.e., for K = Frac(A) we want to show that Ao, K is regular and remains regular
after scalar extension to any finite extension of K.

For a finite extension K’/K, by denominator-chasing we have K’ = Frac(A’) for an A-finite

(hence semi-local) domain A" D A, and then
A@aK' = (AoaA) o K =[[(4,) @4, K’

where m’ varies through the finitely many maximal ideals of A’. Upon renaming A/, as A, we come

down to the essential case K’ = K. This amounts to the following:
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Claim: If A is a local noetherian domain with fraction field K and X = Spec(A) admits a
resolution of singularities then Ao K is reqular.

To prove this Claim, if f : Y — X is a resolution of singularities (so Y is regular and irreducible
and f is a proper map that is an isomorphism over a dense open subscheme of X) then for the

-~

natural faithfully flat map h : Spec(A) — Spec(A) form the pullback diagram

Y’ Y

/| I

X' = Spec(A) — Spec(A) = X

Out task is to show the generic fiber of h (a “localization” of X’) is a regular scheme. All points in
that generic fiber lie over the generic point of X and hence over a dense open U C X over which f
is an isomorphism, so correspondingly f’ is an isomorphism over the open h=!(U) around all such
points of X’. Hence, to proving regularity of the local rings of X’ at all such points it suffices to
prove Y/ is a reqular scheme.

Although Y’ — Y is faithfully flat (a base change of the faithfully flat h) and its base Y is
regular, we can’t apply any off-the-shelf commutative algebra results to ascend regularity because
we don’t yet know that the fibers of Y’ — Y are regular (as we don’t know the fibers of h are
geometrically regular; the G-ring property of A is not known and that is what we are trying to
prove).

Now for the brilliant step. Since the complete local noetherian ring A is excellent, the regular
locus of every finite type scheme over A is open. In particular, Reg(Y”) is at least open in Y. Since
Y’ is proper over the local X', an open subset of Y’ that contains the entire special fiber of Y — X’
must be the entire space. Hence, it suffices to prove Y’ has regular local rings at all points ' in its
special fiber over X', or equivalently the completion of each such local ring is regular.

Letting 2/ and = be the respective closed points of the local X’ and X, the artinian quotients
n+1
of

Y — X', and Y/ = Y, := Y mod m"*! because Y’ = Y ®, A with A and A having the same

artinian quotients. In other words, Y ~ Yj and for each 3’ € Y and the corresponding y € Y the

Oyry/ mZ,JF ! of those local rings are captured by infinitesimal special fibers Y/ = Y mod m

natural map Op, — OQW is an isomorphism. But the completed local rings on Y are regular since

Y is regular, so we are done! O
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Lecture 5

Preliminary reduction steps

§5.1 A note on modifications

Before getting to the reduction steps it will be useful to recall one final general bit of terminology

that will come up in our discussion of deJong’s proof.

DEFINITION 5.1.1. A modification of an integral noetherian scheme S is a proper birational
map 1 : S’ — S with S’ integral.

For a finite-type separated S-scheme X that is integral and a modification ¢ : S — S with
respective generic points 1’ — n (so k(') = k(n)), via the fiber product diagram

XXSS/%X

| |

S’ —— S

the strict transform X' of X — S with respect to ¢ is the schematic closure of of X, ®, n’
(the generic fiber) in X xg 5.

This notion of “strict transform” is only of interest when X — S is surjective (it is empty
otherwise). The reason for such terminology is out of analogy with the role of schematic closure for
describing blow-ups classicall: if U C S is the dense open over which 9 is an isomorphism then the
strict transform is the schematic closure in X xg 5" of Xy = Xy Xy ¢~ 1(U), and classically the
blow-up of a closed subscheme X C P} at a point p € X was defined to be the schematic closure of
X — {p} in BL,(P}) (which sits isomorphically over P} — {p}). That this latter description agrees
with the modern notion of blow-up is discussed in Appendix A (see in particular Lemma A.3.3 and
Example A.2.5).

EXERCISE 5.1.A. When the structure morphism X — S is surjective, show that the strict

transform X’ must be integral, and moreover the natural map X’ — X is a modification.

REMARK 5.1.2. If 27 C X x5 5" is a closed S’-flat subscheme with full generic fiber then 2~
is the strict transform of X since any S’-flat scheme is the schematic closure of its own generic

fiber (as we see by calculation with integral affine opens). This will be useful later.

§5.2 Reduction steps

Our goal here is to reduce to the case of X being a normal projective variety of dimension > 1 over

an algebraically closed field. Here we will recall the statement of Theorem 1.2.4 for convenience.
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THEOREM (4.1 in [deJ96]). For k any field, let X be a k-variety (integral separated of finite
type) and pick any proper closed subset Z C X. Then we have a diagram

01" (2) X, =X

B o

L — X

where ¢; : X; — X is an alteration, X is a regular projective k-variety and j : X; — X is a
dense open immersion such that the closed set o7 (Z) U (X; — X;) = X1 — 97 (X — Z) with

the reduced structure is an sned in X;.

REMARK 5.2.1. It will turn out that X; is going to be in fact generically smooth over some
finite extension K/k. Even if k is algebraically closed in k(X), we cannot rule out K # k; i.e

X7 may not be geometrically integral over k.

Our strategy will be to add constraints step by step, each one building on the last. A recur-
ring motif will be that if we can "modify" X (in the sense of Definition 5.1.1) to add some desired
constraint, then the properties of the theorem holding in the modification will descend down to X,

thus allowing us to WLOG assume the constraint holds.

We are first going to proceed by induction on d = dim(X).

Reducing to the case d := dim(X) >0
If X is O-dimensional then it has to be a single reduced point Spec(K) for some finite K /k, and Z

is empty (since it was assumed to be a proper closed subset), so X; = X; = X suffices. Now we

may and do assume d > 1.

Reducing to the case k =k

Let us grant the full result in dimension d > 1 over k, and we want to deduce it over k in dimension
d. Let us consider (X7)rea, which is of pure-dimension d, since X is irreducible (of finite type over
k) and was assumed to be of dimension d. Pick X’ C (X3)eq an irreducible component given the
reduced structure, so it is a k-variety of dimension d, and we know the natural map 7 : X’ — X is
a surjection (since X3 — X is flat and thus carries all generic points onto the unique generic point
of X), so in particular we must have Z' := 7=%(Z) C X'. Applying deJong’s theorem to 7’ C X’
gives

!

Ji ~
X — X,

B

X/
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with ¢; a generically étale alteration (as k is perfect), 7’1 smooth and projective over k (since
smoothness and regularity are equivalent over algebraically closed fields!), and for Z| := @' (Z’)
the closed set Z U (X] — X/) is an sned in X .

We want to descend all of this data down to some finite extension of k. To do this we make
use of the thorough exposition in [EGA, V3, §8, 9, 11, etc.] on “direct limit formalism”. Roughly
speaking, this says that any “finitely presented algebro-geometric data” over a ring of the form
A= liga A, descends to some A,,, along with “all the properties" (at the cost of making «q a bit
bigger). This is made precise in [EGA], and it provides a finite extension K /k such that:

(1) (Xp)rea = (XK )rea) @k k-

(2) There exists an irreducible component X” C (X )req such that X’ ®x k = X’ and 2" C X"
(the preimage of Z) satisfies Z” ®x k = Z' topologically (inside X3).

(3) We have a diagram of K-schemes

no N
Xl Xl

JS"IW

X//

where 7 is a generically étale alteration and 7’1/ is a K-smooth (hence regular!) projective
variety over K, with Z/ U (X| — X!) an sned in X for Z := (¢!)"(Z) (in fact, this
sncd closed subset is even a union of K-smooth closed subvarieties of codimension 1 with
all intersections among them K-smooth of the “expected” codimension; we then relax K-

smoothness to regularity, as is all one needs for being an sncd).

Since the finite surjection (Xg)ea — X is finite flat over a dense open in the integeral X and
X" C (XK)rea is an irreducible component, the composite map X” — X is finite and generically
flat (recall every generic point of Xy must sit over the unique generic point in X!). Thus the

composite map

11

XIS X" X

is an alteration that gives us what we wanted, since 7/1/ being projective over K implies it is
projective over k as well.

This completes the reduction to the case k = k.

Reducing to the case of X projective

By the version of Chow’s Lemma in [EGA, II, §5.6] (for separated finite-type schemes over a
noetherian base; i.e., not requiring a properness hypothesis) there exists a quasi-projective variety
X' over k with a modification m : X’ — X. We may replace Z C X with 771(Z) € X’ to thereby

reduce to the quasi-projective case.
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Embed a quasi-projective X via an open immersion into a projective closure X, in which Z has
closure denoted Z (this meets the open subscheme X C X in Z). We may replace (X, Z) with
(X,Z U (X — X)) to pass to the projective case because if we have a generically étale alteration
?: X — X for a smooth projective X satisfying the desired properties (including relative to Z)

then via the commutative diagram

!/

%

e —

X —
X ——
(with X’ := (X)) the restriction ¢ : X’ — X and open immersion j : X’ < X do the job for X.

Reducing to the case 7 is the support of an effective Cartier divisor

Looking at Z as a reduced closed subscheme of X, we can blow up X along the ideal sheaf .#; to
get a morphism
7: X :=Blz(X) = X.

By the standard properties of a blowup, we know that 7 is a projective modification and (by defini-
tion, essentially) the preimage Z’ := 771(Z) C X' is an effective Cartier divisor. Moreover Z’' C X,
since 7 is surjective (as it is proper and an isomorphism over the open X — Z that is dense in the
integral X'). Thus we may replace (X, Z) with (X', 7).

For any modification 7 : X’ — X with X’ a projective variety, the preimage Z’ of Z in X' is
also the support of an effective Cartier divisor, since for non-empty affine open Spec(A) C X and
non-empty affine open Spec(B) C 7 !(Spec(A)) any nonzero f € A has image in B that is nonzero
(hence not a zero-divispr) since A — B is injective (as 7 is dominant). Thus, given any such 7 we

can always pass to (X', Z’). The final reduction step uses this (as will others):

Reducing to the case X is normal

The normalization map X — X is finite — hence proper — by [Mat90, §33] and it is birational since
X is a variety. Thus, this is a modification, so we may replace X with X and replace Z with its

preimage in X.
The case d = 1 is now settled because the normal projective variety X is then Dedekind and

thus its local rings are dvr’s, so Z,q is is a finite set of closed points each of which is regular and

Cartier (as the local rings on X are dvr’s, so their maximal ideals are principal).
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Lecture 6

Curve Fibration I

§6.1 Controlling the finite-fiber locus and enlarging Z

We have reduced the task to constructing a generically étale alteration ¢ : X’ — X of a normal
projective variety X of dimension d > 2 over an algebraically closed field k. Although it is generally
hopeless to construct ¢ to be étale or even flat over a specific point x € X (k), we can at least exert
some mild control over the locus of x € X with finite fibers: its complement has codimension > 2.

This is the content of the following result.

PROPOSITION 6.1.1. Any alteration ¢ : X’ — X between projective varieties over k = k with

normal X is finite over a dense open U C X with complement of codimension > 2.

Proof. Let R = Ox, for a point x € X with codimension 1; i.e., dim R = 1. By normality, any such
R is a discrete valuation ring. We will show that the proper map X, = X X x Spec(R) — Spec(R)
obtained by localization to R is a finite morphism. Once this is shown, by “spreading out” principles
we obtain an open neighborhood V' C X around z such that ¢! (V) — V is finite. The non-empty
union U of all such V’s is then an open subset of X for which p=}(U) — U is finite (as may be
verified over each member V' of an open cover of U), and the proper closed set X — U contains no
points in X with a 1-dimensional local ring on X, so X — U has codimension > 2 at all of its points.

Noting that X5 — Spec(R) has generic fiber ' — 7 that is finite, we are reduced to proving
finiteness of any proper map f : Y — Spec(R) between integral schemes for which R is a discrete
valuation ring with module-finite integral closure in all finite — not necessarily separable! — exten-
sions of its fraction field (e.g., Ox, as above, by spreading-out from module-finiteness for integral
closures with affine varieties over a field [Mat90, §33]) and the generic fiber Y}, is n-finite. Finiteness
for f is the same as quasi-finiteness since f is proper, so our task concerns only the closed fiber Yj of
Y: we just need to check that it has only finitely many points. Let R’ be the R-finite normalization
of R in the finite extension k(n) of the fraction field k(n) of R. In particular, R’ is a semi-local
Dedekind domain.

By the valuative criterion for properness, adapted to the case of Dedekind domains (rather than
just discrete valuation rings), the given map ' — Y over Spec(R) extends uniquely to an R-map
h : Spec(R’) — Y. This latter map between integral schemes is an isomorphism between generic
fibers over R, so it is dominant, and it is also proper because it is a map between proper R-schemes.
But a dominant proper map is surjective, so h is surjective. Hence, Y} is the image of the special
fiber of Spec(R') over Spec(R). The R-finiteness of R’ then ensures that Y[ consists of only finitely

many points, as desired. O
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REMARK 6.1.2. As a final general-nonsense observation before we take up the geometric ar-
guments of deJong, we discuss why enlarging Z is harmless. Suppose that Z C Z C Xisa
containment of proper closed subsets with Z the support of a Cartier divisor in X and there
exists a regular alteration ¢ : X’ — X such that w‘l(z)red C X' is an sncd. Since w_l(Z)red
is then a union of regular closed subschemes with pure codimenion 1 whose successive inter-
sections are regular with the “expected” dimension, any union among its reduced irreducible
components is also of that type and hence is also an sncd. Thus, for dimension reasons we get
© (Z)1eq is an sned. This freedom to increase Z in the argument (to replace it with a larger

Cartier divisor, for example) will be used a lot later.

§6.2 A model case of curve fibration via blow-up

We now give a “warm-up” example of fibering a variety in curves after a blow-up, using X = P¢.
Pick p € P4(k). Taking a hyperplane H = P4~ in P? not containing p, each line £ in P¢ passing
through p corresponds to exactly one point in H (namely the point /N H). This makes H represent
the functor of “lines in P? passing through p”, the rigorous details of which we leave to the reader.
Thinking about the case p = [1,0,...,0] and H = {x, = 0} identifies this scheme of lines through
p with P41,

There is also the classical description
Bl,(P?) = {(¢,0) e P! x P*"![q € (}

(as a closed subscheme of P? x P471) via a unique isomorphism over P9, identifying the blow-up
map with the first projection ¢ : BL,(P?) — P that is an isomorphism over P¢ — {p}.

The second projection 7 : BL,(P?) — P91 is a Zariski P!-bundle, as one can check over open
affine spaces (again after passing to the concrete case p = [1,0,...,0] and H = {zq = 0}), most

concretely described pointwise by the observation
1 {0}) =0 x {£} c P! x {4}

as a scheme-theoretic fiber (check!).

Now consider a reduced (possibly reducible) proper closed Z C P?, and pick p ¢ Z, so  restricts
to an isomorphism ¢~ !(Z) = Z. Let mz be the restriction of m to ¢~!(Z) (which is henceforth
identified with Z). Note

m, ({0} = (nZ) x {t}

as schemes, and this is k-finite. since p € £ but p € Z. This gives 7 is proper and quasi-finite,
hence finite.

We expect that if p has been chosen at random then for “most” lines ¢ in P containing p, the
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finite scheme ¢ N Z should be geometrically reduced (and thus étale, as it is k-finite). To show this,
we will use the Bertini theorems, to be discussed in some detail next time (referring to [Jou83] for

proofs). More broadly:

Hopre. For a “random” choice of p, the finite 77 : Z — 7w(Z) is generically étale, and even
birational if dim Z < d — 1.
The above ideas will be upgraded to fiber a rather general X of dimension d in curves over P41

LEMMA 6.2.1 (4.11 in [deJ96]). Consider X a projective variety of dimension d > 2 over an
algebraically closed field £ and Z C X the support of a Cartier divisor. There exists a finite
subset S C X*™(k) outside Z and f : X’ := Blg(X) — P%* over k such that:

1. all fibers of f are pure dimension 1 and the open relative smooth locus sm(X’/P?1) c X’

of f is fiberwise dense,

2. for the structure map ¢ : X’ — X that is an isomorphism over X — S O Z, the map
Z & o71(Z) L PI1 is generically étale and finite.

Also, if X is normal then we can arrage there to exist a dense open U C Pi‘l such that

f~YU) — U has smooth geometrically connected fibers.

To prove this we will find a suitable finite and generically étale X L Pd and take S = h(p)
for a “good” p € P¢ well-positioned outside h(Z) C P{.

For now we just sketch the idea of the proof, with details to be discussed next time. We shall use
a Projective Noether Normalization expressing X as finite over a projective d-space. The finite map
will be built as a composition of successive projections away from points into successive hyperplanes.
To get started, since X is projective we can pick a closed immersion of it into PY for some N. If
N = d then X = P{ and so we can use the “warm-up” example.

Suppose N > d. Pick a k-point p € PY — X. As in the “warm-up” example, identify P ' as
the scheme of lines in P} passing through p. Consider the k-map 7, : Py — {p} — P5 ! taking ¢
to the unique line through ¢ and p (this is readily defined rigorously as an algebraic map, as usual
by passing to the case p = [1,0,...,0] and the hyperplane {zy = 0} avoiding p). Let m, x be the
restriction of 7, to X C Py —{p}. Note m,'({£}) = £ —{p} as schemes (i.e., using scheme-theoretic
fiber structure), so 7, X ({€}) = (¢ = {p}) N X =N X as schemes too.

Note that m,x : X — P¥~1 = P? is quasi-finite (as N X C ¢ since p ¢ X) and proper,
hence finite. If d = N — 1 and (as we hope to happen for a random p relative to X) “most” lines
¢ containing p have ¢ N X geometrically reduced (and hence étale since it is of dimension 0), the
finite map m, x is generically étale onto PkN ~1 If instead d < N — 2 then we hope for “most” p
that m,x : X — 7(X) C Py ! is birational onto its image, as is Z — 7(Z) (beware Z may be

reducible, so birationality requires being attentive to different irreducible components not landing
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on top of each other under m,). When this is the case then by using such a p we can reduce to
m(Z) € 7(X) € Py ! and proceed by downward induction on N.
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Lecture 7
Curve Fibrations 11

First we give a coordinate free version of the projection 7, : PV — {p} — H ~ PN~ to the space of
lines through p. Let V be an (N + 1)-dimensional k-vector space and W C V a hyperplane, so V/W
is 1-dimensional. Note P(V') = Proj(Sym(V')) is the scheme representing the functor S — {Vg —
L}/ ~ where L runs over invertible Og-modules. As for any proper subspace W C V we have a
natural closed immersion P(V/W) — P (V) and a point p € P(V/W)(k) is represented by a nonzero
Ao 1V — k with A\g(W) = 0. Thus, we get a well-defined morphism my : P(V) =P (V/W) — P(W)
defined functorially by A — A|w (since Vg — L being nonzero on W; for all s € S expresses that
the corresponding S-point in P(V) is disjoint from P(V/W)). For W a hyperplane, this is exactly
7, for the unique p € P(V/W)(k).

§7.1 Projection away from a well-chosen point

To prove Lemma 6.2.1, we will express X finitely over a projective d-space via a composition of
N —d well-chosen projections in succession. This is based on successive applications of the following

result whose proof occupies the rest of this lecture and next time:

PROPOSITION 7.1.1 (§2.11 of [deJ96]). Let k be a field, X C P% a closed generically smooth
subscheme of pure dimension d < N. There exists a dense open U C P{’ — X such that for all
finite separable &' /k and p € U(k') (so p ¢ X}s) the finite map 7, : Xp — Py ! satisfies

(a) m, is birational onto its image if d < N — 2,

(B) m, is generically étale onto Py ' if d = N — 1.

Grant there exists such a U’ for X, C Py; we will build our desired U over k. By chasing
coefficients in the (finite) set of homogeneous polynomials defining the closed complement of U’ in
P}, there exists a finite Galois K/k inside k, and open U C P¥ such that U @ k, = U'. Then U
works as our desired U over K.

Consider N, eqax/m) Y (U) C PX. This is Gal(K/k)-stable, nonempty, and open. Thus, by
Galois descent U = Ug for some open U C PY | which is readily checked to do the job of our desired
U. Therefore, we can assume that k = kg, so now any smooth k-scheme Y has Y(k) Zariski-dense
inY.

REMARK 7.1.2. For (f3), it suffices to check on a dense open subset of the dense open X*™ C X
so it is equivalent to treat all irreducible components X; of X seprately (as we can then pass

to N;U; as U). The assertion in («), however, is too global to permit such a reduction to
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irreducible components since birationality requires pairwise distinctness for the closed images
ﬂp(Xi).

We first present the idea of a proof of 7.1.1 for d = N — 1. Let V = X with irreducible
components X;, so for a line £ C PY through p ¢ X, if £ misses X — X*™ (as we expect for typical
{ since X — X*™ has codimension at least 2 in PY) then /N X = ¢NV as schemes. We would like
NV to be étale and meet every V; for “most” ¢ through “most” p € X. To do this we need the

Bertini theorems (for which [Jou83] is an excellent reference, as we’ll discuss later).

§7.2 Bertini theorems and an application

Here is the setup for Bertini theorems. Let F be a field and Z C PY a locally closed subscheme of
pure dimension d > 1. Let G = Gr(r, N) be the Grassmanion of codimension-r subspaces of P¥
for a fixed 1 <r <d (e.g. if d=N —1and r = N — 1, then G is the Grassmanian of lines in PV
all lines, not just those through a fixed F-point). Let

V={(p,V)eP"xG|peV}CPYxG

be the “universal codimension-r linear subspace” of P over F'. More precisely, over G we have the
universal quotient vector bundle OF ™ — & of rank 7 + 1 and V = P(&) Cc P(ON™) = PV*! x G

a Zariski P"-bundle over G linearly inside PV x G. Consider

VNZg Za

\ / ()

G

For a field F'/F and L € G(F’) a codimension-r linear subspace of P%,, the diagram { pulls back

to
LN Zgp A

~

Spec(F").

Informally, as we vary through all field-valued points of G over F', the fibers of VN Zg vary through
the slices of Z by codimension-r linear subspaces of PY. The idea of “Bertini theorems” is that
the locus in G over which such slices inherit various reasonable “geometric” properties of Z should
contain a dense open subset of G. This is made precise for some key properties as follows (with

references given in [Jou8&3] for proofs):

THEOREM 7.2.1 (Bertini Theorems). 1. [Jou83, Thm.6.10(2), Cor.6.11(1b)] If Z is F-smooth

there exists a dense open €}y C G such that Zp N L is non-empty and smooth of pure
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dimension d — r for all F'/F and L € Q(F").

2. [Jou83, Thm.6.10(2)] If Z is geometrically reduced over F then there exists a dense open

Q9 C G such that Zm N L is non-empty and geometrically reduced of pure dimension
d—r forall F'/F and L € Qy(F").

3. [Jou83, Thm.6.10(3)] If Z is geometrically irreducible and r» < d — 1 then there exists a
dense open 23 C G such that Zz N L is geometrically irreducible of pure dimension d —r
for all F'/F and L € Q3(F").

REMARK 7.2.2. (i) [Jou83, Thm.6.10(1)] If » > d then there exists a dense open 2 C G
such that Zp N L =0 for all F'/F and L € Q(F").

(ii) The proof of (3) is global (in the sense that geometric irreducibility is not a property of
local rings), unlike that of (1) and (2).

Let us return to Proposition 7.1.1 over F = k = ks and d = N — 1. Apply Theorem 7.2.1(2)
to the connected (= irreducible) components of X*™ with » = d — 1 and apply Remark 7.2.2(i) to
X — X®°™: for “most” lines (i.e. all lines in a dense open 2 C G) the scheme-theoretic intersection
(e PY, (NX = (N X" is geometrically reduced, hence étale (as the intersection is of pure
dimension 0), and meets every connected component of X*™ (as all are of pure codimension 1).

Pick ¢y € Q(k), and a k-point p € £y — (X N ¥y) (as we may find since k is infinite). For
T, : X — P! we have the scheme-theoretic fiber szl({ﬁo}) = lpN X that is étale and meets every
irreducible component of X*™!

Pick z; in the fiber over {{y} belonging to X*™ N X;. Since fo N X = ¢, N X*™ is étale over k,
the fiber Q% /PN,l(:Ei) of the coherent sheaf QF} /py-1 Can be computed by first pulling back along
the k-point of PY~! corresponding to £o: it is Qf,~x) /(i) But this vanishes since £, N X is étale!
Hence, the coherent Q% /pN-1 has vanishing fiber at x;, so by Nakayama’s Lemma it has vanishing
stalk at z; and thus vanishes on an open neighborhood of z; in X.

Varying over all i, we get a dense open in X on which O /pN-1 vanishes. But the finite map
X — PV~ is flat on X®™ by Miracle Flatness (recall X has pure dimension d = N — 1), so m, is
étale at the x;’s (since in the presence of flatness, étaleness can be checked on the fibers). Thus, by
openness of the étale locus we have established the generic étaleness of .

We have constructed some p as desired in Proposition 7.1.1 for d = N — 1. It feels intuitively
clear that the p’s obtained in this way should sweep out at least some non-empty open in PY — X.
Next time we’ll review the standard technique with “incidence correspondences” to justify such

intuition rigorously, and then we’ll move on to proving Proposition 7.1.1 when d < N — 2.
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Lecture 8

Bertini and Birational Projections

§8.1 Incidence correspondence: wrap-up ford = N — 1

In the last lecture, for X C P closed of pure dimension d = N — 1 with k = k, we gave a dense
open 2 C G := Gr(N — 1, N) such that for ¢, € Q(k) and a k-point p € ¢y — ({p N X), the finite
projection 7, : X — PN~ is étale on a dense open. To complete the proof of Proposition 7.1.1 for
d = N — 1 we have to show that the p’s with this latter property sweep out at least the k-points of
dense open in PY — X. There really is something to prove here (i.e., it is not a tautology, though
we aren’t claiming it is rocket science either) since the way we made p is by first picking a “generic”
lp in G and then picking p € o — (¢o N X) depending on that choice. To show that such p’s exhaust
at least the k-points of a dense open set in PY — X we are going to use the very handy notion of
incidence correspondence.

Consider the “universal line”
L:={(pt)eP¥"xG|pet} cP"xG.

This is called an “incidence correspondence” since it encodes (scheme-theoretically: we leave it
to the reader to express “p € ¢” in scheme-theoretic terms via the functorial description of G)
a containment relation among geometric objects inside PY. The second projection pry : L C
PY x G — G makes L into a Zariski P'-bundle, so L is a variety (as G is a variety), as we
leave to the reader to check. For intuition, observe that at the level of field-valued points we have
pry L ({¢}) = ¢ C PY for each k-point {¢} € G(k).

The first projection pry : L C PY x G — P¥ makes L into a Zariski P ~1-bundle, again as we
leave it to the reader to check. Once again for intuition, consider field-valued points: the pry-fiber
over p € PN (k) is the space of lines in PV through p, which we know is a copy of Py '. As a
projective-space bundle map, pr, is certain open map and so pr, (pry ' (£2)) is open. But the overlap
of this with PY — X is ezactly the collection of p’s obtained by our argument near the end of last

time (at the level of k-points), so we get the desired openness and hence are done when d = N — 1.

§8.2 Application of higher-dimensional Bertini

Now consider d < N — 2. We will use a higher-dimensional Bertini theorem: for “good” W C PN
of codimension d (so dimension N — d > 2) such that W N X is “nice” we will then search among
lines in W. Let V; be the irreducible (= connected) components of X*™ which is of pure dimension
d. We have V; = (X;)*™ — U, X; N X for X; the irreducible components of X. For G := Gr(d, N)
the Bertini theorems from last time provide many W € G(k) such that W N X = W N X (this

34



Math 245A Notes Stanford University

says W is disjoint from X — X which has dimension < d) and each WNX; = W NV, is non-empty
and étale. Since k = ks, each W NV} is a finite non-empty collection of k-points. Pick ¢; € W NV
and a line ¢; C W through ¢; that misses all other finitely many points in W N X (such a line can
be found since W is a projective space with dimension N — d > 2 and k is infinite).

Since £; C W, we have £; N X = (;(W N X) = {q;} as schemes. Thus, for p; € {; — ({; N X) =
¢; — {q;} the finite (not at all generically flat, since d < N — 1) projection m, : X; — P! to
the space of lines through ¢; has fiber over {/;} equal to £; " X; = {g;}. That is, 7, has fiber-
degree 1 over a k-point. This will yield birationality of X; onto its image under 7, because for
a finite surjective map (such as X; — 7, (Xj)) it is a fact that the fiber-degree can only go up
under specialization (and hence having fiber-degree 1 over some k-point forces fiber-degree 1 over
the generic point of the image; i.e., degree 1 for the extension of function fields of the varieties X;
and 7, (X;)):

Leviva 8210 If f: X — Y is a finite surjective map of schemes and y,n € Y are points with
y € {n} then deg,(X,) > deg, ) (X;).

Proof. We give two proofs: a short one via Nakayama’s Lemma pointed out by Daniel Kim, and a
more involved proof in the noetherian case (all we need) using the powerful trick of “base change
to dvr’s” that is widely useful (as is Nakayama’s Lemma, but in a very different way).

We can localize to y so that Y = Spec(A) is local and then X = Spec(B) for an A-algebra B
that is module-finite over A. We can also pass to the quotient of A by the ideal corresponding to 7,
so A is a local domain, say with fraction field K. If k is the residue field of A and r = dimy B/mB
then Nakayama’s Lemma provides an A-linear surjection A" — B. Localizing to the fraction field
of A then gives that By is a quotient of K" as a K-vector space, so dimg Bx < r = dimy, By, as
desired.

For the second proof in the noetherian case, we may assume y #* 7 and we invoke the very
handy fact that there exists a dvr R and a map Spec(R) — Y carrying the closed point to y and
the generic point to 1. (One way to make this is to blow up the closure of  at y and take a
discrete valuation of the function field dominating the 1-dimensional local ring at a generic point of
the exceptional divisor; recall from the Krull-Akizuki theorem [Mat90, Thm. 11.7] that the integral
closure of a 1-dimensional noetherian domain is always Dedekind even without module-finiteness of
the normalization.) By design we can arrange that R has fraction field x(n) but its residue field is
generally a massive extension of k(y) (typically with positive transcendence degree).

The fiber-degree for a finite map is unaffected by residue field extension, so for the purposes
of what we are trying to prove we may base change along Spec(R) — Y (which tends to hugely
increase the residue field at the special point) to reduce to the case that Y = Spec(R) for a dvr R.
But then X = Spec(B) for an R-finite B, so by the structure theorem for finitely generated modules
over a dvr we have as R-modules that B = R™ @® T for some m > 0 and a torsion R-module. Then
Bk = K™ and By, = k™ @ (T/nT) for a uniformizer 7 of R. Hence, dimy By > m = dimg Bk as
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desired. (More broadly, when seeking to prove results relating geometric properties of X, and X,
for a finite type map X — Y with noetherian Y and y € W then one can use such a base change
trick to reduce to the case Y = Spec(R) for a dvr R.) O

Now we find p € (P — X)(k) for which the finite 7, : X — P¥~! is birational onto its image
by harnessing the preceding work. Pick W € G(k) such that W N X = W N X with each W N X;
non-empty and étale (“most” W € G(k) satisfy these requirements). In the linear space W C P
of dimension N — d > 2, there are finitely many lines joining the distinct pairs of points in W N X.
Choose p € (W — W N X)(k) not on any of those lines, and for each irreducible component X
pick ¢; € (W N X;)(k) € X¥, so the line ¢; := pg; C W meets X only at ¢; (as otherwise p
would be on one the finitely many lines in W joining distinct points in W N X, contrary to how
p was chosen), and scheme-theoretically ¢; N X = {g¢;}. Thus, the finite map 7, : X — Py ' to
the space of lines through p carries X; onto an image m,(X;) that contains the k-point {/;} since
7rp_1({€i}) =04LNX ={¢} € X;(k).

The fact that 7, : X; — m,(X;) has {¢;}-fiber with k-degree 1 implies birationality. Moreover,
since ¢; ¢ X for j # ¢ we have m,(X;) # m,(X;) for j # ¢. Thus, m, : X — m,(X) is birational
too! This completes the construction of a k-point p € P — X as required in Proposition 7.1.1 for
d < N — 2. We leave it to the reader to carry out an incidence correspondence argument (using
higher-dimensional Bertini slices) to rigorously justify that the p’s obtained in this way sweep out
at least the k-points in some dense open subset U C PY — X. This finishes the proof of Proposition
71.1ford <N —2.

Summary. Let’s summarize where we are at toward the proof of Lemma 6.2.1. Consider an
algebraically closed field k, a closed subvariety X C P% of dimension d > 2, and a proper closed
subset Z C X that is the support of a Cartier divisor. We can use Proposition 7.1.1 for both X and
Z (as well as their successive images under ever more projections away from well-chosen points) to
build a finite map 7 : X — P¢ (as a composition of N — d successive projections away from points)
that is generically étale and for which 7 : Z — w(Z) is birational. This is a projective Noether
normalization presentation of X that is “well-adapted” to Z.

Next time we shall construct a non-empty finite subset S =C X*™ N (X — Z) that will do the
job for Lemma 6.2.1.
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Lecture 9

Curve Fibrations 111

§9.1 Finding the right blow-up locus

Recalling our work so far, we have a d-dimensional variety X with dimension d > 2 over an
algebraically closed field £ and a non-empty proper closed subset Z C X that is the support of an

effective Cartier divisor in X with the following setup:

pN X ™ Pd

|

—— 7(Z)

birational

Here 7 is a finite, generically étale map that we constructed as the composition of N — d “generic”
point projections. Let Q C P¢ be a dense open over which 7 : X — P¢ is étale (so 71(£2) inherits
smoothness from € and so is contained in X*™). Pick £ € QN (P¢ — 7(Z)) that is “good” for the
proper closed subset 7(Z) C P¢ of pure dimension d— 1 (i.e., a hypersurface) in the sense of our toy
model for curve fibrations in §6.2: the projection 7 : P¢ —{¢} — P~! away from ¢ has (necessarily
finite!) restriction 7(Z) — P! that is generically étale.

Upon picking such a point £, we claim the non-empty finite set
S=a1¢) cx™

of k-points has the desired property that the blow-up of X along it admits a curve fibration over
P4~ whose fibers are all generically smooth. To understand this, we first use the explicit description
from §6.2 of Bl¢(P?) as a Zariski P'-bundle over P4~! (the space of lines through ¢ in P?) to give
an equally explicit description of Blg(X). Consider the fiber product X’ given by

X' —— Ble(P?) == {(p.0) e P! x P! : p e}

P

X —T  pd

so X' is described functorially by
X' ={(z,0)e XxP" zex ()}

In terms of this description, the map ¢ : X’ — X given by projection onto the first coordinate is
an isomorphism over X — S = 771 (P? — {¢}) since it is a base change of the analogous projection
Bl¢(P?) — P that is an isomorphism over P¢ — {¢}.
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We claim there is a unique X-isomorphism
X' ~ Blg(X)

(so the fiber-product construction of X’ is an explicit description of the blow-up of X along 5).
Uniqueness is immediate because blow-ups have no nontrivial automorphism over the object being
blown-up (due to the universal property of blow-up), so for existence we may work Zariski-locally
over X. Over X — S there’s nothing to do since both X’ and Blg(X') have structure maps to X that
are isomorphisms over X — S. This makes over task Zariski-local around S, so it suffices to work
over the open subset 771(Q) C X. But 7 : 771(Q) — Q is flat (even étale), so the compatibility of
blow-up with flat base change reduces our task for (X, S) to the special case (P, ¢) that is just our
old toy model.

With X’ now known to be uniquely X-isomorphic to Blg(X), we can use the explicit description

of X’ as a fiber product to produce the desired curve fibration structure. Denote by

[ X =Pt
(,6) = {€}

the projection onto the second coordinate. This will be the curve fibration that we desire. Note in
particular that for {{} € P4 (k) we have functorially f*({{}) ={r € X : z € 77 1({)} ~ 7 1(¥).
In other words, the k-point fibers of f (as schemes!) are exactly the preimages 7~1(¢) (as schemes!).

Since £ is locally cut out in P4 by d — 1 equations, the same goes for 71(¢) in the purely
d-dimensional X, so 7~!(¢) has all irreducible components of dimension at least d — (d — 1) = 1 by
Krull’s Hauptidealsatz. But 7=!(¢) — ¢ is a finite surjection, so in fact the irreducible components
of 771(¢) must all have dimension exactly 1. In other words, the fibers of f : Blg(X) = X’ — P41
over k-points are all non-empty with pure dimension 1.

We can push this a bit further: since ¢ € Q and ¢ passes through ¢ in P9, the overlap £ N Q
is a non-empty open subset of the line £. Hence, the finite surjection 7=1(¢) — £ is étale over the
dense open ¢ N Q whose open preimage in 7~ 1(¢) is dense for dimension reasons (all generic points
in 771(¢) live over the generic point of £). In other words, the fiber f~!({¢}) ~ n~1(¢) contains a
dense open subset 771(¢ N Q) that is étale over the smooth £ N and hence is smooth! This shows
that each fiber of f over a k-point has a dense smooth locus.

Since k is algebraically closed, standard results on generic flatness, “spreading out” principles,
and constructibility of loci in the base for properties of geometric fibers (detailed with extraordinary
thoroughness in [EGA, IV3, IV,], for example) tell us that all (geometric) fibers of f are non-empty

of pure dimension 1 with dense smooth locus.
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§9.2 Relating fibral smoothness to relative smoothness

Having shown that all fibers are generically smooth, we next want to show that in fact the open
relative smooth locus U := sm(X’/P? ') C X’ C X is fiberwise-dense. The issue is that we haven’t
analyzed where X’ — P91 is flat, so a-priori it isn’t clear if a point smooth in a fiber X?’J is also a
smooth point for the morphism X’ — P! (the converse is automatic). We shall show that there
is no confusion: anywhere that a fiber X, of f: X' — P¢~! is smooth is also a smooth point for
f. This will be checked for fibers over k-points, which is enough to prove it in general (by using

spreading-out principles) since k is algebraically closed.

REMARK 9.2.1. For mere fiberwise-density of the smooth locus, rather than the more precise
result promised above, one can argue in a more direct way as follows. It suffices to show
f: X’ — P91 is smooth on the open set o1 (77 1(Q)) (for ¢ : X’ — X the blow-up map) since
for y = {¢} € P*'(k) this meets the fiber X = f~'({¢}) ~ 7~'(¢) over y in the open subset
71 lNQ) C 7 1(¢) that is dense.

But f factors as X’ — Blg(P?) — P! whose second step is a Zariski P!-bundle (hence

smooth), so it suffices to show that first map has étale restriction to
e (mH Q) = 71 (Q) xa Ble().
This restriction is the composite map
77 HQ) xq Blg(Q) =2 Ble(Q) — Bl (P?)

whose second step is an open immersion and first step is a base change of 7 : 771(Q2) — € that
is étale by how {2 was chosen.

This more direct approach is too limited for our purposes because we are going to want
to control smoothness on entire fibers, and know that smoothness of an entire fiber implies

smoothness of f on that entire fiber. The preceding argument does not yield that.

Let Y = P9"!. To show that the inclusion of open sets
X, Nsm(X'/Y) C (X,)™

for y € Y (k) is an equality, it suffices to check on k-points since k is algebraically closed. In other
words, for 2’ € (X])*™ (k) we want to show that f : X’ — Y is smooth at 2’. Since 2’ and y = f(z’)
have the same residue field k, one of the characterizations of smoothness in terms of completed local
rings [EGA, IVy, Prop. 17.5.3(d”)] the smoothness of f at 2’ is equivalent to the induced map

A = O)/>7y — Oé\(/,.’lt/ = B
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between completed local rings making the A-algebra B a formal power series ring over A. Since
dimA=d—1and dim B = d (as X and Y are varieties with dimensions d and d — 1 respectively),
and the fibral smoothness at 2’ tells us that B/myB = (93\%@, ~ k[t] as a k-algebra, we may
conclude via the following result that is a slight weakening of [deJ96, p. 2.8].

LEMMA 9.2.2 (weak 2.8). Let A — B be a map between complete local noetherian rings with
a common residue field k. Assume A is a domain and that the k-algebra By := B/myB is
isomorphic to k[ty,...,t] where r + dim A = dim B. Then B ~ A[ty,...,t,] as an A-algebra.

Proof. Let T1,...,T, € mp lift ¢t1,...,t, € By, so by completness of B we have a unique local
A-algebra map
g:A[Xy,...,X,]— B

satisfying g(X;) = T; for all . Our aim is to show that g is an isomorphism.

By design, go := g mod my is an isomorphism (coming from the given isomorphism between
By and k[t,,...,t.] over k. By induction we claim each g, := g mod m’y"! is surjective. This is a

standard successive approximation argument as follows. The evident commutative square expressing

Gnt1 “over” g, reduces surjectivity for g,.1 (given it for g,) to surjectivity for
m’ (A/mTH[X, ..., X,]/ — wmi(B/mB).

But the target only depends on elements of B through their reduction into By (since m%/m’;™ is
killed by m4), and by hyppthesis k[X;,..., X,] — By via X; — T; is surjective. This completes
the proof that every g, is surjective.

Since B is mgu-adically separated and complete (as it is so for the mpg-adic topology), and
A[Xq, ..., X,] is as well, the method of proof of the surjectivity of every g, gives even more: any
element of B is a limit of the image of an my-adic Cauchy sequence in A[X7,...,X,]. The limit
of that Cauchy sequence provides the desired limit of any chosen element of B, so g is surjective.
Letting I = ker(g), we have

AlXq, ..., X, ]/I ~ B.

It now suffices to show [ is zero. If [ is not zero, say F' € I is nonzero, then B is a quotient of
R:=A[Xy,.... X, ]/(F).

But A is a doamin, so that power series ring is a local noetherian domain of dimension r +dim A =
dim B, so its quotient R by the nonzero F' satisfies dim R < dim B. This contradicts that B is a
quotient of R (so dim B < dim R). O
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§9.3 Genericity to ensure many smooth fibers

To ensure that some fiber X/ is smooth (rather than just generically smooth) when X is normal, we
need to be more attentive to the “genericity” of both £ and the successive choices of points used to
make the N —d point projections whose composition defines the finite generically étale 7 : X — P¥.
The target of f: X’ — P91 is the space of lines ¢ in P{ through &, and if y € P?~!(k) corresponds
to £ then f~1(y) ~ 77 (¢). If d = N then X = P¥ and there is nothing to do (for any p € PV (k)
the blow-up X’ = Bl,(X) is a Zariski P'-bundle over the hyperplane P; ' of lines through p).
Hence, we now may and do assume d < N — 1.

The idea is firstly to show that 7=1(¢) = X N L as schemes for a linear subspace L C PY of
codimension d — 1 > 1 built from the choices underlying the N — d successive point-projections,
and then to check that the L’s which arise in this way as we vary through all such choices allowed
sweep out at least a dense open locus in Gr(d—1, N). Granting that, by Bertini’s Theorem LN X*™
is smooth for a dense open locus of such L’s and L N (X — X®™) is empty for a dense open locus
of such L’s (since X — X has dimension at most d — 2 < d — 1, by normality of X). Hence,
LNX = LNX is smooth for a dense open locus of such L’s, so we would be done. This use of
Bertini will entail some possibly additional “genericity” condition on £ as chosen above (i.e., we're
not claiming all £ as permitted previously will do the job).

Let’s now explain how to reinterpret the curve 77(¢) C X as a slice XN L (scheme-theoretically)
inside PY for a linear space L of codimension d—1 in PY. To build 7, we choose a “generic” k-point
p1 € PV — X for which the projection ¢; : X € Py — {p1} — P; ! away from p; is well-adapted
to both X and Z (e.g., birational on both if d < N — 2, and generically étale on X and birational
on Z if d= N —1). If d < N — 2 then we make a “generic” choice of k-point p, € Py ~* for which
projection ¢y : q1(X) C Py ' — {p,} — P22 away from p, is well-adapted to both ¢;(X) and
q1(Z), and so on until we get a map qy_q to P¢ for which m = gy_g0---0q; : X — P4,

Note that the projective spaces of successively lower dimensions in this process each depend on
previous choices of points (each is a space of lines through a chosen point). Our concrete realization
of the target of a point projection as a hyperplane in the target projective space from the preceding
step thereby puts all of this inside the original P¥, so we have really made “generic” choices of a
k-point p; € PY, a k-point p, in a choice of hyperplane H; C P% missing p;, a k-point ps in choice
of hyperplane Hy C H; missing py (this H, is a special type of codimension-2 linear subspace of P
since it is contained in H;), and so on until we pick a point py_4 in a special type of codimension-
(N — d — 1) linear subspace of P¥ avoiding py_q_1. These N — d points projectively span a linear
subspace A of dimension N —d — 1 (we get this “expected dimension” due to the avoidances in how
we chose the successive points).

The design of A ensures that it avoids X entirely, so X C P — A. The projection PY — A — P¢
away from A has target a fixed choice of d-plane W C P¥ disjoint from the (N — d — 1)-plane A,
and it is described on k-points by y + span(y, A) N W. This restricts to a map X — P¢ that is
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ezactly m (check!).

Now we're ready to obtain the desired description of 771(¢) for a line ¢ in P{ through a fixed
choice of “generic” k-point py_qy1 := € in the final P{ (which classifies lines through py_4 in the
special codimension-(N — d — 1) linear subspace of P¥, or equivalently special (d + 1)-dimensional
linear subspace, at the last step for building 7). A choice of line ¢ in P¢ through ¢ amounts to a
choice of point py_g442 in a choice of hyperplane V' C P¢ avoiding €. Since £ is the projective span

of pn_q = & and py_q41, the preimage 71(¢) as a scheme is exactly X N L for the linear space

L= Span(pN—d+lapN—d> A) = Span(pN—d+1> nN—d,- - - ,p1)

(with A of dimension N —d—1). This L has the “expected dimension” 2+ (N —-d—1) = N—d+1 =
N — (d —1); i.e., it has codimension d — 1 in Py .

Having reinterpreted our overall construction as X N L for L € Gr(d— 1, N)(k), what remains is
to prove that the L’s obtained through the successive “generic” k-point choices sweep out at least
a dense open subset of Gr(d — 1, N)(k). The subtlety (at the level of rigorous proof, not geometric
intuition) is that our procedure for building these L’s entails successive choices of points where each
is “generic” in terms that depend on the preceding choices. That is why it is not immediately clear
(though it must be true) that we really do sweep out at least a dense open locus of k-points in
Gr(d — 1, N) in this way. Appendix B gives the rigorous proof of such “iterated genericity”.

The proof in that appendix entails removing all non-canonical choices of successive hyperplanes
in the preceding geometric description. This removal of non-canonicity is needed to express the
overall construction in a relative manner (informally: in families) so that it can be rigorously
described over a Grassmannian and thereby be analyzed with a suitable incidence correspondence
among universal structures to establish the desired “dense open” property. The details in Appendix
B feel rather longer than should be needed; if you can provide a rigorous proof that is much shorter
then please let me know (but first make sure your proof is really a proof and not a hand-wave; the

burden is on the prover to make a complete argument).
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Lecture 10

Stein factorization and the 3-point lemma

§10.1 Geometric connectedness of fibers

Last time we saw that as we vary through all choices underlying the construction of the curve
fibration
f: X' =Blg(X) =Y =P ={15¢)

(choices being the N — d point projections as well as ¢ € P4(k) in “good position” relative to the
hypersurface 7(Z) C PY), for k-points y = {¢} € P? (k) the resulting fiber f~1(y) ~ 7=1(¢) is
identified with the scheme-theoretic intersection L N X for a codimension-(d — 1) linear subspace L
of P? for which the corresponding points L € Gr(d — 1, N)(k) sweep out at least a dense open locus
in that Grassmannian.

The normality of X ensures X — X" has dimension at most d — 2 < d — 1, so by Bertini’s
Theorem as we vary through a suitable dense open locus U C Gr(d — 1, N) the points L € U(k)
have nice properties: LN (X — X) =0 (so LN X = LN X"), and L N X*™ is a smooth and
geometrically irreducible curve. Hence, by making suitable choices for the point projections and &,
we can guarantee that there is a k-point yo = {{p} € Y (k) = P?"!(k) for which the fiber f~(yo) is
smooth and connected. As we saw last time, it follows that f : X’ — Y is smooth at all points of
X,,; i-e., the open subset sm(X'/Y) C X’ contains X, . But then by properness of f it also follows
(as we discussed last time) that there is a dense open V' C Y containing yo such that f~1(V) — V
is smooth. From this we aim to show that f is its own Stein factorization (i.e., Oy — f.(Ox) is
an isomorphism) and hence all fibers of f are geometrically connected.

Since the Oy-algebra f,(Ox/) is a coherent sheaf of domains over the non-empty opens in
Y = P%7! that is normal, the isomorphism property for Oy — f.(Ox) is sufficent to check on
stalks at the generic point of Y. In particular, we can first localize at yy to focus on the curve
fibration

X' xy Spec(Oyy,) — Spec(Oy,y,)

that is smooth and proper (as yo € V with V open in Y'), and then conclude via:

ProrosiTion 10.1.1. Let R be a local noetherian ring and Z is a proper flat R-scheme whose
special fiber Z; is geometrically reduced and geometrically connected. The natural map « :

R — Oz(Z) is an isomorphism.
We only need this result here for normal R and R-smooth Z, but the generality stated is very

useful; e.g., it applies to geometrically reduced degenerating families such as for semi-stable curves

as we’ll discuss later.
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Proof. Letting k be the residue field of R and m the maximal ideal, since Z, is a proper k-scheme
that is geometrically reduced and geometrically connected the finite k-algebra Oy, (Zy) must be k.

Hence, the natural map of k-algebras
@21 : HO<Z, Oz)/m — HO(Z(), OZO) =k

is surjective via 1 — 1. But Oy is R-flat since Z is R-flat, so the theory of base change for coherent
cohomology ensures that 2 is an isomorphism. In other words, the finite R-algebra H°(Z, Oy)

viewed modulo m is spanned by 1, so by Nakayama’s Lemma the natural map
a:R—HYZ 0y)

is surjective.

It remains to show « is injective. Picking zy € Zj, the composite map
R 5 HY(Z,0,) = Oy,

is flat (since Z is R-flat) and local (since zy € Zy), so it is faithfully flat and thus injective. That

forces the first step a to be injective. O]

§10.2 Axiomatized setup and 3-point lemma

Upon renaming X’ as X (which we may do, replacing Z with its preimage in X’: note that this
preserves normality because the blow-up locus S consisted of smooth points, and blow-up at a point
on a smooth k-scheme is smooth), we now summarize via a series of axioms the situation we have
arrived at. In this axiomatization, we do not include normality of the (d — 1)-dimensional base Y
of the curve fibration (this is P41 above) because such normality will interact poorly with some
subsequent constructions. We also note that if the original field k£ has been algebraically closed then

alterations beyond birational maps have not yet appeared.

SETUP 10.2.1. Our current situation may be summarized by the following properties (numbered
consistently with [deJ90]).

i)-(iv) X is a projective variety of dimension d > 2 over an algebraically closed field k, and

Z C X is the (non-empty) closed proper support of an effective Cartier divisor.
(v) X is normal.

(vi) There exists a k-map f : X — Y, where Y is a projective variety — not assumed to be

normal — of dimension d — 1 with the following properties:
(a) All fibers of f are geometrically connected of pure dimension 1.

(b) The open relative smooth locus sm(.X/Y’) meets each fiber X, in a dense open.
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(c) There exists a dense open U C Y such that f~'(U) — U is smooth.
(d) The map f|z: Z — Y is finite (hence surjective for dimension reasons) and generi-

cally étale.

Note that, despite our work up until now where Y has been P4~!, we our giving ourselves much
more generality to work with in the above setup. Our next goal is to add the following additional

property to the Setup:

(vi)(e) The intersection sm(X/Y) N Z meets each fiber X3™ in at least 3 points per irreducible

component, for all geometric points y € Y.
This property will be attained via the following lemma.

LEMMA 10.2.2 (3-Point Lemma, §4.13 of [deJ96]). Let f : X — Y be a map of projective
varieties over an algebraically closed field k such that properties (vi)(a) and (vi)(b) from 10.2.1
hold. Then there exists an effective Cartier divisor D C X such that

(i) f: D — Y is finite and generically étale.

(ii) For all geometric points y € Y, the intersection sm(X/Y) N D meets X;™ in at least 3

points per irreducible component.

Note that once we have the above lemma, by our observation in Remark 6.1.2, we may replace
Z with Z U D (with the reduced structure) to add property (vi)(e) to the running setup.

Our proof strategy, which we begin in detail next time, is to build this Cartier D in stages
(beginning with making it Y-finite). In order to fulfill condition (ii) of the 3-point lemma, we will
make use of noetherian induction on Y (or quasi-compactness). We'll build D via hyperplane slices
of X for a well-chosen projective embedding.

Let .Z be a very ample line bundle on X, and consider the associated projective embedding
i: X =P =P(I(X,2))

(described on k-points by = — ker(ev, : I'(X,.Z) - Z(z)); recall P(V') := Proj(Sym(V)) classifies
hyperplanes in V' rather than lines in V). Note that this is non-degenerate in the sense that (X))
is not contained in any hyperplane of P (indeed, hyperplanes in P are H, := P(I'(X,.%)/ks) for
nonzero s € I'(X,.Z), and X N Hy is the zero-scheme of s in X, a proper closed subscheme since
s #0in I'(X,.%)).

Let PV = P(I'(X,.%)*) be the dual projective space; its k-points are hyperplanes in the dual
of the space of sections, which are (I'(X,.Z)/¢)* for lines £ C T'(X,.Z). Such lines correspond to
projective hyperplanes H C P via ¢ — H, := P(I'(X,.%)/¢) C P. More broadly, as the reader
can check, the functor of points in PV is the functor of projective hyperbundle subbundles in P or

equivalently the functor of hyperplane subbundles of I'(X, %) (over k-schemes).
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For any H € PV (k) the scheme X N H is a Cartier divisor in X since the equation of H is locally
nonzero on X (as X is non-degenerate in P). For X N H to be Y-finite is exactly the condition
that the proper map X N H — Y is quasi-finite, which amounts to finiteness of its fibers over Y (k)
(since k is algebraically closed). But the fiber over y € Y (k) is X, N H, so for this to not be k-finite
amounts to X, N A containing some irreducible component of the purely 1-dimensional X,. We seek
H for which X, N H is never 1-dimensional (for y € Y (k)), as then X N H is Y-finite; informally

this is akin to Bertini’s theorem for slicing X being attentive to the fibration structure X — Y.
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Lecture 11

Finiteness aspect of 3-point lemma

§11.1 Interpreting finiteness via linear spans

The scheme PY x Y classifies pairs (H,y), and at the level of k-valued points the “bad” pairs are
those for which X, N H is 1-dimensional. We claim these correspond to the k-points of a closed

subset T'. Indeed, for the closed subscheme
S={(H,x)eP'xX:z € H}

the map
1xf

g:S—=P'xX 5 P'xY
has fiber over a k-point (H, y) gives by {H } x (X,NH). Hence, all fibers of g have dimension at most
1 and the “bad” (H,y) are those for which the fiber is 1-dimensional. By upper semi-continuity of
fiber dimension, this locus in the base PV x Y of 1-dimensional fibers is closed: there exists a closed
subset T'C PY x Y whose k-points are these bad pairs (H,y) we want to avoid.

We want to show (at the cost of replacing . with a sufficiently high tensor power) that the
proper map pr, : T — PV is not surjective, as then its image has a non-empty open complement, so
there exists Hy € PY(k) (in fact, even a dense open locus of such points) for which (Hy, y) is “good”
for all y € Y'(k): X, N H, is finite for all such y. Indeed, then XN H — Y has finite fibers over Y (k)
and thus is quasi-finite (as k = k), so by properness it is finite as desired. To prove pr,(T) # Y,
it suffices to show that dim 7" < dim PV. This will be attained by replacing . with a sufficiently
high tensor power (note that P, PY, and T depend on .Z, but f : X — Y does not).

To get an upper bound on dim7 in terms of .Z, we shall use the other projection map pr, :
T — Y. We seek a useful upper bound on the dimensions of fibers of T' over Y (k), as dim T is at
most dim Y plus the maximum dimension of a fiber of pr, : T'— Y over Y (k) (a general fact about

behavior of dimension for finite type k-schemes with algebraically closed k):
dim7 < dimY + max dim(pry*(y)).
yeY (k)

Let’s describe each fiber pry*(y) explicitly to see it is controlled by the images of I'(X,.%) —
I'(C, Z|¢) for irreducible component C' of X,,. We have

pry (y) =U{H € P"| H D i(C)}
C

where the union runs over the irreducible components C' C X, and ¢ : C' — X, — X C P is the

natural inclusion. Since H is a linear subspace, we have H D i(C) if and only if H D span(i(C)) =:
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Ac (the smallest linear space containing i(C'), which is to say the “projective linear span” of k-points
in i(C)). For each y € Y (k) and irreducible component C' of X, the condition H D A¢ on {H} €
PV(k) amounts to 1 + dim A¢ independent linear conditions on H so W := {H € P" | H 2 i(C)}

is a linear subspace of PV with codimension 1 + dim A¢. Thus, we have

dim7T < dimY + max dim(Uccx, We)
yeY (k)

=dimY + dimP" — mcin(l + dim A¢)

where C' runs over all irreducible components of X, for all y € Y (k).

We have reduced to showing dim Y —ming(1+dim A¢) < 0, which is to say 1+dim A¢ > dim Y’
for all irreducible components C of all fibers X, for y € Y'(k). For any nonzero s € I'(X, .Z) — {0}
and the hyperplane H := Proj(I'(X,.Z)/ks) C P, we have i(C') C H, if and only if the restriction
s|C € T'(C,Z|c) vanishes. Thus, Via the inclusion ¢ : C' € X C P(I'(X,.%¢)) we have A¢ =
P(I'(X,Z)/Ve) where Vi := ker(I'( X, .Z) — I'(C, Z|¢) and thus 1 4+ dim A¢ = dim I'(X,.Z)/Ve.
Since I'(X, Z2)/Ve = im(I'(X,.Z) — I'(C,Z|c)), we want dimim(['(X,.Z) — I'(C,Z|c)) >
1+ dimY for all irreducible components C' C X, for all y € Y (k).

§11.2 Passing to a high tensor power

LEMMA 11.2.1. For a closed subvariety X < P2’ with dimension d > 1, .2 := O(1), and a

reduced irreducible closed curve C' C X the image of

[(X,Z%") — T(C,Z%"|c)

has dimension > n + 1 for all n > 1.

Using n = dim Y in this lemma concludes the proof that by passing to a sufficiently high tensor
power of .Z we can ensure that a dense open locus of points H € PV (k) satisfies that X N H — Y

is finite.

Proof. Pick hyperplanes Hy, Hy C PM such that the non-empty (by Bezout) HNC} and HNC, are
finite and disjoint; i.e. nonzero sy, s, € I'(P™ O(1)) such that the zero schemes Z(s;)NC = Z(si|c)
are finite non-empty and disjoint, so s1|¢, s2|c € I'(C, Z|¢) are linearly independent.

Let V = ksi|l¢ + kso|c C T'(C,Z|c), which is 2-dimensional. It suffices to show Sym" (V) —
['(C, £%"|¢) is injective since dim Sym"(V) = n + 1). Suppose 31, a;(s1]c)®" - (s2|c)®" " = 0.
“Dividing” by the nonzero s,|% € T'(C, Z|&") yields that f := % € k(C) satisfies 37" a; f* = 0 in
k(C). But f & k since s1|¢ and so|¢ are linearly independent over k. Thus, since k is algebraically

closed, this forces a; = 0 for all i; that is the desired injectivity. O]
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Lecture 12

Finer structure of D and 7

§12.1 Completion of proof of 3-point lemma

Last time we passed to Z®" for n > dimY which imples that there exists a dense open locus
Q Cc PY={H C P} such that if H € Q(k) then we have Y-finiteness of D:

D=XNH — X

\ |+
finite

Y

In particular, for dimension reasions, each irreducible component D; of D is finite onto Y.
Recall U :=sm(X/Y) C X is fiberwise dense, i.e. Uy C Xy is dense for all 7 € Y (k) (note also
that Uy C X3™). We want:

(1) D 2% ¥ to be generically étale

2) for all y € Y(k), D Nsm(X/Y) meets each irreducible component of X, in > 3 points (which
y

implies the same for all geometric fibers Xy for all y € Y since k is algebraically closed).

Pick y; € Y (k). We seek a hyperplane H; such that for D, = X N Hy, we have Et(D;/Y) D
(D1),, and Dy Nsm(X/Y') meets each irreducible component of X, in > 3 points. (We’ll then see
that automatically the same holds for all y € U; (k) for some open U; 3 y; in Y.) The open subset
sm(X/Y),, C X, is dense by design, so consider H; which misses the finite set X, —sm(X/Y),,.
Such “good” H; exhaust a dense open in PV, and imposing Y -finiteness on Dy := X N H; is fulfilled
by a dense open subset of possibilities for /; in PV; in such cases (D1),, C sm(X/Y), C X"

Every irreducible component C' of X, meets H; by Bezout’s Theorem (since C' is a closed curve
in P), and by Bertini applied to the quasi-projective smooth curve sm(X/Y"),, implies that a dense
open locus of Hy’s have the additional property that Hy Nsm(X/Y),, is étale. As long as H; N C
has degree > 3 we’ll then have (2) for D; := X N H; at the points over y = y; by ensuring (as we
may) that when we passed to Z®" for a large n then we ensure n > 3.

We have arranged that the y;-fiber of D; = X N H; is étale (and even contained inside
sm(X/Y),,). Let’s show that such fibral étaleness implies the morphism D; — Y is étale at
all points over y;. This cannot be shown using Lemma 9.2.2 because the completed local rings on
Y may not be domains (we dropped the normality condition on Y for the sake of later inductive
purposes), but we have another property now that was not in hand when using Lemma 9.2.2 earlier:
the points on (Dy),, are contained in the open subset sm(X/Y) where X — Y is smooth. This

allows us to deduce étaleness of D — Y at the points over y; via:

49



Math 245A Notes Stanford University

LEMMA 12.1.1. Given

where z,y are k-points, and X is of relative dimension 1 over Y, if we assume f is smooth at

x and D, is étale at x then D — Y is étale at x.

Caution: We cannot use Lemma 9.2.2 because @yhy may not be a domain. The present result
is a special case of the Jacobi Criterion for smoothness of a closed subscheme as stated in [BLR90,
2.2/7, (a)<(d)] (with » = 1 in the notation therein).

Proof. We have 1) Xz (’A)yﬂ [t] as @yy—algebras since X is Y-smooth at x with relative dimension 1
and k(x) = r(y). The desired étaleness is equivalent to showing that the natural map Oy, — Op,
is an isomorphism.

We have that Op , = Ox_,/(h) for some nonzero h € m,, so
@D,:L’ = @X:v/(h) = @Y,yﬂt]]/(h)
and want its structure map from @y,y to be an isomorphism. We have
k=0p,.=0p,,~0p,/m,~k[t]/(h)

as k-algebras where the first equality follows from étaleness and h := h mod m, C Ox,. In
particular h € (unit)t + m,[t] in Oy, [t], since & = t(unit) in k[t] and thus A € (unit)t + @, [t] in
Oy, [t]. This implies (see Exercise 12.1.A below) thatOy,[z] — Oy, [t] defined by z +— h is an
isomorphism. Thus, Oy, = Oy, [t]/(h). O

EXERCISE 12.1.A. With everything as in the lemma above, prove the map Oy,,[z] — Oy, [t]

defined by = + h is an isomorphism.

We now have
D1 — X

|

Y

such that the open subset Et(D;/Y") C D, contains (D,),, and the open subset D;Nsm(X/Y) C D,
contains (D;),,. For any closed (e.g., finite or proper) ¢ : Z — Y and open V' C Z containing a
fiber Z, necessarily V' O ¢~ 1(U;) for some open U; 2 y; in Y. Therefore there exists some open
U; C Y around y; such that (Dy)y, is Ui-étale and (Dq)y, C sm(Xy, /Uy). In particular, for all
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y € Uy (k) we have that (D;), Nsm(X/Y), meets every irreducible component of X, in at least 3
points.

If Uy =Y, we are done! If not, pick yo € (Y —U;)(k) to get Dy = Hy N X where we ensure Hy
does not contain the generic points of D;. The closed subscheme D; + Dy C X (defined the by the
invertible ideal sheaf .#p, .#p,) has a dense open as a scheme that is dense and open in D; ] Ds,
so the finite D; + Dy — Y is also generically étale. This solves the problem over Uy U Us. We
can continue in this fashion, and by the quasi-compactness of Y (or noetherian induction) we get

finitely many U; that cover Y. Using D = " D; finishes the proof of the 3-point Lemma.

§12.2 Effect of alteration on Y

Now by replacing Z with (Z U D),eq (still the support of an effective Cartier divisor) we can also

enforce a further property:

(vi)(e) : The overlap sm(X/Y) N Z meets each geometric fiber Xy (necessarily inside X7™!) in at

least 3 points on every irreducible component.

Let’s now discuss how the array of properties we have arranged interact with applying an alter-
ation to Y. To that end, consider the following geometric setup over an algebraically closed field k.
We have a map f : X — Y between projective varieties with dim X =d > 2, Z C X is a non-empty

closed subset that is the support of a Cartier divisor (so Z has pure dimension d — 1), and:
(v) X is normal,

(vi)(a-c) f has all fibers geometrically connected of pure dimension 1 (so dimY = d — 1 > 0) with
the Zariski-open subset sm(X/Y) C X fiberwise dense over Y (i.e., meets each X, in a dense

open subset), and there is a dense open U C Y such that Xy — U is smooth,
(vi)(d) f:Z — Y is finite and generically étale,

(vi)(e) for all geometric points i of Y, the relative smooth locus sm(X/Y) meets Z5 in at least 3

points on every irreducible component of Xy.

Keep in mind that we do not make any assumptions about normality or especially smoothness for
Y (even though in the original context it was a projective space), because we are going to need to
replace Y with various alterations later on.

We wish to address the effect of “replacing” Y with another projective variety Y’ that is a
(generically étale) alteration of Y. We shall need to make such changes in Y at many stages in
subsequent arguments and so must be clear at the outset about how this affects X and Z and
the above running hypotheses. Though (v) was important to arrive at the present setup, that has

served its purpose and it won’t be a problem to give up (v) later on. Thus, our aim is really to
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explain how all of the above properties apart from (v) are preserved under a suitable replacement
process when given a generically étale alteration ¢ : Y’ — Y and trying to replace Y with Y.

Let X' = (X Xy Y )ea, and Z' = (Z Xy Y )reqa. We claim that f': X' — Y and Z' C X' satisfy
all of the above conditions except possibly that (v). Since Xy — U is smooth with geometrically
connected fibers of dimension 1, for the dense open U’ = 1 (U) C Y’ clearly X}, = X xy U’ =
Xy Xy U’ is U'-smooth with geometrically connected fibers of dimension 1, so for the projective
variety Y’ of dimension d — 1 we see that X’ — Y’ is smooth over the dense open U’ C Y’ with
geometric fibers over U’ that are smooth and connected of dimension 1. In particular, once we show
that the reduced X' is irreducible (hence integral) it follows that X’ has dimension d and dominant
onto X, so the preimage Z’ of Z in X' is the support of a Cartier divisor (hence is of pure dimension

d —1). So we now prove:

ProPOSITION 12.2.1. The reduced projective k-scheme X' is irreducible.

Proof. The Zariski-dense open §2 = sm(X/Y) C X is fiberwise-dense over Y, so likewise for ' :=
Q xy Y’ inside X xy Y’ over Y. In particular, ' is reduced, so this is also an open subscheme of
X" := (X Xy Y”)1eq that is fiberwise-dense over Y'. It follows that any irreducible component of X'
must meet €', so it suffices to show that €' is irreducible.

Since 2 — Y is flat, so is ' — Y’. Thus, all generic points of {2’ lie over the generic point 7’
of Y'. But the alteration Y' — Y has fiber 7’ over the generic point  of Y, so (2, = Q, x, 7.
It therefore suffices to show that (2, is geometrically irreducible over n. But (), is dense open in
the n-scheme X, that is a smooth and geometrically connected curve, so the desired geometric

irreducibility follows (since smooth connected schemes over fields are irreducible). ]

Since the open subscheme sm(X/Y) xy Y" C X xy Y’ is Y’'-smooth (hence reduced) and
fiberwise-dense over Y, it is also an open subscheme of X' = (X Xy Y”'),q that is Y’-smooth
and fiberwise-dense over Y’. Thus, it is contained in the Zariski-open subset sm(X'/Y”’) C X', so
sm(X'/Y") is also fiberwise-dense inside X’ over Y’. Tt is now clear that (vi)(a-c) holds for X’ — Y’
(using U’ = ¢p~1(U) as introduced above).

To show that Z’ with pure dimension d — 1 is finite and generically étale over Y’, we note
that finiteness is equivalent to quasi-finiteness (as Z’ and Y’ are k-proper), and that in turn is a
topological property easily seen since Z' = (Z Xy Y'),eq. The generic étaleness for Z’ over Y’ is
therefore equivalent to 7/-étaleness of the generic fiber Z7,. This generic fiber is a localization of
7', and localization commutes with the formation of nilradicals, so Z;, is the underlying reduced
scheme of (Z xy Y'),y = Z, x, ' (recalll that Y| = 1" as schemes, since Y’ — Y is a generically
finite dominant map between varieties). But Z, is n-étale by (vi)(d), so Z, x, 1’ is n/-étale and
therefore reduced. In other words, Z;, = Z, x, ', so n'-étaleness of Z,, follows from n-étaleness of
Z,. In other words, (vi)(d) holds for Z" — Y.

Finally, (vi)(e) holds for (X’ — Y, Z’) because we have seen that sm(X/Y") xy Y’ C sm(X'/Y)
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and for any geometric point ' of Y over a geometric point 7 of Y the closed subset Z, C X7, has

the same underlying space as Zy x5 7 C Xz X577

§12.3 Arranging Z to be a union of sections

Our next step (corresponding to [deJ96, §4.16]) is to arrange that Z is topologically a union of
finitely many (possibly overlapping) sections o; : Y — X. In this setting we have

A X XU — ZU Zn = H?}L
\ l l /nite étale l
Y +——U n

dense open

where the 7;’s are the generic points of Z (since Z has pure dimension d — 1 = dim(Y') and Z is
Y-finite) and k(n;)/k(n) is finite separable for all 1.

Pick K/k(Y) a Galois finite extension which splits all n;/n. Use the generically étale finite
alteration Y’ — Y that is the normalization of Y in Spec(K) — 7. Passing to X' := (X Xy Y")eq —
Y and Z' := (Z Xy Y')eq @s in §12.2, this brings us to the case that Y is normal and Z, = [[#; with
n; ~ n for all . The closures Z; of the n;’s in X are the irreducible components of Z (equipped with
reduced structure). Each Z; — Y is finite between varieties of the same dimension and birational
(since m; ~ n). But we have Y is normal, we each Z; — Y must an isomorphism; the inverses define

sections o; : Y ~ Z; < X whose union (topologically) in Z as desired.
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Lecture 13

Stable Marked Curves

§13.1 Definition and constructions

The notion of semistable curve over a field was introduced in Theorem 3.2.1 and Definition 3.2.2,
where we saw that the residue field at each of its singularities is automatically (by real work, not
by definition) separable over the base field. For a general scheme S, a semi-stable curve over S
is a finitely presented flat map X — S whose (geometric) fibers are semi-stable curves. We are
going to be interested in semi-stable curves equipped with some “marked points” to cut down on
automorphismss of fibers (such as PGL; acting on P!, or an elliptic curve acting on its underlying

curve via translations).

DEFINITION 13.1.1. Fix integers g,n > 1 such that 29 —2+mn > 0 (i.e., g > 2 with n > 0, or
g=1withn > 1 or g =0 with n > 3). A stable genus-g curve with n marked points over
a scheme S is a proper flat and finitely presented map f : € — S equipped with an ordered
n-tuple of sections o; € €(S) such that:

« each geometric fiber %% is a connected semi-stable curve, with o; € €™ (S) for all 1,
o (%5 O) = g for all geometric points 5 of S,

o ecach irreducible component Z of a geometric fiber 65 such that Z ~ P!, there are at least
3 “special points” on Z: a marking o;(5) or a point where Z meets another irreducible

component of 3.

REMARK 13.1.2. Next time we’ll see the significance of the requirement 2g — 2 +n > 0: it

makes automorphism groups of geometric fibers finite, and it is related to ensuring a certain

canonically associated invertible sheaf on ¥ is fiberwise ample over S.

§13.2 Gluing

To construct interesting examples of stable curves with marked points we use gluing of schemes
along closed sets and gluing of points on schemes together. In this subsection we define both
notions and use them to provide examples of stable curves with marked points.

Let X and Y be ringed spaces and Z — X, Z — Y be closed immersions of a locally ringed
space Z. Define the gluing of X and Y along Z to be

XTIY = (XITTIY]: (ix)«Ox X(iy).0, (iy) Oy)
7 7
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(with ring-theoretic sheaf fiber product) for ix, iy, and iz the inclusions of |X]|, |Y]|, and |Z]
respectively into the topological gluing |X| [z |Y]. This is readily checked to be a pushout in the

category of ringed spaces, and likewise for locally ringed spaces when objects and inclusions are

e

Y
s

locally ringed.

Figure 13.2.1: Two schemes glued along an isomorphism between closed subschemes

For affine X = Spec A and Y = Spec B with a common closed subscheme Z = Spec C' corre-
sponding to surjections f: A — C and g : B — C, consider the ring-theoretic fiber product

AxeB={(a,b) € Ax B|f(a) = g(b)}.

There is a natural map

Spec A [ Spec B — Spec(A x¢ B)
Spec C'

defined by the universal property of affine schemes, and it is a pleasant exercise to check (please
do, using that f and g are surjective) that this is an isomorphism. Building on this, one can show
(please do) that if X, Y, and Z are schemes then there are compatible affine open covers of X, Y,
and Z to ensure (via the settled all-affine case) that X [[, Y is a scheme. This is called the gluing
of X and'Y along Z.

ExamvpLi 13.2.1. If A, B, and C are finite type R-algebras for noetherian R and we're given
R-algebra surjections A — C «— B then the R-subalgebra A xo B C A x B is also finite type
over R. Please check this, since in general even a polynomial ring klty, ..., t,] over a field can
contain extremely nasty k-subalgebras (in particular not finitely generated).

In particular, the gluing of two finite type R-schemes along a closed subscheme is again

finite type when R is noetherian.

We now discuss gluing together distinct rational points on a scheme over a field; this is particu-
larly useful in the irreducible case (such as to make a nodal cubic by gluing distinct rational points
in P'). First we focus on the affine case. Let k be a field and X = Spec A’ be an affine scheme
over k. Pick distinct k-points P,Q € X (k). We define the gluing of X along P and @ to be the
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affine scheme Y = Spec A where A is the ring-theoretic pullback (with surjective right arrow, hence

surjective left arrow)

A— A

j : l(P,Q)

kaxk,

ie. A={f e A|f(P)=f(Q)}. Notethat A — A"isa module-finite k-algebra inclusion. A similar
procedure works with & any ring and two k-valued points that are everywhere disjoint (ensuring
(P,Q): A — k x k is surjective).

It is an instructive exercise to check that this construction really is a ringed-space co-equalizer
of P, : Spec(k) = Spec(A’), as well as co-equalizer in the category of k-schemes.

At the level of completed local rings over a field k, it is also a good exercise to check (please do)

that naturally
Ap = k[u] x5, k[v] = k[u,v]/(w) € A x ﬁ’Q = kfu] x k[v].

ExaMPLE 13.2.2. Consider A’ = k[t], P =0, and Q = 1. Then, A = k[t(t —1),t*(t — 1)] C k[t]
because (i) every integer n > 2 has the form 2a + 3b for non-negative integers a and b, (ii) this
k-subalgebra contains polynomials of degree 2 and 3, (iii) a polynomial of degree at most 1
that vanishes at 0 and 1 is 0.

Letting x = ¢(t — 1) and y = t?(t — 1), one checks A = k[z,y|/(y* — 2> — zy).

If we work over a field k& with char(k) # 2 then we could instead use P,Q = +1 € k, and
then the corresponding gluing is A = k[z,y|/(y* — 2*(z + 1)) for z =t* — 1 and y = t(t* — 1).

The co-equalizer characterization allows us to bootstrap to carry out such a construction with
any quasi-projective k-scheme via any choice of affine open containing the finitely many rational
points being fused together.

One example of a stable marked curve is P! with n glued pairs of distinct k-points as shown in

Figure 13.2.2.

n timeSs

Figure 13.2.2: A projective line with n semi-stable self-gluings for n > 1.

We next discuss how to compute the arithmetic genus of such self-gluings. For this we’ll use

the normalization sequence as follows. Let C' be a geometrically integral proper curve over a field
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k with normalization C' = C'. We have the exact sequence
0—O0c =m0z — A —0

for " a coherent (hence k-finite) skyscraper sheaf supported on the finite set of non-regular closed

points of C'. This gives the long exact sequence in cohomology
0=k k— HY(C,X)— H(C,Oc) — H(C,m.05) — H'(C, ).

Sicne # is a skyscraper sheaf, we have H'(C,.#") = 0. If C is semistable with k-rational
singularities then J# = @p(k x k)/k where P runs over the singularities in C (to check this,
consider the completed stalks J#7), and so H°(C, #") = k®™ for m the number of singularities of
such C. Using these facts, when C' is the self-gluing of P! along n pairs of distinct k-points as in
Figure 13.2.2 then C' ~ P! and so the arithmetic genus ¢ of C' is n; in other words, this is stable as
a curve with no marked points if and only if n > 2.

Next we give some reducible examples. Let C; be P! with two distinct points glued together;
i.e. the curve in Figure 13.2.2 with n = 1. This appears in the first of the following two examples

of stable marked curves with two marked points:

Figure 13.2.3: C; glued at a k-point to P! with two marked points

rPl
=l
a3

Fmacll

Figure 13.2.4: Two copies of P! with a marked point, glued together at two distinct k-points

Let C be either of the curves in Figure 13.2.3 or Figure 13.2.4. Let C be as defined for Figure
13.2.3 and either copy of P' for Figure 13.2.4. Then, g(C) = 1+ g(C1); now h°(m,Oz) = 2.
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EXERCISE 13.2.A. Show that over an algebraically closed field k:

(i) the only semistable curves with genus 0 are the trees of P'’s as shown in Figure 13.2.5;

i.e. gluings of P’s along k-points with incidence graph a tree (no loops);
(ii) the only stable genus 0 curve with 3 markings is (P!, {0, 1, 00});

(iii) the only stable curves with genus 1 and 1 marking are elliptic curves and the nodal cubic

with one marking;

(iv) the only reducible stable curves with genus 1 and n > 1 markings are the “loops of P!’s”
as shown in Figure 13.2.6, along with such marked curves having trees of sufficiently

marked P!’s attached at smooth k-points;

(v) for a stable marked curve C, any irreducible component ¢’ with h'(C’,O) = 1 has at
least 1 special point (i.e., a marking or meeting another irreducible component); this is a

companion to the P!-condition in the definition of stability of a semistable curve.

Figure 13.2.5: A tree of Pl’s

SEas

Figure 13.2.6: Loops of marked P1’s

§13.3 Relative ingredients

The main references on the relative theory of stable marked curves are [DM69, §1] (for g > 2 with
n = 0) and [Knu83] (for general (g,n)), and rely on extensive use of coherent duality (over a general

base, not just over fields). The construction of moduli “spaces” — in the sense of schemes, algebraic
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spaces, or stacks — for moduli problems with semistable curves ultimately rests on Hilbert schemes
(introduced in §C.1), and will be a topic of some discussion later on. All such procedures begin by

applying the following result to universal families over Hilbert schemes:

Levmma 13.3.1. For a proper fppf map f : X — S, the subset
U= {s €S : Xz is a semistable connected curve} C S

is open

Proof. The openness in S of the locus of points s for which X, has a specific pure dimension (such
as 1) is [EGA, IV3, 12.2.1(ii)], and the locus of points s for which X is geometrically connected and
geometrically reduced is open by [EGA, IV3, 12.2.4(vi)]. Over the resulting open subset V' C S for
which the geometric fibers are reduced and connected curves (so the open subset sm(Xy /V) C Xy
is fiberwise dense), the locus of points s € V for which X3 has all of its finitely many singularities
semistable is also open due to the relative étale-local structure theorem for “ordinary double-point
singularities” (applied in relative dimension 1) as stated and proved in [FK88, Ch.III, Prop.2.7]
(who proof uses Artin approximation, a tool we’ll use later in the course for others purposes and

discuss in the final lecture). O
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Lecture 14

Stability and Ampleness

§14.1 Characterizations of stability

The stability condition involving P! in geometric fibers in Definition 13.1.1 may seem a bit out-of-
thin-air when first encountered. To demystify it, we now record two lemmas that provide rather
different-looking alternative characterizations. For clarity, we state these results without requiring

2g —2+n > 0 so that this can also shed some light on where that positivity condition comes from.

LevMA 14.1.1. Let X be a proper connected semistable curve over a field k¥ = k with marked

points oy, ...,0, € X* (k). The following are equivalent:
1. (X;01,...,00)k has no nontrivial automorphism over k[e] lifting the identify over £,
2. The locally finite type k-group Aut(x,q,, . .)/k 1S €tale,
3. The abstract group Aut(X;oy,...,0,) is finite.

4. The pair of simultaneous conditions (i) every irreducible component, Z of X with Z ~ P!
has at least 3 special points, and (ii) every (reduced) irreducible component C' of X with

arithmetic genus h'(C,O¢) = 1 has at least one special point.

In condition 4, we recall that “special point” means any o; or a point on two distinct irreducible
components (so the singularity on a nodal cubic is not “special”). By Exercise 13.2.A(v), condition
4(ii) above is automatic when 2g — 2 4+ n > 0; that explains why this condition is not mentioned in
[DMG9] (where g > 2 and n =0, so 2g — 2 +n > 0) and more broadly it is usually not mentioned
in the definition of stability in the literature, where one is usually assuming 2g — 2 + n > 0 from

the outset.

Proof. We give a sketch of (4) = (1); the rest is easier (e.g., the equivalence of (1) and (2) is the
infinitesimal étaleness criterion, which for a locally finite type k-group is sufficient to check at the
identity). Suppose that ¢ is a k[e]-automorphism of Xjq lifting the identity on X over k. Any
such ¢ is topologically the identity map (as that can be checked modulo €), so it amounts to a
k[e]-algebra automorphism of Ox|[e] of the form f + ge — f+ (¢ + D(f))e for D : Ox ~ Ox a
k-linear derivation. By the universal property of the sheaf of relative 1-forms, such D uniquely
factors as Ox A Qﬁ(/k N Ox for an Ox-linear map 0 : Qﬁ(/k — Ox. Beware that we allow X to be
singular (that is the entire purpose of the concept of stability in the first place, ultimately to allow a
controlled class of singular objects to permit the valuative criterion of properness to be satisfied by
the corresponding moduli “space”), so the coherent sheaf QY /i on the reduced generically smooth

X is generally not invertible.
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We want to show that the requirement ¢(o;) = o; in X (k[e]) for all i forces ¢ to be the identity
map, which is to say D = 0 or equivalently 6 = 0. Since X is reduced, the vanishing of the Ox-
valued 0 is equivalent to the vanishing of its restriction to the dense open X*™. That restriction
| xsm corresponds to an algebraic vector field 05 on X®™. One checks that ¢ o 0; = o; over k[e] if
and only if U5(0;) = 0 in the tangent line T, (X®™) over k, so we want to show that requiring this
vector field to have a zero at all ¢;’s forces 5 = 0.

As an illustration, when X is smooth with genus g > 2, so the properties in condition (4) are
vacuously satisfied, this amounts to the classical fact that a smooth geometrically connected curve
with genus g > 2 has no nonzero global vector field. That holds because the invertible dual sheaf
(Q/;,)" has degree —(2g —2) = 2 — 2g < 0 and thus has no nonzero global sections). In general,
the case g > 2 with n = 0 (allowing non-smooth X!) is [DM69, §1.4], which uses coherent duality

on semistable curves over an algebraically closed field. One can adapt those arguments to general
(g:m). O

§14.2 Relative ampleness and openness

Consider data (X, 0) := (X;01,...,0,) as Lemma 14.1.1. We can attach to this several invertible
sheaves as follows. Firstly, each kOpoint o; belongs to the smooth locus X", the corresponding
ideal sheaf .#,, C Ox (which coincides with the structure sheaf on X — {o;} and in particular
near the singularities) is invertible (as Ox,, is a dvr). Although Q% is not invertible when X is
not smooth, there is an invertible replacement via coherent duality as follows. The scheme X is
Gorenstein since

. k[t] x € X™(k),

Ox . >~

klu, o] /(uv) 2z ¢ X (),

so the relative “dualizing complex” for X over k (it makes sense for any finite type scheme over a
regular ring, for example) is an invertible sheaf supported in degree —1: it is wx/[1] for an invertible
sheaf wx ;. (The Cohen-Macaulay property on X encodes that this complex is a coherent sheaf
supported in a single degree, and the more refined Gorenstein condition on X encodes that this
coherent sheaf is invertible.)

The theory of the relative dualizing complex is meaningful without properness, providing a
robust theory for how to study the complex locally on X. In particular, even though X*™ is generally
xom & Qe I j 0 X = X is the

natural open immersion then reducedness of X yields an injectivity of

not proper, this theory provides a natural isomorphism wx

wx/k = Jelwx/klxom) = Ju(Qxem1.)-

There is a classical recipe due to Rosenlicht that explicitly describes this invertible subsheaf wy/;, in

terms of the invertible sheaf of 1-forms on the smooth normalization 7 : X — X , a description that
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is very useful when carrying out local calculations with wx/: if ¥ C X is the set of k-points over
the singularities on X (recall k = k) then wy/y, is the coherent subsheaf of W*(QIX / () consisting
of rational 1-forms on X with at worst simple poles along S and residues summing to 0 over each
singularity on X.

As with relative 1-forms in general, the formation of wx/, commutes with etale localization on
X;ie., for f:U — X an étale morphism over k there is a natural isomorphism f*wx/, ~ wy/k, S0
wy/k can be “computed” near singularities by using U that is étale over {uv = 0} C AZ. We define
the invertible sheaf

Wx/p i=wxk QL) Q...Q 7).

(This notation on the left side is a bit imprecise since it does not record the dependence on the
marked points, but we don’t want to overload the notation.) To make contact with 2g — 2 4+ n we
need to discuss a notion of “degree” for the invertible wx/; on the possibly non-regular X, so we
now briefly digress to discuss this.

On regular proper curves C over a field F', we can express invertible sheaves .2 on C' as O¢ (D) for
a Weil divisor D = > n,;P; (for closed points P;) determined up to linear equuvalence, and thereby
use the notion of F-degree degp(D) = Y- n;degyr(P). For reduced (hence generically regular) C'
there is a good relation between invertible sheaves and Weil divisors supported in the dense open
regular locus, and this permits a definition of deg(.Z) by using F-degree for Weil divisors. This topic
allowing non-regular C' is beautifully developed from scratch in [BLR90, §9.1], where it is shown
that deg(.%) can also be defined more conceptually with good properties via Euler characteristic:

for invertible .Z on a proper F-scheme X with pure dimension 1,
X(ZL€™) := dimp H*(C, £®™) — dimz H'(C, £%™)

is always a polynomial in m € Z with integer coefficients and degree at most 1, with the linear
coefficient may be defined to be the degreee: this Euler characteristic is (deg.Z)m + ¢ for the

constant ¢ = x(O¢). Among the good properties are:
o deg( 4 ® %) = deg 2 + deg %, for invertible .2, % on C
o deg(#p) = —1 for regular points P € X (F) (so deg(#y) = 1);

o if {C;} is the set of irreducible components of C' equipped with the reduced structure then
deg(Z) = > deg(Z|¢;)-

Returning to our proper connected semistable X over an algebraically closed field k, coherent
duality yields deg(wx/x) = 29 — 2 for g := h'(X,Ox) (this is proved by a variant of the classical

arguments using Riemann-Roch when X is smooth). Since deg.#,, = —1 for all i, we then have
deg(wx/k) =29 — 2+ n.
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Now we can finally state the second characterization of the stability condition on a semistable

marked curve and use it to interpret “2g — 2 +mn > 0” is a more conceptual way:
LeMmMA 14.2.1. For (X, o) as in Lemma 14.1.1, the following are equivalent:

1. condition (4) in Lemma 141.1.1,

2. Wxy, is ample.

Proof. The case g > 2 with n = 0 is given in [DM69, Thm. 1.2], which uses coherent duality. This
argument adapts to g > 2 with any n, as well as ¢ < 1 with n > 4. For ¢ < 1 with n < 3, see
[Knu&3, Cor.1.10]. L

As with proper k-schemes in general, ampleness of an invertible sheaf on X is equivalent to
ampleness of its restriction to each (reduced) irreducible component X; of X. Moreover, on an
irreducible reduced proper curve over a field the ampleness of an invertible sheaf is equivalent to

positivity of its degree, so since

29 — 2 +n = deg(Wx) = Z deg(@x/k|x,)

we see by Lemma 14.2.1 that the stability conditions in Lemma 14.1.1(4) imply 2g — 2 +n > 0.

The converse is generally false when X is reducible since positivity of Y- deg(Wx/x|x,) does not force
positivity of all summands. Nonetheless, the ampleness property provides a conceptual context for
the requirement “2g —2+4n > 0” and it also gives a characterization of the stability conditions that
makes sense when k is allowed to be an arbitrary field (and even paves the way to relativization

over any scheme, as we’ll soon see).

I3

COROLLARY 14.2.2. Fix ¢g and n such that 2g — 2 +n > 0. Consider a proper fppf map
f: X — S with n sections oy, ...,0, € X(S). The set

S5 = {s € S| (X5;0.(3),...,0,(3)) is a stable n-pointed genus g curve}

is open in S.

The hypothesis 2g — 2 +n > 0 is harmless because if it doesn’t hold then S®* is empty and so

the assertion would be devoid of interest and utility.

Proof. Last time we show that requiring the geometric fiber to be a connected semistable curve
is an open condition on the base, as is the requirement o; € sm(X/S) (i.e., o; landing inside the
open relative smooth locus or equivalently avoiding its closed complement in X). For i # j the set
(0: x 0j) " (Ax/s) C S of s for which o;(s) = 0;(s) is closed, so disjointeness among the o;’s is also

an open condition on S. Hence, we now may and do pass to an open subset of X to arrange that
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X — S has geometrically connnected semistable fibers and the o;’s are pairwise disjoint sections
all supported in the open relative smooth locus.

We have to show that the locus of such fibers which satisfy the stability condition is open. Just
from the explicit formulation of the stability condition on geometric fibers (with 29 — 2 +n > 0),
this isn’t at all apparent. To handle it, we are going to use Lemma 14.2.1 to recast the condition in
terms of ampleness of Wx, /k(s). However, to do this requires being able to “interpolate” such fibral
constructions, particularly the relative dualizing sheaf wx, i(s) provided by coherent duality over
fields.

Now comes the atom bomb: by relative coherent duality, as for any flat and finitely presented S-
scheme with Gorenstein fibers, we have a canonically associated invertible sheaf wx, s on X whose
formation commutes with (i) any base change on S and (ii) any étale localization on X (i.e., if
f:U — X is étale then naturally f*(wx/s) ~ wyys). The quasi-coherent ideal sheaf .#,, C Ox of
each section is invertible, as we can check by working Zariski-locally on X to pass to where (X, o;)
is étale over (AL, 0) and making a Zariski-local calculation. By S-flatness of the closed subscheme

0; + S — X the formation of .7, also commutes with any base change on S. Thus, the sheaf
Wx/s =wx/s Iy ®...Q .7,

is also invertible and its formation naturally commutes with any base change on S.

Thanks to this good behavior for base change and Lemma 14.2.1, our task now becomes showing
openness for the set of points s € S for which Wx/s|x, >~ @x, k(s is ample (this isomorphism of Ox,-
modules is an instance of compatibility of the formation of Wx/¢ with respect to base change along
Spec(k(s)) — S). This openness is an instance of the astounding [EGA, IV, 9.9.6] (amazing due
to having no flatness hypotheses, which rules out accessing base change theorems for cohomology):

for any proper map f : X — S of finite presentation and invertible .2 on X, the subset
Q={se 5| Z|x, is ample on X}

is open in S and for all affine open Spec A C Q the restriction £ = Z|x, to the A-proper
X4 is A-ample (i.e. for some closed immersion X 4 <y PY over A into some projective space,
L o~ 7" Opx (1) for some m > 0). O

At the end of the preceding proof we mentioned the strong “relative ampleness” property:
fiberwise ampleness (in the proper and finitely presented case) implies usual ampleness over affine
opens in the base. That isn’t logically needed in the argument above, but this property (very
striking due to its validity without any flatness hypotheses) will be absolutely crucial for effective
descent of stable n-pointed genus-g curves, a key ingredient in having a good theory of moduli

“spaces” for such structures.
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Lecture 15

Moduli of stable curves

§15.1 Universal rigidified family over a Hilbert scheme

Recall the situation where we left off:

Z = Uai(Y) X Xy Zy =11, U

\ f l

Y «——U
where Xy — U has smooth geometrically connected fibers of genus ¢ > 0, and n > 3. We will
eventually “alter” (X,Z) — Y to a stable marked curve (over Y') then alter Y to be smooth (by
induction). This requires using the moduli stack M., which we shall see is smooth and proper

over k. There exists a universal stable marked curve C,,, over M, ,, such that the following diagram

commutes

X —— Cyn

L

Y o> U—— M,,

(including that the universal markings pull back to the ordered decomposition of Z as a union of
sections).

Beware that the set-valued functor
S~ M, ,(S) = {stable n-pointed genus-g curves over S}/ ~

is generally not representable when g > 0 because for each positive g some objects being classified

admit non-trivial automorphisms:

ExAMPLE 15.1.1. For an example with (¢g,n) = (1, 1), let E be an ellptic curve over a nonzero
Z[1/2]-algebra R (such as a field k with char(k) # 2). Consider the “constant” elliptic curve
E x G,, = G,, with marking at the identity section oy : t + (0,¢). The automorphism
(z,t) — (—z,—t) of E X Gy, over the automorphism t +— —t of G,, amount to free actions of
(Z/(2))r = po.r on each, and passing to the quotients then gives a stable 1-pointed genus-1
curve C' — G,, = S (the base is G,/ ~ G, via t — t?).

The curve C' — S pulls back to the “constant” family £ x G,, — G,, over the degree-2
finite étale cover t* : G,,, — S but it is not itself isomorphc to £ x S — S, so M, is not a
sheaf for the étale topology (the map Mi1(S) — M;1(G,,) is not even injective) and hence
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I cannot be represented by a scheme (nor can it be an algebraic space).

ExamMpPLE 15.1.2. The presence of non-trivial automorphisms is unavoidable with reducible
curves over algebraically closed fields when g > 1, no matter how big we make n. For example,
let C' be a smooth connected proper curve of genus g — 1 over an algebraically closed field k&,
and equip it with n > 0 marked points. Let X be obtained from gluing an elliptic curve F to
C' by identifying 0 € E(k) with some P € C(k) distinct from the marked points. This X is a

stable n-pointed genus-g curve, and inversion on E is a non-trivial automorphism of the stable

marked curve X.

§15.2 The moduli stack M,

To remove nontrivial automorphisms, one idea is to equip data with “enough” extra structure. If
attached to each object f: & — S is a “well-behaved” fiberwise ample .Z; (e.g., with f, (.ZS@OO) a
vector bundle of some rank N determined by known discrete data; here 100 is stand-in for some

large integer) then we can try

¢ — P(L(LP™) —— Py

ol

S

with a some isomorphism attained after possibly shrinking S.
Appendices C.2 and C.3 give us the following: For any (X, o) over S, we define Zy/5, =
(wx/s(X-07))®* (sometimes more briefly denoted #x,s though it always depends on o). This is

fiberwise ample and satisfies:

1) Zx/g is canonical with respect to isomorphisms in (X, o) and its formation naturally com-

mutes with any base change on S.

2) (using cohomology and base change) f..%x/s is a vector bundle on S whose formation naturally

commutes with any base change on S, and its rank is N = N(g,n,4) = 4(29 —24+n)+(1—g).

3) Lx/s is generated by global sections; i.e. f*(f.%xs) = ZLx/s is surjective, defining a closed

IMmersion

X —— P(f*gX/S)

|

S

where P(f,.%x/s) is isomorphic to PV~ Zariski-locally on S and X — S has fibral Hilbert
polynomial with respect to Zy/s given by ®,,(t) = 4(2g — 2 +n)t + (1 — g) € Z[t].
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For the (quasi-projective) Hilbert scheme H = Hilbpx-1 /7 and the universal flat family with
Hilbert polynomial ®

3 Py

N

H

the n-fold fiber power 3™ = 3 Xy --- Xy 3 represents the functor of flat families

Y —— Py

G

T

equipped with an ordered n-tuple 7q,...,7, € Y/(T). From our discussion of openness conditions
on the base last time, there is an open ) C 3" representing such (Y, 7) that are stable n-pointed
genus-g curves (for a fixed choice of g and n satisfying 2g — 2 +n > 0).

Beware that for the universal object

(C,0) L Py

|

Q

there is no specified relation between j*O(1) and % /o, nor between j and the canonical closed
immersion t¢, of C into the Zariski P¥~!-bundle P(f,(Z/0,0))-

By imposing a closed condition on a PGLy-torsor Isom-scheme over €2, we can universally
identify j*O(1) with Z¢/o in such a way that j is identified with ic,; this is explained as the
main conclusion in Appendices C.2 and C.3). The upshot is that we can build a quasi-projective

Z-scheme Y, ,, that represents the functor
S~{(C,a) = 8, ¢ : P(fless) ~P5 '}

(such data ((C, o), ¢) admit no nontrivial automorphisms). Morally this says that Y, is a Zariski
PGLy-torsor over the “fibered category” M,,, defined by:

DEFINITION 15.2.1. For any scheme S, M, ,(S) denotes the category of pairs (C,c) over S
with isomorphisms as the only maps; i.e. this is a groupoid. We make S ~» M, ,(S) into a
“presheaf” in groupoids (called a “fibered category”) via base change: for S’ — S the associated

base change functor

bsiys : Mgn(S) = Mgu(S')
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is equipped with a “nice” isomorphism of functors bg» /g >~ bgn /s 0 bgi/s (namely satisfying an

evident associativity requirement with respect to composable maps S” — S” — S" — S).

Since the canonically associated wx g is relatively ample in the sense discussed via the miraculous
[EGA, IV3, 9.9.6] last tme, fpqc descent theory (see [BLRI0, §6.1]) ensures that for S” — S fqpc,
the fully faithful functor

My (S) — {(X’,9)|X' € My,n(S),0: pi(X') = ps(X') in M,,,,(S" x5 S") satisfying cocycle}

)

via X — (Xg,0can) is an equivalence (where the descent from S’ to S is unique up to unique
isomorphism). In other words, M, ,, is a “stack in groupoids” for the fpqc and Zariski topologies.
Moreover, the diagonal

A Mg, = Mg, xz Mg, (15.2.1)

(whose target is defined as the fibered category of ordered pairs (X, a), (Y, 1)) over any base scheme
S) is “relatively representable” in schemes in the sense that the Isom-functor between any two
objects (X, o) and (Y, 1) over a scheme S is represented by a locally finite type S-scheme (this
representability follows from Grothendieck’s work on Hilbert schemes and Isom-schemes because
such data is projective Zariski-locally on the base thanks to the relatively ample line bundles w(x/s
and Wy/s).

Thus, M, is a quasi-compact Artin stack locally of finite type over Z due to the PGLy-torsor
scheme ?g,n — Mg,n. The Artin stack ngn is even of “finite presentation” over Z, which is to say
it is also quasi-separated: this says that the relatively representable diagonal (15.2.1) is represented
in quasi-compact scheme morphisms: for objects (X,0) and (X’ ,¢’) over a scheme S, the Isom-
functor Isom((X, o), (X', a’)) — S is represented by an S-scheme whose structure map to S is
quasi-compact.

In fact, one can prove more, as Deligne and Mumford knew at the time they wrote [DMG9]
(when the concept of Artin stack didn’t yet exist, forcing Deligne and Mumford to use more direct
“étale slicing” arguments): M, ,, admits an étale cover by a scheme (not just a smooth cover, such

as Y ), which is to say it is a Deligne-Mumford stack. Here is the result:

THEOREM 15.2.2. The quasi-compact locally finite type Artin stack M, ,, over Z is Deligne-

Mumford and quasi-separated.

Proof. Stable marked curves are projective Zariski-locally over the base, so by Grothendieck’s ex-
istence results for Isom-schemes using his work on Hilbert schemes (via graphs inside a product)
we know that the Isom-functor between the underlying curves is represented locally on the base by
a disjoint union of at most countably many quasi-projective schemes. The condition of preserving
the markings cuts out a closed subscheme in the “unmarked” Isom-scheme. Since the clopen locus

in a Hilbert scheme corresponding to a fixed Hilbert polynomial is quasi-compact over the base, for
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quasi-compactness over the base for the Isom-scheme for a pair of stable n-pointed genus-g curves
it suffices to check that the graph
I, — X x X'

of an isomorphism ¢ : (X, o) ~ (X', ¢’) has Hilbert polynomial with respect to

L = pi(Lx/se) @ py(Lxryse)

determined just by g and n. But the factors X and X’ have the same Hilbert polynomial ®(¢) :=
Pyn(t) = 4(29 — 2 4+ n)t + (1 — g) relative to their respective S-ample line bundles Zx/g, and
Lx1/5,4', 50 their product is readily seen to have Hilbert polynomial ®(2t) with respect to .Z.

We have shown quasi-separatedness, so M, is a finitely presented Artin stack over Z. It is
a general fact [LMB, Thm.8.1] (or for more generality without finiteness conditions see [SP, Tags
04YW(1), 06N3, 050N(1))] that a finitely presented Artin stack over a scheme is Deligne-Mumford
if its finite type diagonal is “unramified”, which amounts to the (algebraic space) Isom-functor
between any pair of objects over a base having vanishing relative Q. By Nakayama’s Lemma such
vanishing is sufficient to check over geometric points of the base, where the Isom-space is either
empty of an Aut-scheme. In other words, we need the Aut-scheme06 of objects over algebraically
closed field to be étale. For the Artin stack M, ,,, this étaleness is part of Lemma 14.1.1. O
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Lecture 16

Some generalities on stacks

§16.1 What is an Artin or Deligne-Mumford stack?

DEFINITION 16.1.1. A fibered groupoid (or “presheaf in groupoids”) 2" over the category
of schemes is an assignment of a groupoid 2 (T) to each scheme T along with a functor (“base
change”) f*: Z(T) — Z (1) for each f : T" — T (we often write xy rather than f*(x) for
objects x € Z (1)) and isomorphisms

boy g of = (fog)

for 7" % T L T satisfying the evidence associativity requirement that the diagram of natural

isomorphisms

o(g*o f*)—=h*o(fog)*—=((fog)oh)

-

(h*og™)o f*—==(goh) o f*—=(fo(goh))

commutes for any triple of composable maps 1" EN N
We call this a stack (fibered in groupoids) for the fppf topology on the category of schemes
if it satisfies the descent condition that (i) for any faithfully flat and locally finitely presented

map S’ — S the natural transformation

Z(S) = {(€,0) | € 2(59),0:pi(€) S ps(&) in Z7(9" xg8') satisfying the cocycle
condition in Z°(S’ x5S xg5")}

given by & — (€s/,0can) is an equivalence (in effect, descent is effective up to unique isomor-
phism), and (ii) Z(I1.5;) — I12°(S;) is an equivalence for any set {S;} of schemes (this is a
stack condition for the Zariski topology when combined with the special case S’ = [[U; in (i)

for an open covering {U;} of any ).

The preceding is abstract categorical nonsense, with no relation to geometry. To equip such
an 2 with “geometric structure”, we need to impose some more requirements. First we discuss
some preliminary notions. By a Yoneda-type argument, for any scheme X a natural transformation
¢ : Hom(—, X) — 2 as fibered categories over Sch (i.e., a specification of natural transformations
or : X(T) — Z(T) natural in arbitrary 7', where the set X (7') is regarded as a discrete category)
is given by f +— f*(&) for an object £ € 2 (X). Such ¢ is also called a “1-morphism” X — 2.

For natural transformations f : % — 2 and [’ : %' — % as fibered categories (i.e., these are
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“l-morphisms”) we define the fibered category % x » %" by

(& x2 Z7)(5) ={(§ €, 9)I € #(5),§' € Z7(5),¢: f(§) = ['(§) in Z(9)}.

For the link to algebraic geometry, we also need the concept of algebraic space. We’ll discuss what
an algebraic space is soon, but for now you can think about it as a contravariant set-valued functor
on Sch that is “representable up to étale quotients”. It is a mild but brilliant generalization of the
notion of representable functor. By systematic use of étale descent, one can develop the entirety of
algebraic geometry for such “nearly representable” functors on Sch. The true miracle, as discovered
by Artin, is that algebraic spaces are the right broader context for powerful representability results
far beyond what Grothendieck could prove for schemes via projective methods.

Coming back to our stack 2", to impose geometric structure we first require that the diagonal
X Y KT is relatively representable in algebraic spaces in the sense that for the pullback
square

L AN

] T

Isomy(z,y) —— T

with any objects x,y € 2 (T'), the associated Isom-functor on T-schemes in the lower-left (its value
on any 7" — T is the set Isomp (x,y7/)) is an algebraic space. This diagonal condition can be
equivalently formulated as saying that for any schemes T, 7" with maps T'— 2" and T" — 27, the

fiber product T x o T" is an algebraic space.

REMARK 16.1.2. For what we’ll need with 2" = M, ,,, the Isom-functors are even represented
by schemes (separated of finite type over the base) due to Grothendieck’s work on Hilbert
schemes in the projective case. Such representability of Isom-functors by schemes tends to hold
for moduli problems involving proper objects in the presence of enough flatness conditions and
sufficiently functorial fiberwise-ample line bundle (as the latter tends to relate the situation to
projective objects).

But there are entirely natural moduli problems for schemes where there is no ample line
bundle encoded and consequently no relation to projective methods. For example, consider
a proper finitely presented map of schemes X — S and define the contravariant set-valued
Hilbert functor Hilby,¢ on the category of S-schemes by setting Hilby,s(7T") to be the set of
T-flat finitely presented closed subschemes Z C Xp. This is a sheaf for the fppf topology (even
fpqc topology) by effective descent for closed subschemes (no need for an ample line bundle!).

It is a theorem for Artin [Art69, Cor.6.2] (also see [Art74, Appendix] for corrections) from
his early work on algebraic spaces that Hilby g is an algebraic space over S (separated and

locally of finite presentation over S); he even proved this when X is an algebraic space rather
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than a scheme. Thus, by using graph arguments just as one does to build Isom-schemes from
Hilbert schemes in the projective setting, it follows that the Isom-functor Isomg(X,Y’) between
a pair of proper flat and finitely presented schemes X,Y = S is an algebraic space but it has
no reason to be a scheme.

This becomes relevant if one wants to organize all “genus-g” curves into a stack. More
specifically, for a scheme S let’s define a genus-g curve over S to be a proper flat and finitely
presented algebraic space f : C' — S with fibers of pure dimension 1 such that Og ~ f.(O¢)
universally and R!f,(O¢) is a vector bundle of rank g. An example with ¢ = 1 beyond the
scheme setting is here.

The fibered groupoid of genus-g curves is a stack for the fppf topology — in other words,
it satisfies effective descent for the fppf topology on the base — precisely because Artin proved
[Art74, Cor.6.3] fppf (and even just étale) descent is effective for finite presented algebraic
spaces (this is generally not true for schemes, even if proper but without an ample line bundle
carried along). It is also an Artin stack, as shown here. The Isom-functors for this stack, as in
the study of relative representability for its diagonal, are Isom-functors between such abstract
genus-¢g curves. But in the absence of any smoothness conditions on the curves or any sections
or allowing g < 1, even if the two curves are schemes there is no associated ample line bundle
in sight and so no reason for the Isom-functor between them to be represented by a scheme.
In general the best we can say is that such Isom-functors are algebraic spaces. This applies in

particular with ¢ = 1 and we impose smoothness on the curves (but no section!).

DEFINITION 16.1.3. An Artin stack is a stack 2" for the fppf topology over the category of

schemes such that:

1. the diagonal morphism 2~ — 2" x 2" is relatively representable in algebraic spaces (so
T x o T' is an algebraic space for any schemes T, 7" and maps T, 7" = %),

2. there exists a scheme X and a map f : X — 2 that is smooth and surjective (in the
sense that for any S — 2 for a scheme S, the base change X x -5 — S of f is a smooth

surjection between algebraic spaces.

If we instead impose there exists an étale surjection X — 2 then we say 2 is a Deligne-
Mumford stack (or DM stack); these were the type introduced in [DMG9].

EXAMPLE 16.1.4. The stack 2" = M,,, is an Artin stack with the smooth surjection Y, —
M, ., that is even affine (a PGLy-torsor for N = 4(2g — 2 +n) + (1 — g)). Morally, M,,, is
the “stack quotient” of Y, ,, by the non-free action of PGLy.

By Theorem 15.2.2 the Artin stack M,,, is a DM-stack. Although it has the concrete

smooth scheme cover ?gm, an étale scheme cover of M, is very hard to “write down” (it
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I comes from Artin approximation).

Let’s now answer: what is an algebraic space? This is the notion obtained by carrying out the
following special case of the preceding definitions: require each 2" (T') is a set (as a discrete category),
the Isom-functors are represented by schemes, and there exists an étale surjection X — 2~ for X
a scheme (i.e., X x4 S is an étale S-scheme for every S — 27).

In more explicit terms, algebraic spaces turn out to be exactly the set-valued functors U/R on
Sch obtained by étale sheafification of 7'+ U(T)/R(T) where R — U x U is an “étale equivalence
relation”: a monomorphism of schemes such that (i) it is an equivalence relation on T-valued points
for all 7', (ii) the two maps R =2 U are étale.

The substantive fact is that one really can adapt the entire edifice of algebraic geometry to such
gadgets. Beware of a crucial point: algebraic spaces are not ringed spaces (except when they are
schemes). They do have an associated topological space, as is useful for defining notions such as
connectedness, quasi-compactness, and irreducible component, but they are just set-valued functors
on Sch (close enough to representable ones via the étale topology that it is possible to “do geometry”
with them).

Maps between algebraic spaces are defined to be simply natural transformations of functors.
With experience, one can use choices of étale scheme covers to make calculations for algebraic
spaces in the same style by which one uses coordinate balls to make calculations for manifolds (e.g.,
a morphism between two algebraic spaces can also be described in terms of a special type of map

between choices of étale scheme covers).

§16.2 Properties of Artin stacks over a base scheme

We will often work in terms of an Artin stack 2 over a scheme S, so we need to discuss two
equivalent ways to think about this. What is a “map” ¢ : & — S? This means (by definition) a
specification of functors 2 (T") — Hom(7, S) natural in 7. We shall now see that such data can be
equivalently encoded by running the previous definition of Artin stack using the category Schg of
S-schemes in place of Sch everywhere (and taking fiber products over S); let’s temporarily call the
latter notion an Artin stack over S.

To pass between these two perspectives, proceed as follows. Given ¢ as above, we get a fibered
category 2" on Schg by setting 27(T EN S) to be the fiber of ¢r : Z(T) — Hom(T, S) over f.
This Z" is checked to be an Artin stack over S.

To go the other way, if 2" is an Artin stack over S then we define the fibered category 2~
on Sch by setting 2°(T") to be the groupoid of pairs (f,&) where f : T' — S is a morphism and
Ee 2T NS ). This is checked to be an Artin stack in the absolute sense defined earlier, and the
map 2 — S is defined by (f,£) — f.

These two procedures are readily seen to be inverses of each others, so we will now interchangably

speak of an Artin stack over S in either sense: an absolute notion equipped with a map to S or the
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more relative notion as a stack fibered in groupoids over the base category of S-schemes (rather
than all schemes).

Before we define an array of structural properties for Artin stacks over S, we need one last
concept: the associated topological space | Z"| for an Artin stack is a certain quotient of | X| for any
choice of smooth scheme cover X — 2" (we omit the definition, but it is naturally independent of
the choice of such cover ultimately because smooth maps are open).

It turns out that open subsets of | 27| can be related to certain open subsets of a choice of smooth
scheme cover, and likewise for closed subsets. Beware that in general |2"| can be very pathological

(e.g., generic points not behaving as nicely as for schemes), but for us such pathologies won’t arise.
DEFINITION 16.2.1. An Artin stack 2~ — S over a scheme S is:

1. smooth (resp. locally finite type, locally finitely presented) over S if for some (and then
any) smooth scheme cover X — 2, the composite map X — S is smooth (resp. locally
finite type, locally finitely presented),

2. quasi-separated if &~ — 2 xg Z is represented by quasi-compact and quasi-separated

maps (in algebraic spaces),

3. quasi-compact if for some (and then any) affine open cover {U;} of S, each 2y, admits a

quasi-compact smooth scheme cover X; — 2.,

4. finitely presented if it is locally finitely presented, quasi-separated, and quasi-compact

over S,
5. separated if & — Z xg Z is proper,
6. finite type if it is quasi-compact and locally finite type,

7. proper if it is separated, finite type, and universally closed (i.e. for all T — S, | 27| — |T|

is closed).

REMARK 16.2.2. In condition (1), the choice of smooth scheme cover doesn’t matter. This is
because descent theory ensures for a scheme diagram 2’ 57258 , Z" is smooth (resp. locally
finite type, resp. locally of finite presentation) over S if and only if Z is.

In condition (2), the quasi-separatedness condition on the diagonal is automatic when 2" is
a scheme (or algebraic space); i.e., when there is no “stackiness”. This is because in such cases
Ay s is then a monomorphism between set-valued functors, and a monomorphism f is always

separated since its own diagonal Ay is even an isomorphism (hence a closed immersion!) by

the very meaning of “monomorphism”.
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ExAMPLE 16.2.3. The DM-stack M, ,, is finite type over Z since the smooth scheme cover Y,
is finite type (i.e., quasi-compact and locally finite type). It is likewise locally finitely presented,
and we claim it is also quasi-separated (i.e., its diagonal is quasi-compact and quasi-separated),
hence finitely presented over Z. (This is part of the statement of Theorem 15.2.2, but at the
time the definition of such terminology had not been given though the essential content of its
proof was carried out there, as we shall now review.)

The quasi-compactness and quasi-separatedness of Aﬂg,n sz amounts to Isom-schemes be-
tween two stable n-pointed genus-g curves being quasi-compact and quasi-separated over the
base. As discussed in the proof of Theorem 15.2.2, such Isom-schemes are even quasi-compact
and separated over the base due to their construction from a quasi-projective “bounded” part

of a Hilbert scheme locally on the base.

Here are some additional useful facts. First we have an infinitesimal smoothness criterion,

deduced from the scheme case using a smooth scheme cover:

ToeorEM 16.2.4. If S is noetherian and 2" — S is locally finitely presented, its smoothness
is equivalent to an infintesimal lifting condition: for Spec(A) — S with artin local A having
algebraically closed residue field and a square-zero ideal I C A, every object in 2 (A/I) lifts
to Z'(A).

Note the preceding result does not involve also lifting isomorphisms (and Isom-functors may not
be smooth, as already happens when deforming a supersingular elliptic curve to a non-CM elliptic
curve in characteristic 0).

A proof of Chow’s Lemma for Deligne-Mumford stacks was not yet documented in the published
literature at the time of [deJ96], though it had been stated long before as [DM69, Thm.4.12]. Here

is the statement:

THEOREM 16.2.5 (Chow’s Lemma for DM stacks). Let & be a separated Deligne-Mumford
stack of finite presentation over a noetherian scheme S. There exists a surjective proper mor-
phism Z — % from a quasi-projective S-scheme Z such that the map is étale on a dense open

subscheme of Z.

This is [LMB, Cor. 16.6.1] (where Deligne-Mumford stacks are required to be quasi-separated by
definition, so in their terminology “finite type” is the same as “finite presentation” for such a stack
over a noetherian base). The version for Artin stacks has to drop the “generically étale” condition,
and was proved later by Gabber [Ols05, Thm. 1.1]; it is technically more difficult, and we do not

need it.
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THEOREM 16.2.6 (Valuative criterion for properness). For noetherian S, a finitely presented
Artin stack 2" over S is proper if and only if for every dvr R over S with fraction field K, the

following two conditions hold:

1. (uniqueness) Z(R) — 2 (K) is fully faithful (i.e., Isomg(z,y) — Isomg(zx,yx) is
bijective for objects z,y € Z°(R)),

2. (existence) for every ¢ € Z2'(K) there exists a finite extension K’/K and a (discrete)
valuation lifting that on K such that for the associated dvr R’ the object {x+ extends to

Z(R)).

REMARK 16.2.7. 1. For 2 a scheme, it is a pleasant exercise to check this is equivalent to

the usual valuative criterion for properness.

2. As for schemes, it suffices to check the valuative criterion for properness using only com-

plete dvr’s R with algebraically closed residue field. This is proved with the aid of Chow’s

Lemma for stacks (Theorem 16.2.5).

Our goal next time is to show that M,, — Spec(Z) is smooth and proper. This will be proved

by induction on n with ¢ fixed in three cases:
1. g >2and n >0,
2.g=1landn >1,
3. g=0and n > 3.

First we will treat the base cases of these three induction arguments. For g > 2, M, was
shown to be smooth and proper over Z in [DM69] via deformation theory for smoothness and the
valuative criterion for properness. For g = 1, M;; was studied via deformation theory and the
valuative criterion for properness in [DR73]. We'll say more about these next time.

For g = 0, we claim M, 3 = Spec Z (so everything is clear for it): this says that for every scheme
S there is one object in Mg 3(S) up to unique isomorphism. Indeed, it is (P}, {0,1,00}) (which
is readily seen to have no nontrivial S-automorphism). To prove this, the rigidity (i.e., absence of
nontrivial automorphisms) over every base scheme reduces the verification of uniqueness to working
Zariski-locally on the base. A 3-pointed stable marked curve of genus 0 is smooth (as we may see
over algebraically closed fields), so it is classical that locally on the base with the 1st section it is
identified to (P§,00). The other two sections are everywhere disjoint in A§, so we can carry one
of the other sections to 0 (locally on §) via an additive change of coordinate, and finally carry the

final section to 1 via a multiplicative unit change of coordinate.
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Lecture 17

Smoothness and properness of M,

§17.1 Base of induction

We shall prove that M, is smooth and proper over Z via induction on n with g fixed, so the
base cases are as follows: g > 2 with n =0, g =1 with n = 1, and ¢ = 0 with n = 3. We saw
M3 = Spec(Z) at the end of last time, so all is clear for this. In what follows, for ease of notation
we’ll write M for M, o (the base case for g > 2) or M ; (the base case for g = 1).

We write M C M for the open substack corresponding to smooth proper genus-g curves (with
geometrically connected fibers): this is the open locus of smooth fibers for the universal stable curve
2 — M. It corresponds to the open locus in any smooth scheme covering X — M over which
the proper semistable pullback curve f: C'= 2 x5; X — X has smooth fibers (this is open in X
because (i) its complement is f(C*"¢) where C*"¢ C (' is the closed subset complementary to the
open X-smooth locus C*™, and (ii) f is proper)..

To get started, we first discuss (with references) the smoothness of M over Z for g > 1, then
separatedness over Z, and finally properness. We proceed in this order because the valuative
criterion will be verified in a refined formulation that requires some structural knowledge about
M C M emerging from the study of Z-smoothness of M. The refined version of the valuative
criterion will rest on Chow’s Lemma for stacks (Theorem 16.2.5) that requires a separatedness
ingredient; this is why we have to treat separatedness before properness for M.

To prove smoothness over Z of M, we will use the infinitessimal lifting criterion from Theorem
16.2.4: we need to show M(A) — M(A/I) is essentially surjective for all Artin local A with
algebraically closed residue field such that I C A with I? = 0 (it even suffices to consider I for
which m/ = 0, by the same length-induction argument as for schemes). For this infinitesimal lifting
property, see [DMG9, §1] for g > 2 and see [DR73, Ch.1I, Prop. 2.7, Ch.III, Thm.1.2] for g = 1.

This deformation-theoretic work yields an explicit description of formal deformation rings at
geometric points and the completed local ring for the algebraized universal curve over it at sin-
gularities in the special fiber. By inspecting these descriptions, one can deduce that the “bound-
ary” of M in M is Cartier in a strong sense: there exists an invertible ideal .7, C Ozz (here
Oui(T — M) := Op(T)) such that M = M — Z(.7,) as open substacks of M with Z(.%) even
Z-flat.

(In effect, at the level of an étale or smooth scheme cover of M, the locus of singular fibers is
cut out locally by a non-zero-divisor which remains such on all fibers over Spec(Z). The role of
flatness here is similar to how flatness in the theory of Hilbert schemes ensures the ideal sheaf of
the closed subscheme remains an ideal sheaf, not just an abstract quasi-coherent sheaf, after any

base change.)
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This is important because the complement of a Cartier divisor is always a dense open (i.e.,
for noetherian A, the open subset Spec(Ay) C Spec(A) contains all generic points when f isn’t a
zero-divisor). Hence, the open substack M C M is dense. This is not obvious from the definitions:
it says that singular objects over an algebraically closed field admit a smooth deformation. Such
density will be used below to deploy a refined version of the valuative criterion.

As a bonus that we don’t need here but is useful in other contexts, the flatness of Z(.,,) even
gives it is “relatively schematically dense” over Z (i.e., dense and remains so after any base change,
or equivalently is fiberwise-dense): see [EGA, IV3, 11.10.8-10] for more on that notion in a general
setting.

The ingredients are now in place to prove separatedness of M — SpecZ. By definition, this
means properness of Az 1z (which we already know is separated, since the Isom-schemes for stable
curves are separated due to how they are made out of Hilbert schemes; they are even quasi-projective
locally on the base). Consider the visibly cartesian diagram

M R M
dense open

Az

M —5 Mx M

We will now apply a refined version of the valuative criterion for separatedness:

ProrosiTion 17.1.1. Let f : 2 — % be a separated and finitely presented map between
Artin stacks with % noetherian (i.e., % is quasi-separated with a noetherian smooth scheme
cover). Let U C 2 be a dense open substack.

The map f is proper if and only if for all Spec(R) — % with a complete dvr R having
fraction field K and algebraically closed residue field, and every object £ € % (K), there exists a
finite extension K'/K such that ks extends to 2 (R’) for the corresponding discrete valuation
ring R’ of K'.

Properties such as separatedness and finite presentation for such f whose target is also a stack
means (by definition) that for some (and then any, by descent theory for schemes) smooth scheme

cover Y — % the Artin stack 2" X Y has this property over Y.

REMARK 17.1.2. Before we prove Proposition 17.1.1, let’s explain the intuition by considering
the case of a quasi-projective scheme Y — Spec(A), say with projective closure Y. Let U C YV
be dense open, so it contains all generic points. If Y is not A-proper then there exists y € Y —Y,
yet Y as the closure of the dense open Y has all of its generic points in Y and so in U. Since
y lies in some irreducible component, there is some generic point n € U with y in its closure.
As a generization-specialization pair {n,y} with n # y, there exists a discrete valuation ring

R — Spec((’)fy) — Y with generic point going to 1 and special point going to y. We can
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replace R with its completion, and even with a further local dvr extension with algebraically
closed residue field.

This provides a K-valued point of Y that fails to extend to an R-valued point of Y (as it
does extend to Y (R) by design, uniquely since Y is A-separated, yet this R-point specializes
outside Y'). In this way, we have built a violation of the valuative criterion from the failure of

properness with K-point in U.

The preceding idea in the quasi-projective case can be adapted to more general settings with

the aid of Chow’s Lemma, as the proof below illustrates.

Proof. For necessity (which will hold even without the limitation to K-points being in i), let
Y — % be a smooth scheme cover. For any map Spec(R) — %/, the pullback

P =Y x4 Spec(R)

is smooth surjective over Spec(R) and hence admits an R-point (as R is complete with algebraically
closed residue field). Thus, by passing to 2" x #Y — Y we can reduce necessity to the known case
when the target is a noetherian scheme.

Sufficiency is the more interesting (and useful!) direction. We assume the more limited valuative
criterion (with K-points in U/) and seek a contradiction if 2" — % is not proper.

Let h: Y — % be a smooth surjection with Y noetherian. By flatness of h, the open substack

U =UXxyY CX xXqY =2

is also dense. Likewise, by descent theory (since h is fppf), non-properness of 2~ — % implies
non-properness of f' : 27 — Y. But by design of ' C 2" the map [’ satisfies the limited
valuative criterion too (check!). Hence, for the purpose of reaching a contradiction we may and do
now assume % is a noetherian scheme, which we’ll denote as Y.

Now we bring in Chow’s Lemma: since 2~ — Y is separated of finite type with Y a noetherian
scheme, there is a proper surjection X — 2 from a scheme, so X — Y is a separated scheme map
of finite type. Using Chow’s Lemma for schemes [EGA | 11, §5.6] applied to X — Y, we can compose
back to a further proper surjection onto X to arrange that X is even quasi-projective over Y, say
X is open in a projective (hence proper) Y-scheme X. Let U C X be the open preimage of the
dense open U C 2 . This might not be dense in X, but we can fix that as follows. By properness
of X — 2, the schematic closure U C X has closed image in .2". But that closed image contains
the dense open U C 2, so the the closed image exhausts 2~ (at the level of associated topological
spaces). In other words, the proper U — 2 is also surjective, so we can replace X with U! In this
way, we have arranged that U is also dense in X.

Since &~ — Y is separated and X — 2 is a proper surjection, arguing as in the case of schemes

via universal closedness ensures that Y-properness of X is equivalent to (and in particular implies)
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Y -properness of 2. But we are assuming 2 is not Y-proper, so likewise X is not Y-proper. But X
is dense open in X, so the dense open U C X (!) is likewise dense open in the projective Y-scheme
X.

Since X is not Y-proper but is dense open in the Y-proper X, there exists a point z € X — X.
This point lies in some irreducible component of X, and the generic point 1 of that lies in the dense
open U C X. Thus, {n, z} is a pair of distinct points in X with z in the closure of 7, so exactly as in
Remark 17.1.2 there exists a complete dvr R with algebraically closed residue field and fraction field
K and ¢ € X(R) such that {x € U(K) and the special point of ¢ lies over z. The composite map
Spec(R) — X — Y then has corresponding K-point with a specified lift £ € U(K) C X (K) which
does not extend to X (R) (since by the uniqueness aspect of Y-separatedness for X this would have
to agree with £ € X (R), an absurdity since by design the special point of ¢ lies over z € X — X.

We have used {x € U(K) to exhibit a violation of the more limited valuative criterion for
X — Y with the dense open U = U X o~ X. Observe that this violation is inherited after passing to
any finite extension K’/K and the corresponding valuation ring R C K’ over R.

Now consider the corresponding object @ € U(K) arising from g via U — U. We claim that
for any finite extension K’/K and the corresponding valuation ring R’ over R, ug: does not come
from 2 (R') (so we will have reached the desired contradiction). Assume to the contrary, so we
may rename K’ as K to arrange that @ arises from some & € 2 (R).

Let’s now pull back the entire cartesian diagram
U X
U Z

(with proper surjections vertically and open immersions horizonally) along € : Spec(R) — 2. Since

R

P

i = &k and @ € U(K) arises from & € U(K), the pullback diagram is cartesian of the form

V P
l l
Spec(K) — Spec(R)

with proper surjections vertically. In this diagram V' (K) is non-empty since it has a K-point arising
from £k over @). By the usual valuative criterion applied to P — Spec(R), the point {x € V(K)
comes from a point in P(R)! By design of P, there exists an R-point of X which extends x € U(K),
an impossibility since {x comes from £ € X (R) — X (R) and this is the only R-point of X (let alone
of X) which can extend {x by the Y-separatedness of X. n

We now use the preceding refined valuative criterion to prove properness of the separated finite
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type A := Az with the aid of the dense open
McC M.

It suffices to show that for any complete dvr R with fraction field K and algebraically closed residue
field, and any (z,y) € (M x M)(R) (i.e., a pair of objects x,y € M(R)) equipped with a K-point
n € M(K) C M(K) carried by A to (xx,yx) (i.e., n is an isomorphism zx ~ yx), there exists
¢ € M(R) extending n with A(¢) = (z,y) (one has to be more precise about this “equality” among

objects in a groupoid). In other words, we want to show that
Isompg(z,y) — Isomg (zx, yx)

is surjective (it is injective by separatedness of A).

This is exactly the uniqueness part of the stable reduction theorem for smooth K-curves (g > 1,
elliptic curves for ¢ = 1): a stable R-model for a smooth curve over K (of genus g > 0, and
with a section when g = 1) is unique up to unique isomorphism. This is proved in [DMG9, §2]
for ¢ > 2 and [DR73, IV, Prop. 1.6(iv)] when g = 1. Its content amounts to there being at most
one stable R-model up to isomorphism and bijectivity of Autr(%, o) — Autk (@, k). Note that
an “R-model” x of a given stable K-curve £ is a stable R-curve equipped with an isomorphism
v o >~ & of its K-fiber, so changing ¢ amounts to a different R-model. This is why “uniqueness
up to unique isomorphism” for stable R-models entails exactly the bijection from an Isom-set over
R to an Isom-set over K. Such strong uniqueness is intertwined with the theory of minimal regular
proper models over a dvr for smooth geometrically connected proper curves of positive genus over
the fraction field.

Finally, we can prove Z-properness of M, given that we now know it is separated (of finite
presentation) over Z. The refined valuative criterion with the dense open M C M over Z is
exactly the existence part of the stable reduction theorem for smooth K-curves (this K-smoothness
corresponds to the refined valuative criterion with Spec K landing in the open substack M C M).
Explicitly, it says that for any complete dvr R with algebraically closed residue field and fraction
field K, and any smooth proper geometrically connected K-curve C' with genus g > 1 that is
equipped with a section when g = 1, there exists a finite (separable) extension K'/K such that C:
extends to a stable genus-g curve over the valuation ring R’ (0-pointed when g > 2, and 1-pointed
when g = 1). This is proved in [DMG69, §2] for ¢ > 2 and [DR73, IV, Prop. 1.6(i)-(iii)] for g = 1
(and n = 1).

§17.2 Stablization and contraction

- ? .
We now move on to the induction step. We aim to show My, ~ 2, as fibered categories, where

Zyn — M, is the universal family (so this is a proper DM-stack over Z). As a first step, we
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describe the fiber categories 25, (T") for schemes S. This will not be literally the same objects as
in M, ,+1(T), but we'll see that the two types of objects over S are in natural correspondence with
each other.

To ger some intuition, recall from our discussion of Hilbert schemes that if Z — Hilby/g is the
universal family (a flat closed subscheme of X x g Hilbx,g) then the functor of points Z(T') on an
S-scheme T represents the set of pair (Y, 7) where Y € Hilby,s(T) is a T-flat finitely presented
closed subscheme of Xr and 7 € Y(T'). In other words, the functor of points of Z (over S) is the
enhanced version of the base Hilbx/g in which we equip the flat family with a section.

For exactly the same reason, replacing Z — Hilbx/g with Z,, — M, ., we have

"%M(S) = {(Cg:ala <5 Onp; Un—l—l)}

where (¢, 01, ...,0,) is an n-pointed stable genus-g curve and 0,1 € €(5) is an arbitrary section.
The key point is that (¢, 01,...,0,,0,41) may not be stable as an (n + 1)-pointed genus-g curve
over S. For example, 0,,; may meet the non-smooth locus €™ — S or ¢, may meet o; for
some ¢ < n. For this reason, there isn’t an “obvious” functor %, ,,(S) = M, +1(9).

Going in the other direction, we ask whether there is a well-posed functor
Myi1(8) = Z5(S)
defined by “forget o,.1 as a stable-curve marking, but retain it as a section:
(€,01,...,0041) = (€,01,...,00;0n41).

This doesn’t work because (¢, 01, ...,0,) may not be stable as an n-pointed genus-g curve! (Even
if that weren’t an issue, this procedure could not be essentially surjective since it doesn’t account
for sections through the non-smooth locus in semistable genus-g curve.) There are three ways such
failure of stability as an n-pointed curve can happen for a stable (n + 1)-pointed stable genus-g
curve (C, 0y, ...,0,41) over an algebraically closed field k (and it is an instructive exercise to check

these are the only ways such failure can happen; keep in mind that 2g — 2 +n > 0):

AN

Figure 17.2.1: The point 0,,; € C* lies on a copy of P! that transversally meets two other
irreducible components Y, Y’ of C' at one smooth point of each.
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<’ 0n+1

ﬂ)'

Figure 17.2.2: The point 0,,; € C° lies on a copy of P! that transversally meets one other
irreducible component Y at 2 smooth points of Y.

Figure 17.2.3: The point 0,; € C*™ lies on a copy of P! that contains another marked point o;
and transversally meets one other irreducible componet Y at one smooth point of Y.

To fix this, the geometric idea is to “contract” the problematic copy of P! (carrying along the
section 0,1 to the point onto which the offending P! is contracted). One challenge is that a
construction achieving this on geometric fibers must be built in a manner that is functorial with
respect to isomorphisms and naturally compatible with arbitrary base change. Here are the desired

geometric contractions over an algebraically closed field, corresponding to the 3 preceding Figures:

Figure 17.2.4: Contract P! to a point 7,,; and glue Y and Y’ where each met the P*.

Figure 17.2.5: Contract P! to a point 7,1 and glue Y to itself at the two smooth points where it
met the P!,
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Figure 17.2.6: Contract P! to the smooth point where it meets Y, and label that as 7,1 and 7;.

To perform the contraction operation intrinsically, Knudsen’s idea is as follows. Recall from
[EGA, II, 4.6.3(b)] (applied in the proper case, and using that a dominant open immersion between
proper schemes is an isomorphism) and the miraculous [EGA, IV3, 9.9.6] that for any proper finitely

presented map f : X — S and any fiberwise ample line bundle .Z on X, we have naturally
X = Proj(@p f.(£5™)).

We apply this with X = % a stable (n + 1)-pointed genus-g curve (where 2g — 2 +n > 0) having

markings o1, ...,0,+1 and the fiberwise-ample
L =Wy5 =wgs(o1+ -+ Opi1).
The idea is to replace this curve with a contraction defined by a modified Proj construction:
(%) = Projg(Smzo fs (A ™))

where A = wy/s(01 + ... 4 0n) = Dgys(—0nt1). In [Knu83] it is shown that this “works” in the

sense that
« its formation commutes with any base change,

o there is a canonical S-map (compatible with base change) m : € — ¢(%) for which the

resulting sections ; = w o 0; with 1 <17 < n make
<C<%)7617 s >6n)

a stable n-pointed genus-g curve,
o on geometric fibers this yields the desired contraction procedure.

Thus, we get a well-posed natural transformation between fibered categories My 11 — 25, via

(Cg, 01y .- ,O'n+1) — (C(%),El, R 7671;5714—1)-
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In [Knu8&3], an intrinsic relative inverse procedure
.ﬁ?m — Mg,n—H

called stabilization is also defined (at the level of quasi-coherent graded sheaves of algebras). On
geometric fibers, this performs a blow-up for Figures 17.2.4 and 17.2.5 but for Figure 17.2.6 it is
more subtle (as blow-up in those cases would have no effect).

Now that we have built an isomorphism M, , 1 ~ %, of fibered categories (yielding the
composite map M, 11 — M, defined by (€, 01,...,0n4+1) — (c(€),71,...,7,)), we can perform
induction on n (with fixed g) for smoothness and properness. All we have to show is that 2, is

smooth and proper over Z when M, is. The case of properness is clear since the structure map
f . %7” — ﬂgvn

for the universal n-pointed stable genus-g curve is certainly proper.

For Z-smoothness, all is clear on the open substack of Z;,, where it is smooth over ﬂgm. What
about at the singularities in fibers? We want to show that the “total space” %, is Z-smooth there
too (even though it isn’t smooth over M, ,, there). This is akin to having a surjective map M’ — M
between smooth manifolds that has some mildly “singular” fibers. We will take care of this local

task on 2, at the start of next time. Then we can finally return to the proof of deJong’s theorem!
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Lecture 18

Alteration to a stable curve 1

§18.1 Smoothness of M, ,

We will now finish the proof of Z-smoothness of M, ,, via induction on n. From [Knu83], we know
Myny1 =~ %, and [ : Z,, — M,, is proper and finitely presented. Since the base cases are
settled, we can assume that M, ,, is Z-smooth and want to deduce that %, ,, is Z-smooth. The open
substack U C Z,,, given by the relative smooth locus over M,,, certainly inherits Z-smoothness
from that of ﬂg,n.

The remaining issue is Z-smoothness at the points = € |2, ,,|— ||, say over y € |[M,,,|. We want
to describe the “local structure” of 27, near such x. We will use a description of the completed
local ring @ffgyn’w as an algebra over the completed local ring @Mg,n,ya but since the DM stacks 2,
and M, ,, are not schemes (hence not ringed spaces) we need to clarify: what do such “completed
local rings” mean?

” on a Deligne-

Let’s now digress briefly to discuss a useful notion of “local ring at a poin
Mumford stack 2" at a point = € |Z7|. Consider étale scheme covers X, X’ = 2" and respective
points Z — x and ¥’ — x in each (at the level of associated topological spaces). For the cartesian
diagram

X xy X —4y X'

g |

X — Z

(whose upper-left member is an algebraic space étale surjective onto X and X’) and a topological
point € € | X x4 X'| lying over T € | X| and ¥’ € | X’| (this exists for the same reason as in the case

of schemes) as visualized in

L

8l ——
SR p—

—_—

For strictly henselian local rings at these points (such a notion makes sense for algebraic spaces
via étale scheme covers), the natural local maps (’)3?5 — 0%, x¢ and (’)Sh,i, — 0%, X1 ¢ are
isomorphisms. Thus, we may define (’)i}g?x = Oi?f:; for any étale scheme cover X — 2" and T — x.
Its completion @i‘fgx may sometimes be denoted as O 2

In [Knu83, Thm. 2.7], Knudsen described @fg%’mx as an algebra over @f&g’my. Via Artin approx-
imation (which we’ll discuss in more detail later), such a description at the level of completed local

rings implies (via the use of compatible étale scheme neighborhoos) that (25 ,,,x) — (Mg, y) has

an étale neighborhood in common with
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(0,0,0) € Spec(R[t,z,y]/(xy —1t)) =~ Spec(R[z,y])

|

0 € Spec(R][t])

where 0 is over some point of Spec(R), and R[t] is a finitely generated Z-algebra such that Spec(R[t])
is Z-smooth (by induction from having an étale cover that is étale over M, ,,). Informally, Spec(R)
has an étale cover that is étale over the Cartier boundary of M, ,,. Since Spec(R[t]) is Z-smooth, it
follows that Spec R is Z-smooth and thus Spec R[z,y] is Z-smooth. This concludes our proof that

Z-smoothness of M, ,, implies the same for %, ~ M 1.

§18.2 Extending a rational map to M,,, via alteration

Having finished our foundational discussion for M, ,, over Z, let’s return to proving deJong’s alter-
ations theorem. When we last tuned in to our regularly scheduled programming, we were in the

following situation:
Z = Ugy(Y) X Xy Zy =11",U

~. |

Y «+— U

with Y a projective variety over an algebraically closed field &k, f a proper k-map from a projective
variety X with geometrically connected and generically smooth fibers of pure dimension 1, and
U C Y a dense open subset over which Xy is U-smooth. Let g > 0 be the common genus of
its fibers. The closed subset Z C X is a union of n sections ¢; with properties as in the 3-point
lemma, so supported in sm(X/Y) and meeting at least 3 points in each irreducible component of
each geometric fiber. In particular n > 3, so 2g — 2 +n > 0.

By shrinking U if necessary we can arrange that the sections o;|y are pairwise disjoint since that
holds over ny (Z — Y is generically étale). In particular, the U-smooth X equipped with g is a
stable n-pointed genus-g curve over U, so we have a k-map ¢ : U M My C Mg,n/k with
target a proper DM stack over k.

The pair (X, ) over Y is typically not stable, since some fibers may not be semistable and some
sections may collide (over points in Y —U). More broadly, (Xy, o;;) likely doesn’t extend to a stable
pair over Y, or in other words U — ﬂg,n/k generally does not extend to Y — Mgm/k. Instead, we
aim to get such an extension after a generically étale alteration on Y.

To get some intuition for how this goes let’s first review the standard “graph closure” trick for
extending a rational map at the cost of a controlled modification of the base. Let B be a noetherian
scheme (for us it will be Speck), S an integral B-scheme of finite type, M a proper B-scheme, and
¢ : U — M a B-map. We claim there is a U-modification ¢ : S — S for an integral scheme 5,
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say with U’ = ¢~ 1(U) ~ U, such that ¢ o ¢ : U' — M extends to a B-map ¢’ : S — M. This is

summarized as follows:

S/

U—modiﬁcationl
J’
S

U > M
\ Aper

To build such a U-modification S’ of S, we consider the graph

B

FSDIU%UXBM

that is a closed immersion since it is a base change of Ay (with M separated over B). Form
its schematic closure I' C S xp M, which is integral since U is integral (as S is); this meets the
open subscheme U xp M in Ty, so ¢ = pr; : [' — S is a U-modification (it is proper since M is
B-proper). In other words, S’ := I is a U-modification of S, and ¢’ = pr, : S’ — M is a B-map
whose restriction to ¢~ }(U) ~ U is ¢ since I' N (U x BM) =T,,.

In our context of intended application, M is replaced by M = M, that is a finitely presented
proper Deligne-Mumford stack over & rather than a proper scheme over k. Thus, ', : U — U x M is
generally not a closed immersion but instead is just a finite map (as Ay /i, 1S proper and quasi-finite,
hence finite). Intuitively, if we try to run the graph closure idea anyway we’d get only a closed
substack of Y x M (and this doesn’t relate as nicely to U as in the scheme setting).

Fortunately Chow’s lemma for Deligne-Mumford stacks will help us to bypass this difficulty by
providing a generically étale alteration ¢ : Y’ — Y for which ¢ o q : ¢7*(U) — M extends to a
k-map Y’ — M. In other words, if we pass to such Y’ and the strict transform X’ of X (this is
(X Xy Y')req) then we can arrange that there exists a k-morphism Y — M, , /& extending .

To be precise, the following result is a global variant for proper DM stacks of the valuative
criterion of properness that bypasses the need to appeal (as in [deJ96]) to a theorem of Gabber that

normalizations of certain DM stacks finite over M, ,, are schemes rather than just stacks.

ProrosiTioN 18.2.1. Let S be a noetherian scheme (e.g., the spectrum of a field) and let
M — S be a proper Deligne—-Mumford stack of finite type. Let X be a reduced and irreducible
separated S-scheme of finite type, and U C X a dense open subscheme equipped with an
S-morphism h : U — M.

There exists a generically étale alteration ¢ : X’ — X from a quasi-projective S-scheme X'

and a morphism X’ — M whose restriction over the dense open ¢~ (U) coincides with (in the
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I sense of being isomorphic to) the morphism hoq: ¢ *(U) — M.

In the special case X = Spec(R) for a complete dvr R with an algebraically closed residue field,
this recovers the valuative criterion of properness for proper DM stacks (since a generically étale
alteration of Spec(R) is Spec(A’) for an R-finite domain A’ with fraction field K’ finite separable
over K).

Proof. By Chow’s Lemma for schemes [EGA | 1, §5.6] applied to the separated finite-type X — S,
we can compose back with a preliminary birational proper map Y — X for Y quasi-projective over
S and rename Y as X to arrange that X is quasi-projective over S; this will be used at the end.

The key ingredient is Chow’s Lemma for DM stacks in Theorem 16.2.5. To apply this, consider
the morphism (1,h) : U — X x5 M to a DM stack proper over X. This factors through U xg M,
and this factored map j : U — U xg M is a base change of the diagonal A /s that is proper since
M is S-separated. Since M is a DM-stack, its proper diagonal over S is finite and more specifically
is “an immersion up to étale maps” (as one sees via an étale scheme cover of M). The same then
holds for j.

Let 2 be the schematic image of (1, h), a reduced and irreducible closed substack of X xg M.
In particular, 2 is X-proper (since M is S-proper) and its underlying space over U coincides with
the image of the proper j, so the stacky generic point of % is étale over the generic point of X.

Now we apply Chow’s Lemma for DM stacks to the proper 2 — X to get a reduced and
irreducible quasi-projective X-scheme X’ along with a surjective proper X-morphism X' — % that
is generically étale. Restricting over the generic point of 2 and using that X’ — 2 is generically
étale, the function field of X' is finite separable over the function field of X. Hence, ¢ : X' — X
is a generically étale alteration. By design the morphism X' — 2 — M has restriction over the
preimage of U that coincides with ¢~ }(U) — U B M. Since X' — X is quasi-projective, and we
arranged for X — S to be quasi-projective by the initial step with Chow’s Lemma for schemes,

clearly X’ — S is quasi-projective. O

The upshot of this is there exists a stable n-pointed genus-g (¢, 7) over Y and an isomorphism
Y (6u,1y) ~ (X,,0r) over U. The intuitive meaning is that this is a “global stable reduction

theorem” for (X, o) — Uj i.e., after passing to a generically étale alteration on Y we have

Fw closed CKU XUXU

Cu

§18.3 Flatness of graph closure after a modification
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GoAL. We want there to be a morphism ¢ : € — X over Y extending the isomorphism ¢ :
(¢y,1y) ~ (Xy,ay) over U. Such a map ¥ would satisfy 7; — o; over Y since that holds over

the dense open U C Y, and 15 is a modification (as it is an isomorphism over U).

If such ¢ exists then by Y-flatness of % its graph would by Y-flat and so be the schematic
closure inside € xy X of its own restriction over U: i.e., the graph of ¢ (if it exists) would have
to be the schematic closure T' = T, inside ¢ xy X. Equivalently, we want pr; : T — % to be an
isomorphism. But this is too much to hope for; a basic obstacle is that 7" may not even be Y-flat
(whereas ¢ is Y-flat).

As a preliminary step, we will make a U-modification on Y (and pass to the corresponding
strict transform on X) so that the graph closure T is Y-flat. (Once this is done, by passing to the
normalization of Y we’ll be able to harness the 3-point lemma to deduce 7' — % is an isomorphism.)
One approach to such “flattening by blow-up (of the base)” is via a deep and powerful result [RG71,
Thm. 5.2.2] of Raynaud and Gruson. We'll argue (as deJong does) in an alternative more concrete
way via the graph closure trick with Hilbert schemes (a natural global source of flat families).

To make contact with Hilbert schemes, note that 4 xy X is a closed subscheme in some P¥
(since ¥ and X are projective over k, as € is projective over Y that is projective over k). Thus,
the U-flat Ty = T'y ~ % that is closed in PJ} has some common Hilbert polynomial ®(t) € Q[t]
for all fibers (as U is connected).

Step 0: We seek a modification Y’ — Y such that the graph closure 7" over Y’ is Y’'-flat
with geometrically connected fibers of dimension 1. (Note that each fiber T,, lies inside the surface
Gy x X,,.) The U-flat closed subscheme Ty C PY corresponds to a k-morphism U — H := Hilbf,kN Ik
whose target is projective. Thus, by the graph closure trick, we get a projective U-modification
Y’ — Y so that after making base change to Y’ (and passing to the strict transform X’ of X) there
is a k-map Y’ — H. Pulling back the universal flat family inside P%, we thereby get a Y’-flat
closed subscheme 7' C P¥, restricting to I'yy over U’ ~ U for ¢’ = 1by». By Y'-flatness, 7" is the
schematic closure of .7}, = 'y, so the graph closure 7" C 6y xy» X' is Y'-flat!

To summarize, after an appropriate U-modification of Y we can ensure the closed T' C € xy X
recovering I'y, over U is Y-flat. Thanks to flatness over the base, any further modification base
change on T over Y (such as base change to the normalization of Y') is the schematic closure of the
locus over U after that base change. Since T'— Y is proper and flat with 1-dimensional fibers over
U (as Ty ~ %y), all fibers are 1-dimensional thanks to:

THEOREM 18.3.1. [EGA, IV3, 12.2.1(ii)] If Z — S is proper, flat, and finitely presented, then
s — dim(Zy) is locally constant.

Lastly, we want to make ¢ : T — Y between projective varieties over k be its own Stein
factorization and so have all fibers geometrically connected (thus of pure dimension 1). First base

change by the normalization Y — Y, so we can assume Y is normal. Clearly ¢ is surjective (as ¢(T)
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is closed and contains the dense open U), so the linear Oy — ¢.(O7) between coherent sheaves
of algebras (even domains over any non-empty open) is injective. To show Oy — ¢.(Or) is an
isomorphism it suffices by normality of Y to check equality over a dense open in Y. Over U equality

holds since Ty ~ 6y = Xy is a smooth proper U-curve with geometrically connected fibers.
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Lecture 19

Normality and applications

§19.1 Normality of semistable curves

We continue from our setup of last time, with the stable n-pointed genus-g curve fibration 4 — Y,
an isomorphism 1 : 4y = Xy over some dense open U C Y such that the closure of the graph in

the fiber product is flat over Y'; i.e., we have
T .= m — E xy X
flat J/
Y

In paritcular 7" is a projective variety since I'y, o~ % is a variety. The Y-map pr; : T — € is a
proper birational morphism (recall it’s the closure of the graph of an isomorphism on an open set
U C Y!) and we want it to be an isomorphism so then we can extend 1 to a morphism (over Y)
via

Y =pryopr;': € & T — X.
We will do this in two steps.

(1) We prove that a semistable curve fibration with smooth generic fiber over connected normal

noetherian base (for example, our setup ¥ — Y') has total space normal.

(2) We study the fibers of T — € to infer that the map pr,; : Ty — €5 is quasi-finite for any
geometric point 7 € Y.

ProrosiTion 19.1.1. With the notation of the above setup, assuming (1) and (2) above, the

projection map pry : T — % is an isomorphism.

Proof. Given (2), the projection map being quasi-finite on all geometric points tells us pr; itself
must be quasi-finite. But this projection is proper, hence it is in fact finite. Thus we have a finite
birational morphism between projective varieties (recall T was the schematic closure of a graph of

a morphism of varieties!), so normality of the target ¢ implies it is an isomorphism. m

Let’s now prove the normality as asserted for step (1) above. We first discuss a toy example to

get an appreciation of the result itself.

EXERCISE 19.1.A. Let A be a normal noetherian domain with fraction field K, and pick some

nonzero a € A. Then

B := Alz,y]/(zy — a),
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along with the map Spec(B) — Spec(A) induced by the natural inclusion, is a semistable curve
fibration of Spec(A) with smooth fiber over the generic point. Note that B is A-free (in fact,
with A-basis {1,z,2%,...y,y% ...}), and so injects into B&4 K ~ K|z, 1/z] which is a domain,
so B is a domain.

Use this information to show that B is integrally closed in its field of fractions by hand
(i.e., without appealing to the lemma below). To do this, it is helpful to use the fact [Mat90,
Thm. 11.5] that if the integrally closed domain A is not a field then A = ;)= A, with such

A, a dvr (that enables reducing to the case when A is a dvr, so a is a unit multiple of a power

of a uniformizer).
The normality of € is inherited from Y by:

LEMMA 19.1.2. If X — S is a semistable curve with connected normal noetherian base S and

smooth generic fiber then X is normal.

Proof. Since S is normal and connected, it is irreducible (as there are only finitely many irreducible
components and they cannot meet when the local rings are domains); let n be the unique generic
point.

It suffices to verify normality of all the local rings Ox ,, for which we will use Serre’s homological
“Ry + Sy criterion [Mat90, Thm. 23.8]:

(Ry) If dim(Ox ) <1 then Oy, is a field or a dvr.

(S2) (given that R; holds) If dim(Ox,) > 2 then this local noetherian ring has depth at least 2:

its maximal ideal contains a regular sequence of length > 2.

We know that these conditions are satisfied by Og, for all s € S. We will use this fact in

conjunction with the dimension formula for flat maps [Mat90, Thm. 15.1(ii)]:
dlm(OX,x) = dlm(OS’f(m)) + dim(OXf(z)@).

In particular if dim(Og fz)) > 2 then dim(Ox,) > 2, and in such cases there exists a regular
sequence of length 2 in the maximal ideal of Og ¢(,), which is also a regular sequence in the maximal
ideal of Ox , by flatness. Thus, the S, condition is satisfied at such . It remains to verify the cases
when dim(Og f(,)) < 1.

If Og, f(z) 0-dimensional - i.e., a field — then f(z) is the (unique!) generic point 7 of S, but by
hypothesis the generic fiber X, is smooth, so then Ox, = Ox, , is a field or dvr (since the generic
fiber is a smooth curve). Thus the R; condition is satisfied in such cases.

The remaining case is when R := Og f(, is 1-dimensional; i.e., a dvr with some uniformizer 7.

Since we are verifying a local condition it is no loss of generality to localize S at f(x) to assume
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S = Spec(R). The point z lies in the special fiber X, so we have

) ) 1 if x € X is a generic point,
dim(Ox,) =14 dim(Ox, ) =
2 if z € Xj is a closed point.

The uniformizer 7 of R is a regular element of the maximal ideal of Ox , by R-flatness and

Oxge = Ox,a/ (7).

If z is a generic point in X, then this quotient is a field since x is generic in the reduced curve
Xo. Thus, 7 must generate the maximal of the local noetherian ring Ox ,, so by [Ser79, Ch.I, §2,
Prop. 2] it follows that Ox , is a dvr.

Suppose instead z € X is a closed point. To find a length-2 regular sequence in the maximal
ideal of Ox ,, since 7 is one such element it suffices to find a regular element in the maximal ideal
of the corresponding quotient Oy, /(7) = Ox, .. Reducedness for noetherian rings is characterized
by “Ro + S1” [EGA, IV, 3.2.1(a)<(c)] (this rests on the theory of associated primes and primary
decomposition for noetherian rings, a key input being that S; for a noetherian ring says exactly
there are no “embedded” associated primes for (0): the non-minimal primes are not associated
primes [Mat90, Thms. 6.1(ii), 6.2]). Thus, by reducedness of X the 1-dimensional local noetherian
ring Ox, ., satisfies Sy: it has a regular element ¢ in its maximal ideal. Letting ¢t be a lift of 7 to

Ox ., we get a length-2 regular sequence {r,t} in the maximal ideal of Ox , as desired. O

§19.2 Application to construction of € — X

To conclude that the proper birational pr; : T — % (with normal target) is an isomorphism, it
remains to show quasi-finiteness; equivalently, pry 5 : T — €7 is quasi-finite for all geometric points

7. This will be a consequence of the following result.
LeMmMA 19.2.1 (4.20 in [deJ96]). Consider the decompositions into irreducible components:

T,=TiU---UT,

CG=¢1U---U%E, Xg=X1U---UX,
Then
(i) for all X;, there is a unique index j = j(i) such that T; — X;, and this satisfies
(x) Tju) — @y is non-constant.

Also, there exists an open V' C X that is fiberwise dense such that pry (V) - V.
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(ii) For all %, there exists a unique index v = y(«) such that 7, — %,. Also, there exists
an open W C ¥ that is fiberwise dense such that pry* (W) == W.

REMARK 19.2.2. The statement (%) in the preceding lemma will rest on (%, 7) being stable
and (X, o) satisfying the 3-point lemma. The role of (ii) will be to help prove (x).

Granting Lemma 19.2.1 for a moment, we have:

COROLLARY 19.2.3. The projection map pr, 5 : Ty — 65 is quasi-finite for every 7.

Proof. Assume for the sake of contradiction the projection map is not quasi-finite, so there is some
positive-dimensional fiber. In other words, some irreducible 1-dimensional component 7T} of T3 maps
to a point in ¢j. By condition (i) of Lemma 19.2.1, such a T cannot dominate any X; C Xy under
the projection map, so it must also be sent to a point. But 7; C 45 x X5 with the projection map

to each factor a point, so Tj itself must be a point, a contradiction! O

Proof of Lemma 19.2.1 (modulo (*)). We will first prove (i) without (x), and the argument will be
entirely symmetric in the roles of X and % (no use of stability will be made for this part of the
argument), so then by the same method (ii) will also hold. We shall write p; in place of pr;.

The map p, : T'— X between projective varieties is proper and dominant (it is an isomorphism
over U because Ty = I'y, ~ Xy due to ¢ : €y — Xy being an isomorphism), so it is surjective.
Thus, Ty — Xj is surjective, so as a map between connected curves we see one of the finitely many
irreducible components 7; must map onto a chosen X; of interest.

To show such a 7T} is unique, it suffices to find the open V' C X as sought: if T, — X, for
some j' # j then finiteness of T; N7} ensures all but finitely many points in X; have at least two
distinct points over them under 7; — X3 (namely one point from each of T; and T}/). In particular,
py 1 (X;) — X; would have at least 2 points in the fibers over all but finitely many points in X;. But
the open V' C X we seek has V N X dense in Xy and p; ' (V) ~ V, so p;'(X;) — X; would be an
isomorphism over the dense open V5 N X;, a contradiction (as py'(X;) — X; has at least 2 points
in each fiber over all but finitely many points in X;). This contradiction rules out the occurence of
such a j’ # j if we can build the desired V.

Thus, to complete the proof of the lemma apart from condition (*) in (i) (inluding the proof of
(ii)), we seek an open V' C X such that V' N Xy is dense in Xy for all geometric points 7 of ¥ and
py (V) ~ V. Observe that for each 7, there are only finitely many possible positive-dimensional
fibers under T; — Xy (since such a fiber has to contain an irreducible component of the pure

1-dimensional T3, of which there are only finitely many). The subset

Q={rec X dimp,'(z) =0} C X
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is open by upper semi-continuity of fiber dimension (equivalently “dim > 1” as a condition on the
fiber py'(x) is closed in the base X for p, : T — X, and all fibers are non-empty), so the open
Qy C X3 is dense for all 7 since its complement is finite.

Recall that we arranged Xy is generically smooth for all 7, and since Y is normal (so its completed

local rings are domains by excellence) we also know that
sm(X/Y)y = X5"

for all g (not just “C”) by Lemma 9.2.2. Thus, for the open V' := QNsm(X/Y) C X the geometric
fiber
Vg = Qy N X"

is dense open in Xy for all .

We shall prove the surjection py'(V) — V arising from p, : T — X is an isomorphism. This
proper map is quasi-finite since V' C (), so it is finite, and it is birational since over U is it an
isomorphism (as 7y — Xy is an isomorphism, because Ty = I'y, for ¢ : 6y ~ Xy). As a map
between open subsets of the varieties 7' and X, to conclude the finite birational py (V) — V is
an isomorphism it suffices to check V' is normal. Although X might not be normal (we have little
control on its singularities over Y — U), by design V' C sm(X/Y) and so V is Y-smooth. Thus,

since Y is normal it follows that V' is normal! O
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Lecture 20

Alteration to a stable curve 11

§20.1 Review of situation

We are currently in the setup

closed (g Xy X

/\
&J

U

with the following properties:

the map v : 4y == Xy is an isomorphism over U C Y of stable n-pointed genus-g curves;

Y (and hence €, by Lemma 19.1.2) is a normal variety;

all geometric fibers Ty are connected curves;

the pair (X, o) satisfies the 3-point lemma (Lemma 10.2.2).

Our goal is to construct a morphism 4 — X extending 1, so then we may replace X with % .

To do this, what remains is to show the following statement in Lemma 19.2.1:

(%) for each geometric fiber T, any irreducible component 7 that surjects onto some irreducible

component X; of X3 has pry 5 : Tj — ¢7 non-constant.

This proof of this will be the content of the following subsection.

§20.2 Proof of condition (%)

For notational simplicity, we denote the projection maps from Ty to 63, Xy as p1, p2 respectively.
Assume for the sake of contradiction that T; — X; and p;(1;) = {c} € & for some irreducible
component 7T of Ty Recall the 3-point lemma tells us there exist 3 distinct points in the smooth

locus of X; arising from sections; i.e.,

X1 = Omy (y)7x2 = Omy (?)7 T3 = Omgs (g)
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all in X?™. Consider the images of the corresponding sections
Tma> Tmay Tmg = Y — Cgﬂ

which are 3 distinct points (by stability). In particular, without loss of generality we can say that
Ty (§)s Ty (§) are not equal to ¢ € €5. The key insight here towards a contradiction will be in the

following lemma.

Levma 20.2.1. With notation as above, the disjoint fibers
py (1), p3  (22) C Ty
are both connected chains of irreducible components. Moreover, their images

pi(pz " (21)), pa(py (22) C G

are also both connected chains of irreducible components without any irreducible component

in common.

Proof. Consider the following cartesian diagram:
T = X

] |

Py (sm(X/Y)) —— sm(X/Y)

The top horizontal map is known to be proper birational between varieties, hence so is the bottom
horizontal map. Moreover, since the Y-smooth locus of X is smooth over a normal base, it is
also normal. Therefore, the bottom map is its own Stein factorization. Thus, all fibers of that
map are geometrically connected. In particular, since xi,z5 both live in sm(X/Y), we get that
py (1), py ' (z2) are connected, so each is either a single point or a connected chain of irreducible
components of 7.

To rule out the case that either is a single point, first note that both fibers meet the irreducible
component T} since it surjects onto X;, so since 7; — %5 has image {c} by hypothesis we have

c € pi(py (1)) and ¢ € p1(py ' (22)). We also have

th = (Tmh(y>7 Omy, (@)) € pgl(xi)v h=1,2

(recall (7,,,0m) 1 Y — € Xy X lands inside the closed subvariety T of the target for all 1 <m < n,
as this may be checked over the dense open U C Y where ¢ o 7,,, |y = 0| and Ty =T'y).

But pi(tn) = T, () # ¢ for h = 1,2, as we arranged without loss of generality right before the
lemma statement. We have shown that for h = 1,2 the distinct points py (), ¢ lie in p1(p3 *(z1,)), s0

p1(py*(z1,)) cannot be a single point and hence it is a connected chain of irreducible components.
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The same then holds for each fiber py'(z),) for h = 1,2. By disjointness these fibers have no
irreducible components in common, so their images under p; also have no irreducible components
in common because (by the already-proved part (2) of Lemma 19.2.1!) at most one irreducible

component of T3 can map under p; onto a given irreducible component of 3. n

By Lemma 20.2.1 there are at least two irreducible components of % through c: one from
p1(py*(z1)) and one from p;(py'(x2)). This is not possible for a smooth point of the semistable
curve ¢, so c is a singularity. But then 73(7) # ¢ since the marked points on a stable curve are
always in the smooth locus. Thus, we may apply identical logic as in the proof of the Lemma 20.2.1
to get that p;(p;'(x3)) is also connected chain of irreducible components of € through ¢ having
no such components in common with p; (py (1)) and p1(p;*(z2)). Hence, we thereby get at least 3

distinct irreducible components of €7 passing through c. That is impossible since %7 is semistable.

§20.3 Induction on the base

Letting 5 : € — X be the Y-map extending ¢ : 6 ~ Xy, we are now in the situation

%&i%)(

where Z is a union of n sections o; supported in sm(X/Y) and is the support of an effective

Z = Ui 04(y)

(2

Cartier divisor (i.e., the zero-scheme of an invertible ideal sheaf), S o7, = o; for all 1 < i < n,
and [y is an isomorphism (so 3 is a modification). The last two properties of 3 imply f71(Z) C
(U, 7;(y)) U h™1(D) =: 3 for the closed subset D = (Y — U),eq € Y (on which we have very little
control; it may not be a divisor). We also saw in Remark 6.1.2 that we may always replace Z with
a bigger proper closed subset, so we may replace (X, 7) with (¢, 37(Z)) and then pass to (¢, 3).

Now at long last we harness our dimension induction carrying along the arbitrary proper closed
subset: since dimY = dim X — 1 there exists a generically étale alteration ¢ : Y’ — Y such that
Y’ is k-smooth and D’ := ¢~ !(D) is an sncd in Y’. We then have

g g

v

Y/

where ¢’ := %y, — Y’ with 7/ = 1y, is a stable curve smooth over U’ = o }(U), and ¢ is a
generically étale alteration (since ¢ is) such that 3’ := ¢~(3) = (U, 7/(Y")) UW~Y(D’) with D" an
sncd in Y. We can now pass to (¢, 3’) fibered over the smooth Y’ in a very nice way; it remain to

resolve singularities for such special situations (with the preimage of 3’ an sncd).
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Lecture 21

Artin approximation

§21.1 Motivation via semistable curves

We begin with a model example that we will want to later generalize to a “decompletion” machine

via étale neighborhoods.

ExamvpLi 21.1.1. Take R a dvr with uniformizer 7, residue field x, and fraction field K. We

define “standard” semistable curves over R to be
C,, := Spec(R[u,v]/(uv — ")),

for n > 1. This has generic fiber Spec(K[u,u™!]) — which is visibly K-smooth — and special
fiber Spec(k[u,v]/(uv)) that is the union of the coordinate axes in A2. This special fiber has
precisely 2 irreducible components with a (k-rational!) singularity £ = (u,v) that is the unique
point at which C,, is not R-smooth. Thus, C,, — {{} is regular for all n and the completion of
the local ring of C,, at this point is

Ocie = Rlu,vl/(uw — 7).

For n = 1, we note that uv — 7 € m — m?, so this quotient ring is regular (and hence C is
regular). But for n > 2, uv — 7™ € m? and so this is not regular since dim(m/m?) = 3 (with
basis {7, u,v}).

We will see in a later lecture that for n > 2,

regular, n =2,
Bl(C,) =
covered by copies of C,,_5, n > 3.

This gives us an inductive process of (coordinate-free!) singularity resolution for C,: blow up
at the (finitely many) non-regular points singularities, and then repeat. In particular, such

blow-up yields a scheme that is again a semistable R-curve.

In general we’ll use the word “singularity” as a synonym for “non-regular point”; it is a property
of a scheme at a point and generally not a relative property (as for smoothness over a base).

We want to generalize the above example for general (possibly non-proper) semistable curves
C' — Spec(R) with smooth generic fiber. In particular, such a C' may not be covered by C,,’s for
the Zariski topology, and the non-regular locus of the special fiber may not consist of x-rational

points (and such singularities might involve “self-crossing” of a single irreducible component as for
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the nodal plane cubic). Artin approximation will rescue the situation by showing that C,,’s provide
an adequate model for making calculations for a general semistable curves over a dvr (with smooth
generic fiber) if we work “étale-locally”.

We will also generalize to a higher-dimensional regular base; i.e. when we have a semistable
curve (with smooth generic fiber) X — Y with dim(Y) > 1, and we will be able to push sing(X) :=
X —Reg(X) into codimension > 3 via an intrinsic blow-up process. This will be done while keeping

track of the specified proper closed subset Z C X.

§21.2 Henselian rings and local-étale maps

We will be carrying out many calculations at the level of completed local rings, but need to relate the
conclusions back to the original situation before completion. To appropriately “decomplete” we will
use an algebraic substitute for completion called henselization that has many of the same properties
(apart from successive approximation) stemming from Hensel’s Lemma, and is well-behaved even
beyond the noetherian case.

A local map of local rings A — A’ is called local-étale if A’ = Bp for an étale A-algebra B and
a prime ideal P of B. It is a general fact, somewhat in the spirit of a map from a connected space
to a connected covering space being determined by its effect at one point, that if A - A’ = Bp
is local-étale (with B étale over A, and k’/k the finite separable extension of residue fields) and X
is a connected A-scheme equipped with a point xg over the closed point then an A-map f: X —
Spec(A’) carrying z to the closed point (if one exists!) is uniquely determined by the induced map
on residue fields ¥ — k(x). In particular, if A — A’ is residually trivial (i.e., an isomorphism on
residue fields) then there is at most one X — Spec(A’) over A carrying z to the closed point.

The reason f is determined by its effect on residue fields is that if f,g : X = Spec(A’) are
A-maps carrying xq to the closed point and inducing the same map k" — k(o) on residue fields

then the corresponding A-map
F = (f,g): X — Spec(A") Xgpec(a) Spec(A’) = Spec(A’ @4 A') = AHS'

with diagonal A = Spec(A’) splitting off as a clopen subscheme (as A" = Bp with A-étale B) carries
zo into A by the equality of maps ¥ = k(x() on residue fields. The clopen subset F~'(A) C X is
then non-empty and hence coincides with X by connectedness, so F' carries X into A;ie., f =g.

This uniqueness result ensures that the collection of all residually trivial local-étale A-algebras
has a unique structure of directed system via local A-algebra maps: the uniqueness aspect is clear
by the preceding discussion, and for the existence aspect we note that if A’, A” are local-étale over
A with residue field k then the local ring of A’ ® 4 A” at the evident k-point is local-étale over A

and receives local A-algebra maps from A" and A”.
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DEFINITION 21.2.1. A local ring A is henselian if any local-étale Spec(A’) — Spec(A) with
trivial residue field extension has a section (and so is an isomorphism, as any section to a

separated étale map is clopen and local schemes are connected).

There are many different ways to characterize the henselian condition, equivalences among which
can be rather deep (e.g., relying on Zariski’s Main Theorem); [EGA, TV,, 18.5.9, 18.5.13] has a list
of many such equivalent formulations, include a version of Hensel’s Lemma: if F' € A[T] is monic
then any monic coprime factorization Fy = GoH, over the residue field lifts to a monic factorization
in A[T]. The assertions in the following definition/result are proved in [EGA, IV,, 18.6-18.7].

PROPOSITION 21.2.2 (Henselization). For A a local ring, its henselization is the local ring
given by
h. 1 /
A" ;%IA,
where the colimit is taken over the directed system of local-étale A-algebras with trivial residue
field extension.

This ring is henselian (essentially by design), and has the universal property that any
local map from A to a henselian local ring extends uniquely to A". Moreover, henselization
preserves noetherianity, excellence, reducedness, regularity, and normality, and it commmutes
with reduction modulo an ideal (i.e., A/I — A"/IA" is the henselization of A/I), so it also

-~

preserves completion in the noetherian case (i.e. A = A).

The henselization is an “algebraic” substitute for completion. This is made concrete with the

following example:

ExamvpLe 21.2.3. Let R be a dvr with fraction field K and D C Gal(K,/K) a choice of
decomposition group (i.e., D is the stabilizer of a choice of maximal ideal m, of the integral
closure Ry C K, of R in Kj). By the transitivity of the action of Gal(K,/K) on the set of
choices of my, it is equivalent to fix a K-embedding of K, into a separable closure IA(S of K
and take D to be the image of the resulting continuous injection Gal(K,/K) — Gal(K,/K)
(injectivty because the splitting field of a separable polynomial over K is unaffected by slightly
changing its non-leading coefficients).

For the integral closure R’ of R in the fixed field KP C K and the maximal ideal m’ = R'Nm,
of R' under the choice of my, the localization R/, is a henselization of R. Explicitly, in terms of
a K-embedding of K, into K,, we have KP=K,n K and R., is the localization of Ry N R at
the maximal ideal below m (to prove this, carry out the analogous considerations at the level of
finite Galois extensions of K inside K, noting that a corresponding local ring on the integral
closure has e = f = 1 — namely, residually trivial and local-étale over R — exactly when its

completion agrees with R, and take a direct limit over finite Galois extensions inside K /K).
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The statement of Artin(-Popescu) approximation will make precise the heuristic that results
at the level of a completion can be descended with good approximation to the henselization (and

thereby to some residually trivial étale neighborhood).

§21.3 Main result and application

The following result was proved by Artin for A a local ring on a finite type algebra over a field or
excellent Dedekind domain (such as Z). A nice reference for its proof in these cases is [BLR90, §3.6]

(entirely sufficient for our needs, and sufficient for 99.9999% of all applications).

THEOREM 21.3.1 (Artin-Popescu approximation). Let (A, m) be an excellent noetherian local
ring with maximal ideal m, and B := A[xy,...2,]/(f1,... fr) a finite-type A-algebra. The
canonical map

Homy (B, A") — Hom (B, A)

has dense image in the m-adic topology. More precisely, given an A-algebra homomorphism
¢: B — Aandn > 1 as large as we please, there exists an A-algebra map v : B — A" such
that

Y=¢ (modm").

Artin conjectured the result as stated above for any excellent local noetherian ring, which was
later proved by Popescu (much more difficult than the cases treated by Artin). References for a
proof with general excellent local A are [Swa98] and [SP, Tag 07TBW].

REMARK 21.3.2. The “approximation” aspect in the result is just icing on the cake: the real
substance is the case n = 0: if a finite system of polynomial equations over A has a solution
in A then it admits some solution in A" (and hence also in some residually trivial local-étale
A-algebra A’). Indeed, the approximation to a specified nth-order level with n > 1 can be
encoded by expanding the system of polynomial equations appropriately (involving a choice of

generators of m).

REMARK 21.3.3. The excellence hypothesis cannot be removed, since using B = Alx]/(2?)
for a reduced local noetherian A with A non-reduced (as can happened without excellence:
an example finite flat over a dvr in characteritic p > 0 is implicit in [BLR90, §3.6, Ex. 11],
also discussed in the Math Overflow answer here) would yield a contradiction via a nonzero

square-zero element in A and n large enough so that its reduction modulo m”™ is nonzero.
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ExXAMPLE 21.3.4. As an interesting application of Artin-Popescu approximation, we can show
that if A is a normal excellent local noetherian domain (e.g., the local ring at the origin for
affine n-space over a field) then A" is the “algebraic closure” of A in A (i.e., the subset of
elements of A that are a root of a nonzero element of A[T]).

Indeed, local-étale A-algebras A’ inherit normality from A and so are integrally closed
domains (by connectedness of Spec(A’)) whose fraction field is separable finite over Frac(A),
so everything in A" is algebraic over A. This henselization injects into its own completion (by
noetherianity) that coincides with A, so A" is a subring of the algebraic closure of A in A.
For equality, consider r € A that is a root of a non-constant (perhaps non-monic) polynomial
f € A[T]. We want to show r € A" inside A.

Since A is a domain (as it is local and inherits normality from that of A by excellence), f
has only finitely many roots in A, say r = ay,...,a, . For sufficiently large N, the pairwise
distinct elements a; in A are distinct modulo mY. But Artin approximation provides a root p
of fin A" that is congruent to r modulo m". The image of p in A cannot equal any among

dly, ... a,, since these are all different from a} = r modulo @". Thus, p has image in A that

' m

must coincide with r on the nose, so r € A" inside A as desired.

One can replace A in the target of Hom’s in Artin-Popescu approximation with any local finite-
type A-algebra C: the map
Homy (B, C") — Homyu(B, 0)

has dense image. This follows from the observation that naturally
Hom(B,C") = Home(C @4 B,C"), Homyu(B,C) = Home(C @4 B, C),

and using the statement of Artin-Popescu approximation over C' (since C' ®4 B is a finite-type
C-algebra). Since C" is a direct limit of residually trivial local-étale C-algebras C’, it follows that
any solution in C to a finite system of polynomial equations over A is approximated arbitrarily
closely by a solution in some such €’ (note that C' = C7).

For our purposes, the following application of Artin-Popescu approximation is crucial:

ProprosiTion 21.3.5. Let A be an excellent local ring and C'y and (5 local A-algebras essentially
of finite type (i.e., local rings on finite type A-schemes) with local structure maps A = C, Cs.
If C; ~ C, as A-algebras then there exists a common residually trivial local-étale algebra

C over C; and Cs.

Before proving this consequence, we discuss a very interesting application upon taking A to be
a field k:
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ExamvpLE 21.3.6. Let X;, Xy be finite type schemes over a field k, and x; € X;(k) rational
points (arbitrary singularities!). If there is a k-algebra isomorphism of the completed local
rings

. A A
fO = UVUxia

X2,22

then we claim there exists a residually trivial local-étale algebra C’ over Oy, ,, and a local-étale

local k-algebra map ¢ : Ox, ,, — C’ such that
Oy = C" = O, 4

agrees with f modulo m} for whatever n > 1 we wish.
By spreading out C” to a residually trivial pointed étale neighborhood (X5, x%) of (Xa, x9)
(i-e., Oxyay == C" over k) and passing to a Zariski-open around 75 (renamed as X3) if necessary,

we get a diagram of étale maps of pointed k-schemes

(X1, m1) =— (X3, 25)

|

(Xz, 72)

In other words, (X, ;) and (Xs, z5) have a common residually trivial pointed étale neighbor-
hood (X3, x})!
Note that this common étale neighborhood does not “explain” the specific isomorphism f

between completed local rings (over k), but it nearly does: the resulting k-algebra isomorphism

A ~ (N — (T~ ON
OXz,wz - OXQJJ'Q =0~ OXl,rl

coincides with f mod m} .

Let us now prove Proposition 21.3.5:

Proof. We can write Cy = Bp for a finitely generated A-algebra B = A[z]/(f) and prime ideal P
of B. The given isomorphism f between completed local A-algebras belongs to the set of A-algebra
map

Hom 4 joc (Ca, C1) = Homg joe (Ca, C1) = {F € Homu(B,C)) : F~'(m;) = P}

(where the final condition on F encodes the locality requirement after spreading out Cy to B).
Artin-Popescu approximation says that the latter set contains as a dense subset (in terms of

congruence modulo high powers of m;)

{p € Homy(B,CY) : ¢ ! (my) = P}.
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But CP is the direct limit of the (uniquely!) directed set of residually trivial local-étale C}-algebras
1, and the maximal ideal of each such C7 is m;C] (for the maximal ideal m; of C}) since C] is
localétale over C'y. Since B is finitely presented over A, we can pass such a direct limit on the target

through “Hom” to get the description of this Hom-set as

lim {¢ € Homu(B, (1) : o '(mC)) =P} = lim  Hom joc(Ca, C7).
C1*>Ci Cl*)Ci

Thus, by renaming some such C7 as C (as we may do), we get a local A-algebra map ¢ : Cy — C4
such that ¢ = f mod m;". We need to show that ¢ is local-étale, or equivalently that @ : 6\’2 — 6\’1
is an isomorphism. This completed map may not agree with the given isomorphism f between
completions, but by being “closed enough” (congruence modulo the nth power of the maximal ideal
with n > 2) we’ll be able to deduce @ is an isomorphism and so be done.

Since $ = f mod m;" with n > 2 and f surjective (even an isomorphism), by successive approx-

imation it follows (check!) that @ is surjective. For injectivity, consider the diagram

~
— P =

c, L, % c (21.3.1)

whose first step is an isomorphism and second step is surjective. The composite map from left
to right is thereby a surjective endomorphism of a noetherian ring, and all such rings maps are
isomorphisms by [Mat90, Exer. 3.6] (whose short solution is at the end of the book). Alternatively,
we can use length considerations with artinian quotients in this complete local noetherian setting to
deduce the isomorphism property for the composite map from left to right in (21.3.1). Either way,
with the first step f~! an isomorphism, the isomorphism property for the composite map across

(21.3.1) forces the second step @ to be an isomorphism as desired. ]
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Lecture 22

Ordinary Double Point Singularities

§22.1 Definitions and examples

We want to define the notion of “ordinary double point singularity” as a generalization to higher
dimensions of the singularities on a semistable curve (this helps to put the latter into a broader
context, though in the end we’ll only use it for relative dimension 1). To do so, first we give
a characreristic-free definition of non-degeneracy for quadratic spaces over a field (the point being
not to treat characteristic 2 in a separate manner; in deJong’s work we want to include characteristic
2, after all):

DEFINITION 22.1.1. For a finite-dimensional vector space V' with dimension n > 0 over a field

k, a non-zero quadratic form ¢ : V' — k is called non-degenerate if the projective quadratic
(¢ =0) C P(V) = Proj(Sym(V*)) ~ P}~ is k-smooth.

Note that in the case n = 1 that quadric is empty in the point PY = Spec(k), hence smooth,
consistent with declaring cz? to be non-degenerate for all ¢ € k*. A more interesting example of
non-degenerate quadratic form is q(t;,ts) = tits on V = k?, for which the quadric (¢ = 0) in P}
consists of the two points [1, 0] and [0, 1].

When char(k) # 2 or dim V' is even then non-degeneracy of ¢ is equivalent to B, being perfect,

where
By(v,w) = q(v+w) — q(v) — q(w)

is the associated symmetric bilinear form. This is discussed in [Con, HW2, Exercise 4], where one
is also led through verifying that over an algebraically closed field there is only one non-degenerate
quadratic form on £™ up to isomorphism, given by the following construction (whose non-degeneracy

can be directly checked via the Jacobian criterion):

ExampLi 22.1.2. The “standard” split quadratic form ¢, on k" is:

T1Xg + -+ Tp_1Tn, n even,
Gn = 5
g+ Gn-1(z1,. .., 2n—1), m odd

(for n = 1 we have ¢, = z2).

DEFINITION 22.1.3. For a flat finitely present X — S, a closed point z € X, for s € S is an
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ordinary double point singularity if

~

Ox.z ~ k(3)[t1,- .-, ta]/(q)

for a non-degenerate quadratic form ¢ on k(3)".
(Here, s is a geometric point over s with residue field k(s) and T is a k(3)-valued point over
x in the geometric fiber X5. The choice of T over x doesn’t matter for this definition since

Aut(k(3)/k(x)) acts transitively on the set of such choices even if k(s) or k(z) are imperfect.)

In the case n = 2, the preceding recovers the notion of semistable singularity on a curve.

ExampLE 22.1.4. We give the “Basic Example” of an ordinary double point singularity. Let A
be a local ring with maximal ideal m and residue field k. Let @ € A[ty,...,t,] be a residually
non-degenerate quadratic form on A™ (i.e. the reduction @Q of @ modulo m is a non-degenerate
quadratic form on k™). Let S = Spec A, s € S be the closed point corresponding to m, and
X = Spec(Alty,...,t,]/(Q —a)) for a € m. We claim the finitely presented X — S is flat and

has an ordinary double point singularity at
z=0,€ X, =Spec(klt1,....t.]/(@)) C A?

corresponding to the zero vector in k™. The geometric fibral local ring at x certainly has the
required form, so we just need to check flatness of X — S.

Writing

Q=Y aytit;,
1<j

the residual non-degeneracy of @ implies that @) is in particular non-zero, and thus some
a;; € A*. Thus, the specialization Q) — a € k(§)[t1,...,t,] at any £ € S is nonzero and so not
a zero-divisor in that polynomial ring. If A is noetherian then it follows from the flatness of
polynomial rings and the local flatness criterion for local maps of local noetherian rings [Mat90,
Thm. 22.5] (or see [Mat90, Thm. 22.6, Cor.]) that X is S-flat.

Flatness in the general (perhaps non-noetherian) case reduces to the noetherian case by
standard “spreading out” arguments. Indeed, the given situation is a base change from an
analogue in the noetherian case, namely over the local noetherian ring Rp where R C A is the

noetherian Z-subalgebra generated by the a;;’s and a, and P is the contraction of m to R.

To push the preceding Basic Example further, we need to investigate its relative smooth locus.

Here is a first step:

Levma 22.1.5. Let Abealocal ring and @ € Alty, ..., t,] aresidually non-degenerate quadratic
form on A™. For all points in b € Spec A, the specialization Q, € k(b)[t1,...,t,] at b is non-
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I degenerate over k(b).

Proof. Let H = V(Q) C P’y'. Since Q is residually non-degenerate, when @ is written as
>i<j aitit; it has a unit coefficient (and so every @ is nonzero). Thus H is proper, flat, and
finitely presented over Spec A. We will show it is A-smooth, which yields the fibral non-degeneracy.

For s € Spec A the closed point, we are given that Hy is k(s)-smooth as @ is residually non-
degenerate. Therefore the open A-smooth locus U C H contains H, since A-smoothness at points
in the special fiber (or in any fiber) may be checked on the fiber scheme since H is flat and finitely
presented over A. This forces U = H by A-properness since an open subscheme V' of a proper
scheme Y over a local ring must be the entire space if it contains the special fiber (as the closed
subset Y — V' C Y has closed image in the local base that misses the closed point and so must be

empty). O

To analyze the non-smooth locus in the Basic Example, we next carry this out over field, which
means determining the non-smooth locus in V(¢ — ¢) C A} for ¢ € k and non-degenerate quadratic

forms ¢ on a k-vector-space of dimension n > 0.

LEvma 22.1.6. Suppose that k is a field and ¢ is a non-degenerate quadratic form on £". Pick
c € k, and let X = Spec(klty,...,t,]/(qg — ¢)). The following hold:

o if ¢ =0 then X is k-smooth exactly away from 6;

e if ¢ # 0, X is k-smooth except when char(k) = 2 with n odd, in which case X is smooth

away exactly from a purely inseparable closed point.

Proof. The case for n = 1 is easy and is left as an excercise. For n > 1 note that a finite type
k-scheme Y is smooth over k if and only if Y% is k-smooth. Thus, we can pass to the case that
k = k. As noted in the discussion preceding Example 22.1.2, there exists a basis vy, ..., v, for k"

such that

tltg + ...+ tn—ltn n is even,
q(tyvr + ...+ tyo,) =
tth + ...+ tn,Qtn,1 + ti n is odd.

We can then use the Jacobian criterion to see X is smooth exactly away from the origin when ¢ = 0
and is smooth everywhere for ¢ # 0 except when char(k) = 2 with n odd, in which case smoothness

fails at exactly one geometric point. O]

Let’s see what this says about non-smoothness for the Basic Example. Let A be a local ring,

Q € Alty,...,t,] a residually non-degenerate quadratic form on A" S = Spec A, and

X = Spec(Alty, ..., t,]/(Q — a))

for a € m. This is flat and finitely presented over A, so the smooth locus on X meets each fiber in

its own smooth locus over the corresponding residue field. Thus, using Lemma 22.1.6, the closed
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non-smooth locus of X is exactly the zero section over Spec(A/(a)) provided that n is even when

2 isn’t a unit in A (we will ultimately be interested in the case n = 2).

§22.2 Structure Theorem

We are nearly ready to state the étale-local structure theorem for the “total space” near an ordinary
double point singularity, provided that the relative dimension is odd when 2 is not a unit on the
base. This structure theorem will involve a choice of residually non-degenerate quadratic form over
a henselian local ring, so we first note that this choice matters much less than one might think: it
only matters through its reduction because any two such quadratic forms with isomorphic (non-
degenerate) reductions are isomorphic over the henselian local ring (provided that the number of
variables is even when the residue characteristic is 2): this is the main result in Appendix D.
There is one last notion we need to introduce to state the structure theorem: the notions of
strictly henselian and strict henselization. These are the analogues of “henselian” and “henseliza-

tion” in which we drop the requirement of residual triviality, beginning with:

DEFINITION 22.2.1. A local ring R is called strictly henselian if the only local-étale R-algebra

is itsellf.

There are a variety of equivalent characterizations discussed in [EGA | IV, §18.8], among which
are being henselian with separably closed residue field. For every local ring R with residue field
k and a choice of separable closure k,/k, there is a strict henselization R*" with residue field k,
satisfying the universal property that for any local map f : R — A to a strictly henselian local ring
(inducing a map k — A/m on residue fields) and a specified k-algebra map ¢ : k;, — A/m on residue

fields, there is a unique local factorization of f through R — R*" inducing ¢ on residue fields.

ExamvprLe 22.2.2. When R is a field, strict henselization is the same as “separable closure”.
When R is a complete dvr (or any henselian dvr), strict henselization is the same as “maximal
unramified extension” (relative to a choice of separable closure of the residue field).

If R is a local ring with separably closed residue field, its henselization and strict henseliza-

tion are the same concept.

In general R is constructed as a suitably rigidified direct limit of local-étale R-algebras (al-
lowing finite separable residue field extension), discussed and studied with careful attention to the
residue field in [EGA, IV, §18.8]. In particular, the formation of R*" preserves noetherianity, com-
mutes with passage to the quotient by an ideal, and inherits excellence (though this latter point is
accidentally not discussed in [EGA, TV, §18.8]; it is explained in [FK88, Ch. 1, pp., 17-18, Rem.]).
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REMARK 22.2.3. If A is a local ring and (Xj,x;) and (X, x2) are two finitely presented A-
schemes equipped with points over the closed point of Spec(A) then we claim any A-algebra
isomorphism between strict henselizations

. sh sh
f: Oxwl ~ QO

Xa,m0
necessarily arises from a common étale neighborhood (X', ") of (X7, ;) and (X, x2) over A.
(Conversely, any such common étale neighborhood certainly yields an A-algebra isomorphism
of strict henselizations via the induced isomorphisms (’)3?1@1 ~ (’)3?,@, ~ §?27$2.)

To see this, from the construction of strict henselizations as a direct limit along local-étale
(hence injective) transition maps, we may replace (Xs, z3) by an étale neighborhood so that f
arises from a local A-algebra map ¢ : Oy, ,, = Ox, 4, inducing a separable finite extension on
residue fields for which the associated map of strict henselizations is the isomorphism f. In this
setting, we’ll find an open subset Uy C X3 around x5 so that (Us, z3) is an étale neighborhood
of (X1, x1) over A.

The map ¢ is flat due to faithful flatness of vertical maps in the commutative diagram

sh f sh
OXhCUl ~ OXz,xz

]

OXl,zl © OX2,932

Likewise, Q5 o, , = 0because relative Q' is insensitive to étale base change (i.e., Q4 =
B ®4 Q% /4 for étale B — B’ over étale A — B') and commutes with both localization and

direct limits, so

sh 1 ~ O1 _
OXQ,IQ ®0X2,m2 QOXQ,xQ/OXl,:cg - QO?Q/IQ/O?LQH - O
(forcing Q%,)XNQ/OXLM = 0 by faithful flatness of O%, ,, over Ox,,,). By replacing X, with

a sufficiently small open around x5, we can arrange that ¢ “spreads out” to a map of finitely
presented pointed schemes (X, x2) — (X, 1) over A. Openess of the flat locus for finitely
presented maps then makes Xy — X; flat near x5 due to flatness of the induced map ¢ on
local rings, and likewise the finitely presented Ox,-module QkQ /x, vanishes near z, since its xo-
stalk Q}QXNQ JOxy 0t vanishes. This provides an open Uy C X, around x5 such that the finitely
presented (Us, zo) — (X1, 21) over A is flat with vanishing Q! and so is étale.

For a (strictly) henselian local ring (R, m), we denote the (strict) henselization at the origin in

the closed fiber of affine n-space over R (i.e., of R[Ty,...,T,] at (m,t1,...,t,)) as

R{T\,...,T,}.
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Finally, we can state the structure theorem:

THEOREM 22.2.4. Consider a scheme S and X — S that is flat and finitely presented. Let
x € X, be an ordinary double point singularity, with n := 1 + dim X, required to be even if
char(k(s)) = 2. Pick any residually non-degenerate quadratic form Q € OF,[t1,... ] (e.g.,

Q= QH)'
1. There exists a € Mosh such that

sh
(0,5)

o, ~ (O[T, ..., T,]/(Q(T) - a))

as O -algebras.

Equivalently, by Remark 22.2.3, there exists an affine étale neighborhood (5" = Spec(A4’), )
of (S, s) and a’ € py carried to a by some A’ — OF, with s’ under the closed point such
that

(X, z), (Spec(A'[T1,...,T,]/(g.(T) —a")),04)
have a common étale neighborhood over (S, s).

2. The ideal a(’)ss}js is uniquely determined by the preceding conditions, so in particular if this
ideal is invertible (hence any principal generator is not a zero-divisor) then a is uniquely

determined up to a unit multiple.

Proof. Since the isomorphism of strict henselizations is equivalent to the spread-out version with
a common étale neighborhood over (S, s), by direct limit considerations we can reduce to the case
when S is of finite type over Z, so it is noetherian and even excellent (and more specifically of
finite type over an excellent Dedekind domain, so we’ll only need the version of Artin-Popescu
approximation proved by Artin).

We require n to be even when char(k(s)) = 2, so the residual non-degeneracy condition in the
definition of ordinary double point singularity at x is equivalent to non-degeneracy of the associated
symmetric bilinear form; the latter is the definition of “non-degeneracy” used for quadratic forms in
[FIK88, Ch.III, 2.1]. Thus, the isomorphism of strict henselizations is provided by a rather technical
process of descent from a completion using Artin approximation in [FIK&88, Ch.III, 2.71f].

The construction of the isomorphism exhibits the ideal a(O%,)" in the completion for any such
a as an instrinsic annihilator ideal, so this ideal is uniquely determined in the completion of Ofg}js.
By faithful flatness of completion in the noetherian case, any two ideals in a local noetherian ring
which yield the same ideal in the completion must coincide. This establishes the uniqueness of
a0 O

The following consequence (applied in the case n = 2) will be of tremendous importance for

controlling some étaleness properties when carrying out deJong’s resolution process for relative
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semistable curves with smooth generic fiber over a regular base:

COROLLARY 22.2.5. For (X, x) an ordinary double point singularity over (S, s), the finite ex-
tension k(x)/k(s) is separable.

ExaMPpPLE 22.2.6. The separable residue field extension in Corollary 22.2.5 can be arbitrary.
Let R be a complete dvr with residue field k£ and k’/k any finite separable extension with
degree d. We claim there exists a proper semistable curve X over Spec(R) such that its generic
fiber is smooth and geometrically connected and its special fiber is geometrically connected and
semistable over k£ with a unique non-smooth point &, and k(§) = k" over k.

For d = 1, a conic with split reduction does the job (e.g., X2+ XY + 7Y% over R for v € R
a uniformizer). For d = 2, an elliptic curve over K = Frac(R) with non-split multiplicative
reduction splitting over k' (i.e., quadratic twist of a Tate curve over K by the unramified
quadratic extension K’/K corresponding to k'/k) does the job.

For general d > 2 and infinite k, we give a construction suggested by Ben Church. Let
f(y) € k[y] be the minimal polynomial for a primitive element of k'/k, so deg(f) = d. Let
F(Y,Z) = Y%+ Z(...) be the homogenization of f, and let A(Y,Z) be the homogenization
of a sufficiently “generic” a(y) of degree d — 2 > 0 over the infinite field k. In P? the curve
XZ(X2 + A(Y,Z)) — F(Y,Z) = 0 meets Z = 0 at [1,0,0] which is a smooth point. Away
from that point it is the affine curve z(z472 + a(y)) = f(y) that is checked to be smooth for

generic enough a. The reducible curve Cy over k defined by
X(XZ(XT"2+ AY,2)) - F(Y,Z)) =0

is thereby seen to have as its geometric singularities [0, ¢, 1] for geometric roots ¢ of f. This
corresponds to a single k’-rational point & with residue field &', and geometrically the two
curves X = 0 and XZ(X% 2+ A(Y, Z)) = F(Y, Z) cross transversally at that point, so this is
a semistable over k.

Over R consider the flat curve C' in P% defined by

X(XZ(X¥2+ A(Y,2)) — F(Y, 2)) +7G(X,Y,Z) = 0

for “generic” G of degree d and homogeneous A and F of respective degrees d — 2 and d over
R lifting A and F over k. This has the preceding semistable special fiber Cy. By properness
over R and the étale-local structure theorem for ordinary double point singularities, C' must
be semistable over R and thus if its generic fiber isn’t smooth then the singularities arise from

Rsb-valued points ¢ lifting &. Such points must lie in Z # 0 (as we may check on the special
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fiber), so they correspond to R*'-points of the Z-dehomogenization

w(z(@*? +ay)) — f(y) + mg(z,y) =0

that is readily verified to be smooth at all R*!-points lifting (0,c) with f(¢) = 0. Thus, for
“generic” g we have smoothness of the generic fiber.

Alternatively, suppose k is finite or more generally admits a cyclic degree-n extension k’/k.
For the corresponding finite unramified extension R’ of R with residue field &’/k, the Tate curve
Tate(n™) over R with split n-gon special fiber admits a Galois descent datum corresponding to
translation by an n-torsion point that cyclically permutes the n-gon special fiber. The descent
is a semistable R-curve whose special fiber is irreducible and has a unique singularity &, that

splits into n distinct rational points over the cyclic &'/k, so k(&) = k' over k.

REMARK 22.2.7. If k(z) = k(s) then the arguments in [FI88, Ch.III, §2] to prove Theorem
22.2.4 work using just henselization rather than strict henselization (so the “spread out” for-
mulation works with residually trivial étale neighborhoods) subject to one cost: the role of g,
has to be replaced by a residually non-degenerate quadratic form ) over a residually trivial
local-étale extension of Og, whose isomorphism class we do not control. Note however that any
residually non-degenerate () over Og’s is determined up to isomorphism by its reduction over
k(s), by the main result in Appendix D, so the only real loss of control is for the isomorphism
class of a quadratic form over k(s) = k(x).

Let’s explain where the latter comes from (in the proof of [FK88, Ch.III, 2.7], which is a
bit breezy on the facts about complete intersections which are invoked). From the “geometric”
ordinary double point hypothesis over k(s), the equality Ox.z = Ox,o @) k(s) (due to
k(z) = k(s)) implies that for the complete local k(s)-algebra Oy, , with residue field k(s), its
m/m? has k(s)-dimension 14+dim Oy, , = 1+dim, X, = n (as such dimension may be computed
after scalar extension to k(s)). Hence, this completion is a quotient of the n-dimensional
complete regular local ring k(s)[71,...,T,] over k(z) = k(s). We claim this is a quotient by a
(nonzero) principal ideal.

By [Mat90, Thm.21.2(i, ii)] it is the same to say that the algebraic local ring Oy, , is a
complete intersection ring. The ordinary double point hypothesis gives that @ X,z IS a com-
plete intersection ring, so by [Mat90, Thm. 21.2(i)] the algebraic local ring Ox_z is a complete
intersection ring. But again this ring coincides with Ox, , Q) Ws), so by [EGA, IVy, 19.3.6,
19.3.8, 19.3.9(ii)] it follows that Oy, is a complete intersection ring, as desired.

The nonzero relation describing Oy, , as a quotient of k(s)[T%, ..., T,] has vanishing linear
part due to non-smoothness at x, and we claim its quadratic part ¢ is non-degenerate. That will
then be the quadratic form over k(s) whose arbitrary lift over (’)2«78 (unique up to isomorphism

by the main result in Appendix D!) is used in the proof. To verify the non-degeneracy it is
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sufficient to check over k(s), so upon passing to the quotient by the cube of the maximal ideal

it suffices (by the ordinary double point hypothesis) to check for an isomorphism
h: F[Ty, ..., T.)/(q, (T*) ~ F[T.,.... T]/({,T")

as [-algebras with nonzero quadratic forms ¢ and ¢’ in n variables over a field F' that ¢ is
conformal to ¢’ (so if one of these is non-degenerate then so is the other).

Lift & to a local F-algebra mapping h : F[I] — F[I'], so on cotangent spaces h in-
duces the same effect on h and hence is an isomorphism on cotangent spaces, so (by succes-
sive approximation and dimension considerations) it is an isomorphism. We may compose h
with the inverse of A mod m? to thereby reduce to the case where h(T;) = T/ mod (I")?, so
(T, (T")?) = (¢(T"), (T")?) as ideals in F[T']. This makes ¢’(T") a nonzero scalar multiple
of q(T"), so the desired conformality holds.
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Lecture 23

Refined structure of semistable singularities

§23.1 Descending below the henselization

Let X — S = Spec(A) be a flat and finitely presented map of schemes with A local, and consider
x € X, for the closed point s € S with x an ordinary double point singularity. Theorem 22.2.4 tells

us we have the following commutative diagram

(X7, 2')
/ l \ )
(X, z) (Spec(4'), s') (Spec (A't1, ..., ta] /(g2 — @')) , Os)
(S s) (Spec(A4), §)

Here the diagonal maps are all localizations of étale maps, A’ is a local-étale extension of A, we
have n := 1+ dim(Xj), ¢, is the split n-variable quadratic form over Z (Example 22.1.2), and the
ideal @’ A’ is uniquely determined. Essentially, we have a common pointed étale neighborhood of
both X — S and the “Basic Example" in Example 22.1.4.

Our goal is to get @' to lie in A := O(S) rather than just in a local-étale extension A’ in the
case of relative dimension 1 (i.e., n = 2). In case A is a dvr (with fraction field K) this is easy since
A’ is a dvr in which a uniformizer of A is also a uniformizer, so either ' = 0 or we can replace a
with a unit multiple so it becomes a power of a uniformizer in A. Note that if @’ = 0 then the open
image of the étale map X’ — {g, = 0} hits the closed point of the zero-section and thus the entire
local zero-section, which forces Xj, to have a non-smooth point and thus also for X by étaleness
of X’ — X. In other words, if Xx is smooth and A is a dvr then &’ has a unit multiple that is a
power of a uniformizer of A.

To achieve the descent of a’ to A up to unit multiple more generally in case of relative dimension

1, we impose a mild requirement of equality of residue fields:

ProrosiTion 23.1.1. Let A be a reduced local noetherian ring with residue field &k, and suppose
X — Spec(A) is a flat semistable curve with smooth generic fibers and special fiber X,. Then
for any x € Xy — X§™ with k(z) = k, there exists a € m4 not a zero-divisor such that (X, x)

has a common étale neighborhood with

Spec (A[u, v]/(uwv —a),0 = (u, v,mA)) :

Furthermore, a is unique up to scaling by a unit.
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We are not imposing and properness or fibral connectedness hypotheses (and the assertion is
local on the source and target). The residue field condition will be harmless for our later work over
a higher-dimensional base. It seems unlikely that the descent of @’ into A up to unit multiple can

be achieved if we don’t require k(x) = k.

Proof. Theorem 22.2.4 gives us a local étale extension A — A’, with o’ € A’ giving us the étale-local
structure. We want @’ to be not a zero divisor, and to come from A up to (A’)*-scaling. We will

do this in two steps.

e (not zero-divisor): We will check that o’ is non-zero at the generic points of A’, which will
then imply @’ cannot be a zero-divisor since A’ inherits reducedness from A (as it is local-étale

over A).

o (descent): We will descend the ideal a’A’ to an ideal I C A. Then I ®4 A’ ~ [A" = d' A’
being invertible over A’ implies (by descent theory, which we can apply by faithful flatness
of A — A’) that [ is invertible over the local A, so I = aA by locality of A; this a is
not a zero-divisor in A since aA = [ is invertible as an A-module, so it does the job since
aA' =TA" =d A

(Since we assume k(x) = k, by Remark 22.2.7 we could even arrange that A — A’ is residually
trivial. However, this does not simplify anything and so we don’t impose it.)

For the first step, by passing to irreducible components of Spec(A’) with their reduced structure
(and renaming A" as A and d’ as a), our task amounts to showing a € my is nonzero. Consider the

diagram of the common étale neighborhood given by our structure theorem.

(Y,y)

/ x )
(X, x) (Spec(A[u, v]/(uv — a),0)

We will work towards a contradiction by showing if a = 0 this would violate the smoothness of the
generic fiber Xg.

Assuming a = 0, we have the singularity £ = (u,v) in the generic fiber of Spec(A[u,v]/(uv)).
We claim that £ € Tm(¢), so any point in the non-empty ¢~1(£) C Y is a not a K-smooth point
by étaleness of ¢; its image in Xy is then not K-smooth (by étaleness of Y over X), giving us our
desired contradiction to the K-smoothness of Xy

The image ¢(Y) is open in Spec(A[u,v]/(uv)) by étaleness, and it meets the local closed sub-

scheme
Spec(A) — Spec(Alu, v]/(uv))

(defined by u = v = 0) in at least the closed point 0 € Spec(A). Since A is local, no proper open
subset of its spectrum can contain the closed point, so in fact we must have Spec(A) C ¢(Y). In

particular, ¢(Y") contains the generic point £ of the zero-section Spec(A) as desired.
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Now that we’ve shown a’ isn’t a zero-divisor in A’, we need to show its ideal a’ A’ descends to

an ideal in A. Recall the structure theorem tells us the invertible ideal
' =dA cA

is uniquely determined for our setup X — S. We have seen that it suffices to find someideal I C A
such that I' = A’ ®4 I (= IA"). We claim the ideal

I:=anny(Q%,,) C A

works. Indeed, by the equality k(x) = k there is a unique 2’ € X 4 over z, so by flatness of A — A’
we have
TA' = A @41 =ampy(A @405 )0,) = annA/(Q?XA,/A,,x,).

(If we had not assumed k(z) = k then typically X 4 would have several points over = and so we have
to use the direct sum of the stalks of Q% /4 at all of those points; this would mess up the relation
with an annihilator against a stalk at y below.)

Since Y — Xa — X is étale and X4 — X is étale, we have étaleness (hence flatness) of
Y — Xy, so the local Ox ,, »» — Oy, is local-étale. This gives the equality

2 _ 2
Oy /ay = Oyy ®o, ! Q% /402

. . 2 . . . . 2 .
so an Ox ,, »-linear endomorphism 7" of €2 X /A, Vanishes if and only if its effect on €2, ,,  vanishes.
Thus,

A @a T =anny(Q% a0 ) = anna (050 ,) = annA/(QZ,[MV(UWG,)’G)

where the third equality follows from the étaleness of (Y,y) — (Spec(A'[u, v]/(uv — a')),0) much as
the second equality follows from the étaleness of (Y,y) — (Xa, 2').

Renaming the ring A'[u,v]/(uv — a’) as B for notational efficiency, it remains to show the
annihilator of Q% g is precisely I’ = a’A’. To compute this, we first see

Q}B/A, =(Bdu @ Bdv )/B(udv +vdu)

(since dpjar(uv —a’) = udv + vdu ). Taking the second exterior power over B and using the

behavior of exterior power with respect to quotients gives
OF 0 = A(Bdu @ Bdv)/((udv + vdu) A Qp,4) = (B/(u,v))(du A dv),

where we have used the relations u(du A dv ) = —(udv +vdu )A dv =0 and v(du A dv )=
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(udv +wvdu ) A dv ). But note that
B/(u,0) = (Au, ]/ (w0 — )/ (u,0) = A'Ja’

as A'-modules. The quotient B/(u,v) = A’/(a') is local, so taking the stalk of the sheaf at 0 changes
nothing, yielding

annA/(QQB/A/ 5) =anny(A'/d) =d A'=T

as desired. u

§23.2 Measure of irregularity over a dvr

As an application of the previous considerations, we have the following corollary when we have a

nice 1-dimensional base (i.e., a dvr).

COROLLARY 23.2.1. Take R to be a dvr with uniformizer =, and X — Spec(R) a semistable
curve with special fiber X, and smooth generic fiber. Then for any z, € Xy — X§™, both
(X, ) and (C,,0) := Spec(R[u, v]/(uv — 7™), 0) share a common pointed étale neighborhood

for a uniquely determined n € Z>; uniquely determined.

In other words, over a nice 1-dimensional base we always have a common étale neighborhood
with our model case described in Example 21.1.1 for a unique n. We denote this as n,,. Note that
there is no requirement for k(xg) to equal the residue field of R. Since C,, is regular if and only if

n = 1, and étale morphisms preserve regularity both ways, we have
zo € Reg(X) <= ng, = 1.

Thus, we call the integer n,, the measure of irregularity at z;,. We will next analyze the

resolution of such points when non-regular:

ProrosiTion 23.2.2. Let X be a semistable curve over a dvr R with fraction field K and
smooth generic fiber Xx. Let zy be a non-smooth point in the special fiber, and shrink X
around x so it is the unique such point. Assume z; is not a regular point on X, so its measure
of irregularity is some value n,, > 2. Let X' = Bl, (X), also R-flat with smooth generic fiber

Xxk. This is a semistable (so flat) R-curve and:
1. if ny, = 2 or 3 then X’ is regular;

2. if n,, > 4 then X’ has a unique non-regular point xy, it lies over zo with k(xf) = k(zo),
and n, = ng, —2 (> 2).

Note that in (2) we are not saying that xj, is the only non-smooth point on X’ over R, just that
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it is the only non-regular point. There generally are other non-smooth points (as is seen in the
proof) but they happen to be regular.

The only reason for shrinking X around xy to make it the unique non-smooth point is to be
able to say X' is regular in part (1) rather than just that X’ is regular at the points in its fiber over
zo (bearing in mind that X' — X = X — {x0}), and likewise that X' has a unique non-regular
point in part (2). If we remove the uniqueness for zy then in (1) and (2) we would have to focus on

(ir)regularity at points of X' over z.

Proof. Let 7 be a uniformizer of R. We want to reduce to the case when k(xy) = k by carefully
increasing R through local-étale extensions without creating more singularities in the special fiber
(a possibility if we are too careless in how we enlarge the residue field). We shall carry this out
and then further reduce to the case of the standard example C,, from Example 21.1.1 with n = ng,.
This special case will be handled next time.

The finite separable extension k(xg)/k is primitive, so if f € k[T] is the minimal polynomial for
a primitive element and F' € R[T] is a monic lift of f then Ry = R[T]/(F) is a finite flat R-algebra
such that R, /(m) = k[T]/(f) = k(xo). Hence, R, is a discrete valuation ring that is finite étale over
R with residue field k(zg). Let X; = X ®g R1 and Z = Spec(k(xo) @ k(20)) C (X1)k(zy), 50 X7 is
a semistable curve over R; (with smooth generic fiber) and the compatibility of blow-up with flat

base change gives
X, ®R Rl - Blz(X1>

Note that the diagonal point x; of Z is clopen in Z, so the local structure of Bl (X;) at points over
r1 € Z is identical to that of X| := Bl,, (X}).

Our aim is to determine the local structure of X’ at its closed points over zy: regularity (or not),
semistability, and its residue field at such points that are not regular (if any). We want to relate
this to an analogous calculation for a blow-up of X; at x;, the advantage of the latter being that
k(x1) = k(x) is the residue field of R;. Due to the definition of z1 € Z as a diagonal point, every
closed point 2’ € X’ over zy € X is the image of a unique closed point ¥’ € X’ ®r R; over z; € Z,
and we have @ngl =0 X'oph, 3 Lhus, to show that X' is semistable over R at all closed points
over o € X (the semistability being obvious elsewhere, since X is semistable over R) it suffices
to show the same for X| at all closed points over x; € Xj, and the following invariants agree at
corresponding points: the residue field (over k(zg) = k(x1)) and the measure of irregularity. Hence,
we conclude that to show when n,, > 2 that X’ is always semistable over R and is regular at all
points over xy when n,, = 2,3 but non-regular at exactly one point over x, when n,, > 4, with
residue field k(zg) at that point and measure of irregularity n,, — 2 at that point, it suffices to do
the same for X/ over R; at its points over z; € X;. In this way, we may replace (X, x, R) with
(X1, 1, Ry) to reduce to the case k(zg) = k.

Having reduced our task to the case k(xy) = k, by Remark 22.2.7 there is a common residually
trivial pointed étale neighborhood (Y, y) of (X, z¢) and (Spec(R[u, v]/(Q—n"),0) with n = n,, > 2
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and Q(u,v) some (unknown) residually non-degenerate quadratic form over R. By shrinking Y’
around y; to arrange that y; is the unique point of Y’ over xy € X and over yy € Y, so scheme-

theoretically
Vi xx {ao} = {uo} =Y xv {yo}-

Hence, the compatibility of blow-up with respect to flat (e.g., étale!) base change provides cartesian

sqaures
B, (X) <— Bl (¥") —= BL,, (1)

l l |

X Y’ Y

so the étale-local nature of regularity and of the measure of irregularity on semistable curves with
smooth generic fibers imply that to show X’ := Bl, (X) is semistable over R with the desired
regularity and residue field properties at its closed points over xq it is suffices to check the same for
Bl,, (Y) over R.

Finally, we have to study how the situation for Bl, (Y") over R interacts with local étale extension
R — R'. Note that Y ®g R’ has a unique point over yy, and Bl (Y) @ R’ is the blow-up of Y @ R’
at that corresponding point. Hence, if after such extension regularity holds then it held in the first
place, and likewise if there is a unique non-regular point on the blow-up of Y ® g R’ and the residue
field at that point agrees with that of R’ then the same holds for Bl (Y") relative to R. (Here we
are using that k(yo) = k.) The measure of irregularity is also unchanged by computing on an étale
cover, so we see that it suffices to work with Y ®z R’ and the unique point on it over y,. By taking
R’ big enough we can arrange that @ is residually split, so Qgn is isometric to uv (by the main
result in Appendix D). But then over some big enough local-étale extension of R we see that
becomes isometric to uv. Taking that to be R’ thereby reduces us to the case ) = wv. In other

words, we have finally reduced to the “Basic Example”
(Spec(R[u, v]/(uv — 7)), 0).

This will be analyzed next time. O
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Lecture 24

Blow-up for semistable curves over a dvr I

§24.1 Overview about general blow-up and base change

Before carrying out explicit blow-up calculations on the standard C),’s over a dvr, let’s first review
some basic generalities related to blow-up of an affine scheme along a finitely generated ideal. This
is a summary of topics discussed in more detail in §A. 1-§A 2.

Let A be a ring and I = (f1,..., f,) a finitely generated ideal. Consider Z = Spec A/I —»
X = Spec A. We want to construct and describe in terms of an affine open cover the blow-up
Y = Bly(X) = Proj(@,50I") C P! where the inclusion is by A[T1,...,T,] — ®I" via T; — f; in
degree 1. The blow-up Y has the universal property of being final among all X-schemes ¢ : Y/ — X
for which ¢ ~'(Z) C Y has invertible ideal sheaf; i.e., IOy~ is invertible as an Oy-module. In terms

of a commutative diagram, this says we have a unique factorization

Y = Bly(X)

4
- l

Y’ /T> X = Spec A

when IOy C Oy is invertible.

For any such Y’, we have an cover by the open subsets
Y/ ={y € Y': f; is a local basis of IOy near y'}

since for any finite list of generators of an invertible sheaf locally one of the generators is a basis
(as can be checked in the fiber line £(y') = L,/ /m, L, over the residue field at y. Informally, the
condition for a specific f; to be a local basis is an “open subfunctor” of the condition characterizing
the blow-up (this is an informal idea because the blow-up is characterized by a finality property on

a subcategory of X-schemes rather than by representing a functor of interest on all X-schemes).

REMARK 24.1.1. The delicate nature of the characterization of blow-up via a finality property
rather than a representability property (this will underlie “why” blow-up does not naturally
commute with base change) can be appreciated by analogy with another finality characteri-
zation one meets earlier in the studyt of algebraic geometry: normalization. For noetherian

integral X, the normalization X — X is final among normal integral X-schemes T — X with
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dominant structure map:

where 7" is normal. If an integral X-scheme T is either not normal or does not have dominant
structure map then T" — X has no reason to factor through X > X , and conversely if T is
an integral X-scheme equipped with such a factorization then there may be no uniqueness for
that if 7" is not normal or 7" — X is not dominant (so the finality property has nothing to do
with T — X).

We want to directly describe the corresponding open subschemes Y; C Y = Blz(X) and how
Y is built by specific gluing among them. This will be reminiscent of how projective n-space over
A is built by gluing n + 1 standard affine spaces which represent specific (open) subfunctors of
the functor of points of P”;' (namely the condition that the ith member of the specified ordered
n-tuple of global sections is a local basis).

To describe Y;, note that because (f1,. .., f,)Oyr = [Oys = f;Oy: which is even freely generated,
locally we must have f; = t;;f; for some local section t;; € Oyr. Hence, we are led to introduce
the A-algebras B; = A[T}; : j # i]/(f; — Ti; fi);» and A; := B;/(f°-torsion), where “f*-torsion”
denotes the ideal of f;-power torsion (which we need to kill to make f; be not a zero-divisor; note
that Z/(125) modulo its 5-torsion has 5 still a zero-divisor). Since A; — A;[1/f;] is injective, we
may identify A, with its A-algebra image A[f;/ fi];2 C A[l/f:] in A[1/f;]. By the above mentioned

properties, we have morphisms

Y . SpecB;
Spec B;/( f°-torsion)

Thus Y; = Spec(A[f;/ fi]j#:) is final among A-schemes Y’ on which “f; is a basis of /Oy+” on the

category of A-schemes.
ExampLe 24.1.2. If {f;} is a regular sequence in A then the ideal of f°-torsion in B; is 0 (so

A; = B;) for each i. This is proved in [FL.85, Ch.IV, Thm. 2.2, Cor. 2.5].

We will now describe the gluings of the Y;’s. For ¢’ # i, the overlap U, of Y; and Y} inside
the blow-up consists of the open subscheme of each characterized by the property that f; and fy

are each a local basis (these are the opens in Spec(A;) and Spec(A;) corresponding to the unit
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conditions on T} and Tj; respectively). Thus, we have

AL D Yo =Spec(Alf;/ filiz) 2, Spec((ALfi/ filiz) g5

cl
= Spec((Alfy/ felsei)sins) G, Yo [ AT

closed

Where the common open U, ;s corresponds is the respective overlap of Y; and Y;; with the open
subschemes of A’y defined respectively by the unit condition on T}y and Ty;. Thus, the gluing
of the n schemes Y; along the U, ;’s which builds the blow-up Y compatibly arises as a closed
subscheme of the gluing P” ' of n copies of affine (n — 1)-space over A along the usual overlaps.

Hence, we can glue the Y;’s along opens to make

Blz(X) c P4 '=Proj(ATy,...,T,])

closed

with Y; =Y N D (T;).
As an application of the finality property characterizing blow-up, we next analyze how it interacts

with base change. We have
Y’ =Bl (A) —— Bl (4) =Y

| |

X' =SpecA’ —— SpecA =X

T |

L

A Z
where I’ := IA’ and the existence and uniqueness of the top map follows from the fact that
10y = (IA)Oy: = I'Oy: is invertible. However, the top commutative square is usually not

cartesian! It provides a natural morphism Y’ — Y4 over A/, but in general there is no reason
for I0y,, = I(A" ®4 Oy) to be invertible (hence this may not be an isomorphism) because the
map [ ®4 A" — IA" = I' is usually not injective. However, it is injective when A — A’ is flat,
so in such cases Y’ ~ Yy via the natural map. (Concretely in terms of Proj, Y is Proj of the
graded A’-algebra @(A’ @4 I") and A’ @4 ™ — I'" realizes Y’ := Bl;(A’) as a closed subscheme
of Yur; there is no reason for this to ba an equality with Y, unless the maps A’ ® 4 I" — I'" are

isomorphisms (such as when A — A’ is flat)

DEFINITION 24.1.3. For the blow-up X = Blz(X) % X, we call Z := ¢"}(Z) C X the
exceptional divisor (defined by the invertible ideal sheaf 105).

ExamvprLe 24.1.4. Let X be of finite type over a field £ and Z a closed point x € X, so
k' := k(x) is of finite degree over k. For X = Blz(X) % X, what is the exceptional divisor
q~'(z)? The flat base change by Spec(Ox,) — X commutes with blow-up and leaves the
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closed point unchanged (as a closed subscheme), so the exceptional divisor is the same as that

of Bly, (Ox.) = Proj(®,>om}). Passing to the special fiber, the exception divisor is Proj of

(@ mZ) ®o, k' = @ m}/mit.

n>0 n>0
For example, for O , regular of dimension d we have Ox , ~ k[t1, ..., 4], so ®(m? /m+1) ~
Sym,, (m,/m2) = K'[t;,...,t4] as graded k'-algebras. Thus, ¢~*(z) ~ P{!. Note this k-scheme

is naturally a k’-scheme: it is a projective space over k’. This type of detail is important when

making blow-up calculations.

§24.2 Two charts on blow-up of C,,

Let R be a dvr, m a uniformizer, k = R/m, A = R[u,v|/(uv—7") withn > 2. Let C,, = X = Spec(A)
which over R is semistable and smooth away from & = (u,v,7) € X,. We want to “calculate”
Bl(yv,m(A). By the above subsection, it will be covered by D (u), Dy (v), D4 (m) where {u,v, 7} is
a generating set for the ideal along which we are blowing up.

First consider D, (u). We write the relations v = v'u and © = 7’'u where ¢/, 7" are new variables

corresponding to the “T;;”. The A-algebra corresponding to the affine open D, (u) is
(A[v/, /(v —v'u, T — W/u)/(uoo—torsion),

which is the same as R[u,v,v',7']/(uv — 7", v — v'u, # — 7'u) modulo u-power torsion.

The relation v = v'u makes v unnecessary, provided we rewrite the relation uvv = 7™ as v'u? = 7".

But we also imposed m = 7'u, so

,U/u2 — (W’u)" —_ (,ﬁ/)nun.

We cancel u? from both sides since that can be done modulo u-power torsion, to get v’ = (7/)"u""2,
This makes v’ unnecessay too, leaving us with R[u, 7’| modulo the relation 7 = 7'u. But that

quotient is a domain, and in particular has vanishing u-power torsion, so
D () = Spec (Rlu, ')/ (x — 7'u)),

which is regular (even though its special fiber has a point in the non-smooth locus).

We visualize the special fiber Dy (u)y — Xo := Spec(A/7) = {uv = 0} over k = R/7 as in
Figure 24.2.1 below. (A missing “point at infinity” is drawn on the 7'-axis of Dy (u), because
the gluing with the other two affine open charts of the blow-up will yield a projective line over k
containing the 7'-axis.) The n'-axis in D, (u)y is drawn over the origin signularity £ in X, in that
Figure because not only does u restrict to 0 on that line but also v does since v = v'u = (7/)"u""*

is divisible by 7’u which vanishes on D (u)y.
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axd

Figure 24.2.1: D, (u); over X,
The computation of D, (v) goes similarly with v, 7’; we will draw its special fiber over X, next

time along with how these both interact with the special fiber of D, (7) over Xy. The details of
this calculation are also given in [Liu02, §8.3, Ex. 3.53].
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Lecture 25

Blow-up for semistable curves over a dvr 11

§25.1 All charts on blow-up of C,

Recalling our setup from the prevous lecture, we had our "Basic Example" of a semistable curve
X = C,, = Spec R[u,v]/(uv — 7).

Here R is a dvr with uniformizer 7w and residue field k. To complete the proof of Proposition 23.2.2,

we want to analyze the geometry of the blow-up of X at the unique non-regular point when n > 2.
¢ = (u,v,m) € X.

Last time we computed the affine opens D, (u), Dy(v) C Blg(X), and it remains to compute
D, (m) (and to see how these glue in the special fiber). Before getting to that, we analyze the geom-
etry of the overlap of the special fibers of the two affine opens we’ve already computed. Although
this won’t be logically necessary for our specific purposes, the techniques used in the analysis are

useful to have in a geometer’s toolbelt. Recall

D, (u) = Spec R[u, 7] /('u — ), D (v) = Spec R[u, 7"]/(7"v — ).

Here we have v = (7)"u""! in Dy (u) and u = (7”)"v""! in D, (v). Note in particular that D (u)

and D (v) are both regular though each has special fiber over k with one non-smooth point.
Defining

U/ — (ﬂ_l)nun—27 ul — <ﬂ_1/>nvn—2

on D (u) and Dy (v) respectively, we have the relations v = v'u in D, (u) and u = v'v in Dy (v).
From the recipe for overlaps of standard affine open charts on a blow-up (namely the unit locus for
the corresponding multipliers), the overlap D, (u)r N Dy (v)y is precisely the open locus where v’ is
invertible in Dy (u), = {un’ = 0} C A} (or equivalently, where «’ is invertible in D, (v);). We split

our computations into two cases.

o When n = 2, we have v/ = (7)?, which is invertible precisely away from the origin in the
m'-axis in Dy (u)g. Symmetrically this is the locus away from the origin in the 7”-axis in

D, (v). Note on this locus we have

Thus in this case the gluing of Dy (u), and D, (v); along their overlaps has the n’-axis and
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7-axis as standard affine lines in a copy of Pj.

o When n > 3, we have v/ = (7/)"u"~2, which is divisible by 7' that vanishes on D, (u)g, so it

is invertible nowhere there! Hence, in this case D (u), N D, (v), = 0.

To understand the complete picture for the special fiber of Ble(C),) when n > 2, we need to

compute D, (7). Using a similar method as in the previous lecture, we write

for new variables u” and v”. From this we get

" =y = u//U//ﬂ_Q — 7_{_n72 — u//v//’
where the cancellation of 72 is valid since by design 7 is not a zero divisor on D, () (it has vanishing

m>-torsion). Putting this all together we have
D, (7) = Spec R[u",v"]/(u/"v" — 7"?) = C,,_

with n — 2 > 1, and on this affine open v = v”7 and v = v"7.
Let’s go into casework depending on n > 2 to examine how this open glues to D, (u), D (v) and
also the structure of the special fiber.

2 =1, so v’ and v" are everywhere invertible on the

e When n = 2, we get that v"v” = 7"~
special fiber of D, (7). But the unit condition on such multipliers corresponds to being in
D, (u) and D, (v) respectively, so D, (m) C Dy(u) N Dy(v). It follows then that this affine

open is redundant for covering the blow-up, so
Ble(X) = Dy (u) U Dy (v),

which is regular since each of the two affine open charts is regular by inspection.

Let’s check that the special fiber of the blow-up has exceptional divisor isomorphic to Pj.
We have seen (for n = 2) that this exceptional divisor meets D, (u) in the 7’-axis and meets
D, (v)g in the n”-axis, so it meets the special fiber of D (u) U Dy (v) = Bl¢(X) in the gluing
of such axes away from their origins via the isomorphism 7” = 1/7’. This gluing is exactly a
projective line over k, as shown in Figure 25.1.1; remember that both singularities in this are

regular points on the total space of the blow-up.

e When n > 3, we have Dy (7), = {u”v” = 0}. This has a single non-smooth point (u”,v", )
with measure of irregularity n — 2 > 0. Since we have seen D (u), D, (v) are regular for all
n > 2, this tells us the total space Bl¢(X) is regular when n = 3 and has one non-regular

point with measure of irregularity n — 2 when n > 4.
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Figure 25.1.1: The special fiber of D, (u) U D, (v) when n = 2

Let’s check the the exceptional divisor in this case is isomorphic to a union of two copies
of P} that intersect at a single k-rational point. Indeed, we see that v’ = u/7m = 1/7,
and v" = v/m = 1/7"”. Thus the u”-axis and the 7'-axis, minus their respective origins,
are identified via the gluing «” = 1/#”, which is a projective line over k. Similarly, the
identification of the (non-origin) points of the v” and 7" axes yields a second projective line,
and we these two lines intersect in a single k-rational point (u”,v”,7) (corresponding to the

singularity in D (m)g).

Figure 25.1.2: The special fiber of Bl¢(C,,) when n > 3, with exceptional divisor as a transverse
crossing of two P}’s.

We have finally completed the proof of Proposition 23.2.2 by resolving the singularity £ of the
“Basic Example” (), to which we reduced our task (with n > 2). In particular, after |n/2] successive
blow-ups we reach a regular scheme X' — X = (,, for which the fiber X{ is a “chain” of n — 1

copies of Pj.
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§25.2  Scheme structure on the non-smooth locus

Before returning back to the main program, we make a short interlude on the non-smooth and

non-regular locii of semistable curves over an arbitrary base scheme.
DEFINITION 25.2.1. An open semistable curve over a scheme S is a flat, finitely presented

map f : X — S whose geometric fibers are all semistable curves.

We distinguish two types of singular loci. First, we have the (closed) non-smooth locus
sing(X/S) := X —sm(X/9),

which is a relative notion dependent on the base scheme S over which X lies. This is generally

distinct from the intrinsic non-regular locus
sing(X) := X — Reg(X).

Note that when S is regular we have sing(.X) C sing(X/S). The conventional terminology is slightly
unfortunate here — the notion of “singularity” is ambiguous. Unless clear from context one should
always specify whether they mean a non-smooth or a non-regular point.

We want to endow the non-smooth locus with a scheme structure with nice properties. It turns

out the sheaf of relative 2-forms does exactly this for us.

PROPOSITION 25.2.2. The ideal sheaf
ann@X(Qi/S) C Ox

is a finitely generated quasi-coherent sheaf whose formuation commutes with any (i.e., not just

flat!) base change on S. Its vanishing locus is precisely the non-smooth locus sing(X/S).

Proof. On the smooth locus sm(X/S), the sheaf of relative 1-forms is invertible, so its second
exterior power vanishes, i.e. 92]sm( x/s) = 0, so all the desired properties hold trivially.

Away from the smooth locus, we observe that the assertions are étale-local on X and S (here
we use that if A : X’ — X is étale, the natural map h*(Qﬁc/S) — Q}(,/S is an isomorphism), so it

suffices to check them for the “model case”
S = Spec(A4), X = Spec Alu,v]/(uv — a).

This case in the affine plane is then handled by a direct calculation that we performed in the proof
of Proposition 23.1.1, where we showed the annihilator ideal of this sheaf of 2-forms is exactly

(u,v,a). This is visibly finitely generated, quasi-coherent, and has vanishing locus precisely the
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locus u = v = a = 0 inside Spec A[u, v]/(uv — a) (i.e the non-smooth locus). As also shown in that

proof, the formation of this ideal commutes with any scalar extension of A. Thus we are done. [

REMARK 25.2.3. The proof shows anno (2% /5) equals the first Fitting ideal Fitt; (% /5) C Ox.
Indeed, the formation of both of these quasi-coherent ideal sheaves commutes with étale base
change on X, so it suffices to check their equality in the “model case”, for which it drops out

of the calculation of the annihilator ideal in the preceding proof.

§25.3 Return to main program
The setup of our original problem has now been reduced to the following.

SETUP 25.3.1. Let Y be a smooth projective variety of dimension d—1 > 1 over an algebraically
closed field £, and let D be a strict normal crossings divisor in Y. We then have the following

setup.

Z = YD) U (UL, 0;(Y)) <=5 X

|

D sncd Y

Here X — Y is a proper semistable curve with geometrically connected fibers, smooth over

Y — D. The closed set Z in X is the union of the preimage of D with the image of finitely

many sections of Y.

We will put off the desired sncd structure in a resolution of X for the preimage of the closed
Z C X until the very end; our primary focus for now will be the systematic resolution of singularities
for such X as a k-scheme.

For d = 2, we have that Y is a curve. Then sm(X/Y') is the complement of singularities in
finitely many fibers. We may then pass to the dvr’s Oy, for D = {yi,...,ymn} to see that blowing
up X successively at finitely may points eventually reaches a smooth surface. Again note that we
still need to analyze the preimage Z of Z in the final resolution, so strictly speaking we aren’t yet
done with the case d = 2 for the induction argument.

For d > 3, each irreducible component 7' C sing(X) (C sing(X/Y) C f~1(D)) has codimension
> 2 in X by normality (as X is a semistable curve over the smooth Y and is smooth over the dense
open Y — D C Y). Consider T C sing(X) an irreducible component with codimension 2 (if one
exists). In this case we have that dim7T = d — 2 and it is over D of pure dimension d — 2. It is
quasi-finite over D (as even sing(X/Y") is quasi-finite over Y) and hence finite onto D since f is
proper. Thus, we have the finite morphism 7" — D; for an irreducible component D; of D (which

is regular since D is an sncd in the smooth Y').
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Let n; be the generic point of D;, so that Oy, is a dvr. We then have that over Oy,,, Blp(X)
is “less non-regular” generically along 7. To resolve the puzzle of what happens along the rest of T
(e.g., is Blp(X) semistable over Y'7), we need to understand the geometry of X near 7. This will

involve essentially constructing a measure of irregularity for X along the entirety of 7'
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Lecture 26

Local structure along codimension-2 singularities

§26.1 Setup and main result
We will put the resolution task for X — Y in a broader setting (still ignoring Z):

SETUP 26.1.1. Let S be a regular excellent connected noetherian scheme containing a strict

normal crossings divisor D. We have the following setup:

X

K

D sncd S

where X is a proper semistable curve with geometrically connected fibers over S. Furthermore,

assume f is smooth over S — D, D = U;D; with D; irreducible (reduced) and hence regular.

The ideal sheaves .#p, C Og are invertible (since Og is regular local and hence a UFD, so all
height 1 primes are principal). Also, we have that for J C I, D; := Nc;D; has codimension #.J
(by definition of sncd). Excellence will be convenient for passing to Qg (which is not finite type
over k); it is for passing to completions on the base without leaving our axiomatic situation that
we have formulated things as generally as above for now.

Note that sing(X) := X — reg(X) is closed (by excellence of X') and contained in sing(X/S) :=
X —sm(X/S). For any irreducible component T of sing(X), we have codimyx(7") > 2 since X is
normal. Last time we showed that T'— D,,. is finite surjective (for some i7) if codimx (7)) = 2. We

want to “remove” all such T of codimension 2 in X. In the situation,

Blp(X) —— X

7

we have that for a generic point 7;, of D;,., by passing to Spec(Os,, ) (which is a dvr) the non-

T
regularity at nr gets “better” over it in Blp(X).

In our general setup, the normal noetherian X is also connected (since proper flat with connected
fibers over S), hence integral. We need to know: is Bly(X) a semistable curve over S? (Note that

it is smooth over S — D since over S — D it is just X|s_p since T C f~1(D).)

THEOREM 26.1.2. There exists a modification ¢ : X; — X (i.e. proper birational) with “center”
contained in sing(X)(C sing(X/S)) — i.e., ¢ is an isomorphism over Reg(X) — such that

133



Math 245A Notes Stanford University

(1) X; — S is a semistable curve
(2) codimy, (sing(Xy)) > 3.

To prove the theorem, we just have to make sure that Bly(X) is a semistable curve for irreducible
components 7' C sing(X) with codimension codimx (7') > 2. (This does not change X —T"). Indeed,
for the dvr R = OYv”DiT the blow-up Bl,, (Xg) (localization of Blp(X) at R) has a unique non-
regular point 1’ over nr when the measure of irregularity n(nr) is at least 4, with n(n’) = n(nr) — 2,
and is regular when n(nr) € {2,3}. Thus, since Blp(X) — X is an isomorphism over X — T,
this blow-up process does not create new codimension-2 components and improves the situation
over one such. In this way, a succession of finitely many such blow-ups would do the job provided

semistability over S is preserved.

§26.2 Etale-local structure and completions

We need to understand the étale-local structure of (X, T") for T' C sing(X) of codimension 2 in X.
We will later see that the finite surjective morphism 7" — D, is étale, so such 7" are even regular.

Pick a point = € X5 (e.g., x € sing(X), s = f(z)). We want to describe O, as an Og .-
algebra. Note that k(z)/k(s) is finite separable. Let Dy, ..., D,, be the irreducible components of D
which pass through s. Then the height-1 prime ideal (.#p,)s is of the form (¢;) for some irreducible
t; € my in the regular local ring (hence UFD) Og,. Our description of @Xx as an @S,S—algebra
will be in terms of the t;’s. Note that in the regular local (hence UFD) completion @5,5 the t;’s
remain irreducible since the local quotient (’3575 /(t;) is also regular (hence a domain!) since it is the
completion of Og/(t;) = Op, s that is itself regular local.

Beware that k(z) # k(s) may happen, but for the moment suppose we are in the case of
equality, so the refined structure theorem of ordinary double point singularities (Remark 22.2.7)
gives Ox » =~ Og ,[u,v]/(Q — a) for some residually non-degenerate Q(u,v) over Qg (which can be
taken to have coefficients in Og s since any two lifts over the completion of the same non-degenerate

binary quadratic form over k(s) are isometric) and a € my. We have two issues:
e we want to relate a to the ¢;’s;
« we have to allow k(x) # k(s).

Let’s first reduce our description task for Ox, over Og, to the case k(z) = k(s). By the
primitive element theorem, we can write k(z) = k(s)[z]/(Fp) for some separable monic irreducible
Fy € k(s)[z]. Let R = Og,[2]/(F) for a monic lift F € Og,[z] of Fy, which is a finite free O,-
module with R/f@,R = k(s)[z]/(Fy) = k() a field. In particular O, — R is finite étale (check
the discriminant, or equivalently its trace pairing is residually perfect and hence is perfect) with R

local having residue field k(x)/k(s). Then by Hensel’s lemma (for F) applied to Oy , there exists
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a unique morphism filling in the following diagram commutes:

3! A
R —— Ox

AN

@S,s
Now consider the following setup:
Spec(k(z) Qs k(z)) — X" X’ X
o € Spec(R) —— Spec(Og,) — S

where e denotes the closed point in Spec(R), and we have 2’ € X' corresponding to x (via the
identification of closed fibers of X’ and X). The upper left is a copy of z Xz in which the diagonal
A(x) is a clopen point z” since k(x)/k(s) is final separable. Using that k(z”) = k(x), we have:

EXERCISE 26.2.A. The natural local map @) Xz — ) x7 gz is an isomorphism of R-algebras.

Thus, by passing to (X”,z”) we are reduced to the case k(x) = k(s) with S = Spec(A) for a
complete regular local A. In this process, to retain contact with the original ¢;’s for the D,’s through
s in the original S (i.e., as generators of distinct height-1 primes in the local ring Og ) we have to
make sure that each ¢; remains irreducible in the (necessarily regular local, hence UFD) finite étale
extension R of the regular local (’3573. This holds because the local quotient R/t; R is a domain: it
even regular, being finite étale over Og,/(t;) = Op, , that is regular (as D; is regular).

Next time we will prove:

PROPOSITION 26.2.1. As A-algebras, Ox . ~ Afu,v]/(Q — t}* - - - ") with a residually non-

degenerate (Q)(u,v) and n; not all 0.

The key idea is to show |Spec(A/(a))| is contained in |Spec(A/IIt;)| = D, or equivalently
rad(a) D rad([t;) in A (a regular UFD). Indeed then []¢; € rad(a), which implies a|(IT#;)" for
some N > 1 with the t;’s non-associate irreducibles in the UFD A, forcing a to have as its irreducible
factors exactly some of the ¢;’s (so a is an A*-multiple of some product of powers among the ¢;’s).
Non-regularity at = corresponds to the conditions Y- n; > 2 (ie., @ — Ht;’j is in the square of the

maximal ideal of the regular local Afu,v]).

REMARK 26.2.2. It is a very special feature of the regularity conditions in our setting (including
for the D;’s) that the abstract a € A has an A*-multiple which comes from Og ¢ (no completion).

More specifically, for a regular local ring C' with dimension > 2 and nonzero nnn-unit f € C
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typically there is no C*-multiple of f that lies in C. In geometric terms (since regular local rings
are UFD’s; so all height-1 primes are principal), Spec(C’) — Spec(C) is usually not bijective
between their sets of codimension-1 points. Put yet another way, this says that some nonzero
element of C' remains a non-unit after inverting all nonzero elements of C', or equivalently in
terms of K := Frac(C) that C ®¢ K is not a field.

To give an example, the idea is to use a “transcendental curve” in C? through the origin,
which should have no “algebraic branches”. More precisely, and in a way that works in any
characteristic, consider C' = R[z](r ) for a non-complete dvr R with uniformizer 7 and fraction
field F, and let f =  —h € R[z] = C for h € 7R — R to be determined. (You can take
R = klt] for a field k, or R = Z).) It suffices to rule out that f|p(z) in C' for some nonzero
p € R[x] (even stronger than ruling out that some element of C' is a C*-multiple of f).

Suppose to the contrary, so some nonzero p € R[z| is equal to fg for a nonzero g € }A%[[:c]]
The R-algebra evaluation homomorphism ZA%[[:E]] — R defined by = — h (meaningful since
h e W}A%) carries f to 0, so p(h) = 0. This makes h algebraic over F, so as long as F is
non-algebraic over F' we can pick any £ € F — F and use h = 7V¢ for sufficiently big N. It
remains to make examples of a field F' that is non-complete for a nontrivial discrete valuation
such that its completion F is non-algebraic over F. For F' countable this always holds for
cardinality reasons (i.e., F' is uncountable due to series expansions but an algebraic closure of
F' is countable), so that suffices to making examples.

Beware that it can happen for some non-complete excellent dvr R that its fraction field F" has
F algebraic over F. For example, let {;} be a (certainly non-empty) transcendence basis for Q,,
over Q and let F' = Q({x;}) equipped with the restriction v of the p-adic valuation on Q,. Note
that Q,/F is a nontrivial extension since F' has (infinitely many) nontrivial automorphisms via
the non-empty transcendence basis whereas Q,, has no nontrivial automorphisms as an abstract
field. The valuation ring R of v on F' is a discrete valuation ring, so F' = Frac(R) and R is
excellent (since char(F) = 0). The inclusion of F' into Q, is dense, so this identifies Q, # F
with F. By design, the non-trivial extension F /F' is thereby algebraic.
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Lecture 27

Geometry for codimension-2 singularities

§27.1 Description after completion

Taking the same setup as §26.1, made more specific as in the discussion preceding Proposition 26.2.1,
so S = Spec(A) for a regular complete local noetherian ring (A, m) and z € X is a non-smooth
rational point in the closed fiber. Let x = A/m. In §26.2 we discussed that Ox , ~ Afu,v]/(Q — a)
as A-algebras for Q(u,v) € Alu,v] a residually non-degenerate quadratic form over A and a € m
that we will describe later. Recall from Appendix D that we may replace () with any other quadratic
form over A having the same reduction (as all lifts of the same non-degenerate binary quadratic
form over k are isometric), such as a lift over the algebraic localization Og, C A when A = (’3575

for a regular excellent connected noetherian (S, s).

PROPOSITION 27.1.1. We have | Spec(A4/(a))| C D.

We saw in the discussion after Proposition 26.2.1 that if this holds then a € A* - []; ¢ with
n; > 0 (and some n; > 0); clearly > n; > 2 if and only if z € sing(X). Multiplying @ and a by a

common element in A* would then give us that
OXI_Au v]/(Q — Ht"l

Since residually even-rank non-degenerate quadratic spaces over A are isomorphic when they are
residually isomorphic, we could then make a linear change of variables in u and v to ensure that

Q € Oglu,v] when A = (5578 for a regular excellent connected noetherian (S, s).

Proof of Proposition 27.1.1. By Artin approximation, there exists a common étale neighborhood
<Y> y) of (X> 33) and (Spec(A[u, U]/(Q - CL)), (57 07 0))

) Spec(Aluo1/(@ - ). (5.0.0)
T

/

with ¢ and ¢ étale. Since f is smooth over S — D, to prove the claim it is enough to show
that all fibers of f over Spec(A/(a)) are not smooth. We have a section o : Spec(A/(a)) —
Spec(A[u,v]/(Q — a)) via u = v = 0, sending s to (s,0,0). This section is a closed subscheme that

(Spec A4, s)
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is local and contained in sing(h), fitting into the diagram

(Y, y)
<X7 13) (Spec(A[u,v]/(Q - (Z)), (57070))
T

(Spec A, s) o

(Spec(4/(a)), s)

For Z(a) := Spec(A/a) C Spec(A), the image ¢(Y) is open in Spec(Afu,v]/(Q — a)) by étaleness
of ¢ and it meets o(Z(a)) (at (s,0,0) = q(y)), so q(Y) D o(Z(a)) by locality of Z(a). Hence,
¢ '(0(Z(a))) - o(Z(a)) under q.

By étaleness of ¢ and the containment o(Z(a)) C sing(h), we then have that ¢~ !(c(Z(a))) C
sing(h o q) = sing(f o ¢'). Since ¢ is étale, ¢’ carries sing(f o ¢') into sing(f). Thus, the subset
¢ (¢ (0(Z(a)))) C X consists entirely of non-smooth points over Spec A and it maps onto Z(a).
This ensures Z(a) is disjoint from the open complement of D (as X — S = Spec(A) is smooth over
S — D), which is to say |Z(a)| C |D| as desired. O

§27.2 Consequences prior to completion

Assume we are in the setup of 26.1.1, and let T' C sing(X)(C sing(X/S) C f~'(D)) be an irreducible

component of sing(X) of codimension 2 in X. Give T the reduced structure. In the diagram

— X

!

O—HX

sncd S

we have by flatness of f that 2 = dim Ox,,, = 1 +dim Og ¢(;,.), so dim Og ¢(»,y = 1. But f(nr) € D
and D has pure codimension-1 in S, so f(nr) is the generic point of some irreducible component of
D, say D;,. The quasi-finite proper map 7" — D, is then finite and surjective. Recall that every

D; is regular since D is an sncd.

ProrosiTioN 27.2.1. The map T' — D,, is étale, so T' is regular and hence @T,x is regular
(thus a domain!) for all x € T..

Proof. Let Y := sing(X/S)ea C f1(D) be the reduced closed subscheme underlying the non-
smooth locus over S, so T" C Y as closed subschemes of X. Topologically, Y is cut out by the

annihilator ideal of Q3 /s and so Y as a scheme is defined by the radical of that annihilator.
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We claim that Q. /Dy, = 0 (by Nakayama’s Lemma this is the same as T — D,, having étale
fibers). To prove this, it suffices to show Qy., = 0 since Q’}f’/DiT = Q7 p is a quotient of Q5. This
vanishing property is étale-local on Y and D, so the properness of X — S is not relevant and hence
we temporarily drop it (just assume X — S is an open semistable curve with regular excellent
noetherian connected 5).

Since Proposition 26.2.1 has now been proved, we are reduced to checking the “model case”
S = Spec(A) for a regular local noetherian ring A, and X = Spec(A[u,v]/(Q — [1t") and D =
Spec(A/(I1t;)) for Q € Alu,v] a residually non-degenerate quadratic form and {¢;,ts,...} part of
a regular system of parameters of A. But then Y is cut out in X by (u,v), so Y — D is the natural
map Spec(A/([T,,~0t:)) — Spec(A/(I1t;)) that is a closed immersion. (Note we are working étale-
locally on the original situation, so this is not proving Y — D is a closed immersion in the original
situation.) This completes the proof that Q1. /Diy = 0.

Over any non-empty affine open Spec B C D,,, the map T" — D,, becomes a finite surjection

i
SpecC' — Spec B where B is a regular (hence normal) domain, C' is a domain (so B — C' is
injective), and Qf /g = 0. Now a small miracle happens: by [FIK88, Lemma 1.5], for any module-
finite ring extension B — C' of domains with B normal noetherian, if Qf, g = 0 then B — C'is

étale (in particular, it is flat). O

For any z € sing(X/S) we have a commutative diagram

) \
(X, I) (Spec(A /(Q — 1L, t”i(””))j(sf’()’())) (27.2.1)

/

where (Spec 4, s") — (.5, s) is an étale neighborhood realizing the finite separable residue field exten-
sion k(z)/k(s) and Q(u,v) is a fiberwise non-degenerate binary quadratic form over A. The tuple of
exponents n;(z) is uniquely determined (independently of the choices of étale neighborhoods) due

to the uniqueness of a up to a unit multiple in Theorem 22.2.4.

PROPOSITION 27.2.2. Let T' C sing(X) be an irreducible component with codimension 2 in X.
Let nr be the generic point of 7', and n; the generic point of D;, so f(nr) = n;, and R := Osmiy
is a dvr.

For every = € T, n;,.(z) equals the measure of irregularity at the non-regular point nr in
the special fiber of the localization Xz over R. In particular, n;,(z) > 2 and it is independent

of z.

Proof. In the diagram (27.2.1), since the étale map Y — X is open and hits « € T, it also hits nr;
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pick ¥’ € Y over . Localizing throughout at the codimension-1 point 7;,. € S turns all ¢; for ¢ # ip
into units and for the dvr R = Ogjm.T provides a common étale neighborhood of (Xg,nr) and a
point ¢ (image of 3/) in the special fiber of Spec(R'[u,v]/(Q" — t:;T (m)) over a local-étale extension
R’ of R, where ' is a residually trivial binary quadratic form (an R'*-multiple of Q over A).

The point ¢ is non-regular since the same holds for nr (as T C sing(X)), so necessarily n;,.(z) >
0, and £ must be the unique singularity in the special fiber Q' = 0 over the residue field of R'. It

T'L’L'T (:B)

follows that n;, () is the measure of irregularity at ¢ for the open semistable curve Q" = ¢,

over
R/, so it is also the measure of irregularity at nr for X over R. The latter is certainly independent

of x and is at least 2 since nr is not a regular point. O
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Lecture 28

Semistability of a blow-up

§28.1 Passage to a model case

Recall we have the following setup:

where

o themap f: X — Y is a proper semistable curve with (geometrically) connected fibers, where
Y is a smooth projective variety of dimension d — 1 > 1 over an algebraically closed field &

(so X is normal);
e the closed set D C Y is an sncd, and f is smooth over Y — D;

o the set of non-regular points sing(X) C X (with codimension > 2 by normality) has an

irreducible component T of codimension 2 in X;

o the irreducible component 7' maps finitely onto an irreducible (and regular, by the sncd

condition) component D;,. of D, with T"— D, also étale, so T' is regular.

In Proposition 27.2.2 we saw that if np,n,, denote the generic points of T, D;, respectively
then for the dvr R = Oy, the measure of irregularity ny > 2 of the localization Xp is precisely
the exponent n;,(z) of ;. in the étale-local description of (X, x) (see the commutative diagram in
(27.2.1)).

With the setup as described above, we hope for two things:

(1) The blow-up X’ := Bly(X) is also semistable over Y (it is smooth over Y — D since X’ — X

is an isomorphism over X — 7).

(2) The blowup X' is “better” than X in terms of singularities: either it has fewer codimension-2
irreducible components of the non-regular locus, or some such irreducible component has a

lower measure of irregularity.

Ultimately we will see that there exists at most one codimension-2 irreducible component 7" C
sing(X’) lying over T, and when such a T” exists we will have ny = ny — 2. Thus (since there
are only finitely many such 7', as sing(X) has finitely many irreducible components), after finitely
many such blow-ups we will reduce to the case where codimy (sing(X)) > 3, which we will grapple

with afterwards.
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REMARK 28.1.1. We also need to (eventually) deal with the structure of our closed set Z =
fHD)U(U;7;(Y)) C X so that it ends up having the desired properties as stated in Theorem
1.2.4 (as we need for success of the induction: recall how we arranged D to be an sncd in Y,

a property that in turn underlies all of our étale-local study of singularities on X). We will

address this matter after resolving the singularities on X.

To check semi-stability of Bly(X) — Y, our task is Zariski-local over X near points of 7' (since
Bly(X) — X is an isomorphism over X — T'), so we aim to prove it is open semistable near the
points of T'. It suffices to check this étale-locally at points x € T' C X (recall that “open semistable”
amounts to flatness and a condition on geometric fibers over Y'). Let (Spec(R), f(x)) be a (pointed)
affine neighborhood of (Y, f(x)). By the structure of ordinary double point singularities via Artin
approximation (see (27.2.1))), there exists a common residually trivial étale neighborhood (W, w)
of (X, z) and Spec(Alu,v]/(Q — a), (y,0,0)) over (Spec(R), f(z)) where (Spec(A),y’) is a pointed
étale neighborhood of (Spec(R), f(z)) realizing the residue field extension k(x)/k(f(z)) and Q(u,v)
is a residually non-degenerate quadratic form. For actual calculation purposes we need a more
explicit quadratic form. By passing to yet another pointed étale neighborhood of (Spec(A),v’) to
make the residue field big enough to residually split (), we can replace () over A with uv over R.

In other words, we have the following diagram of (not necessarily residually triviall) pointed

étale neighborhoods:

\

(X, 90) (Spec(R (wo — T1, £7@)), (f(x),0,0)) (28.1.1)

/

Informally, our aim is to carefully analyze the “zig-zag” diagram of étale neighborhoods to justify
reducing our problem for X near z to an analogue in the “model example” on the right side of
the diagram. This is a version of the higher-dimensional base Y of what we did in our work with
semistable curves over a dvr, and such zig-zag work with careful attention to irreducible components
is part of the technical justification for being able to treat étale neighborhoods “as if” they're like
neighborhoods in analytic geometry (which they’re not, logically speaking).

Our aim is to show Blp(X) is open semistable over Y at all points over the arbitrary choice
of x € T. We may therefore replace X with the open neighborhood ¢; (W) of ¢;(w) = x (here we
use openness of the étale ¢;, and recall we don’t care about properness of X for the time being),
and likewise replace T" with its irreducible open subset ¢;(X)NT > z, to ensure ¢; : W — X. By
étaleness of ¢; we have sing(W) = ¢; ' (sing(X)). Moreover, ¢;*(7T) is of pure codimension-2 in W,

by flatness and quasi-finiteness of ¢, with the étale map ¢; *(T') — T surjective since we arranged
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q1 : W — X to be surjective.

We claim W can be shrunken further around w to arrange that ¢; 1(T) is irreducible. Since ¢
is étale, regularity of T is preserved under taking its preimage, and so there must exists a unique
irreducible component of ¢; *(T) in which w lies. In particular the irreducible components of ¢; *(T)
are its connected components, so we can shrink W some more around w if need be to remove the
other connected components of ¢~ (T') (and then replacing X with the new ¢;(W)). In this way we
arrange that 7 := ¢ !(T) is irreducible.

Since the formation of blow-ups commutes with flat (e.g., étale) base change, we see that in the

commutative diagram

| |

Blr(X) X Y

the square is cartesian with the left vertical arrow an étale surjection since the right vertical arrow
is. Hence, the semistability of Bly(X) — Y is reduced to the case of Bl (W) — Y. This completes
half of the work with chasing through the zig-zag of étale neighborhoods in (28.1.1).
Next, setting
B := Rlu,v]/(uv — [ ;")

for convenient notational shorthand, we observe that sing(B) C Spec(B) is closed of codimension
> 2 (as Spec(B) is open semistable over Spec(R) and smooth over Spec(R) N (Y — D), so B is
normal). Moreover, étaleness of g : W — Spec(B) tells us sing(W) = ¢; '(sing(B)), and thus for
dimension reasons g2(-7") has to dominate some irreducible component 7" C sing(B) of codimension
2 in Spec(B). This 7" is regular for exactly the same reason that 7' is regular: it is étale over an
irreducible component of the sned D C Y (the proof of this for T — D did not use properness of
X — Y only that it is open semistable and smooth over Y — D); finiteness of T — D was never
needed for this, just quasi-finiteness).

Thus, the closed subset g5 *(7") C sing(W) is regular (as it is étale over T") and of pure codi-
mension 2 in W (for dimension reasons since ¢y is quasi-finite flat). so it is a union of irreducible
components of sing(W). But ¢, '(T") contains .7 by design, so .7 is one of the irreducible compo-
nents of ¢; * (1"). The irreducible components of g5 (T") are its connected components by regularity,
so .7 is the connected component of g5 *(T") through w. By shrinking W some more around w and
X around z (to keep W — X surjective), we can ensure ¢, '(T") = .7. Hence, we get the following

cartesian square:

Bly (W) —— Bl (Spec(B))

J |

(W,w) ——— Spec(B) ———— Y
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To prove Bls (W) is open semistable over Y, it therefore suffices to check open semistability of
Bl (Spec(B)) — Y. I It remains to identify 7". We'll show it is cut out by the ideal (u,v,t;) for
some ¢ (which is prime, as B/(u,v,t;) = R is a domain).

As an irreducible component of the Y-quasi-finite sing(Spec(B)) having codimension 2 in Spec(B)
(i.e., of dimension d — 2), T" dominates an irreducible closed subset of the sncd Spec(R) N D in
the (d — 1)-dimensional regular Spec(R). But Spec(R) N D = Spec(R/(I]t;)) has pure dimension
(d—1)—1=d—2 too, so T" dominates an irreducible component of Spec(R) N D. The local ring
Ry is regular and hence a domain in which the ¢;’s are part of a regular system of parameters,
so each Ry /(t;) is regular and thus a domain. By spreading-out considerations, if we replace
Spec(R) with a suitable affine open around f(z) (and then shrink everything over Spec(R) like-
wise) then each R/(t;) is also a domain (reduced and irreducible spectrum), so 7" dominates some
Spec(R/ (1)

We have shown 7" is contained in Spec(B/(t;)) = Spec(R[u,v]/(uv)), yet it also lies in the zero
locus of (u,v) in Spec(B) since fiberwise that is the locus of singularities over Spec(R). In other
words, 7" is contained in Spec(B/(u,v,t;)) = Spec(R) which is itself integral of dimension d — 2, so
T" = Spec(B/(u,v,t;)) as desired.

Finally, we claim i = i. Since ¢; '(T) = 7 = ¢;*(T"), we see that T and T" have the same
image-closure in Spec(R)N D, which is Spec(R)N D;,.. This forces i = ir, so we have finally reduced
our task to a “model example”: prove open semistability over R for the blow-up along (u,v,t;,.) of
B with n;,.(z) = ny > 2. Since out original task could focus on Blyr(X) at points over the chosen
arbitrary x € X, we can replace R with its (positive-dimensional) localization at the non-generic

point f(z) to make R regular local.

§28.2  Explicit blow-up calculation

Let R be a regular local ring of positive dimension ¢, {t;} part of a regular system of parameters,
and {n;} positive integers such that n; > 2. Define B = R[u,v]/(uv — [T;_, t;7), and I = (u, v, t)
(so B/I = R/t is regular local of dimension 6 — 1). Our aim is to show that Bl;(B) is an open
semistable R-curve. The case § = 1 has been done already (our earlier work over discrete valuation
rings), and we now wish to carry out such a calculation for general 6 > 0. Our only aim is to prove
“open semistable” and not to keep track of any irreducible components in the non-regular locus
or any function fields of such components, so the problem is solely one of examining the blow-up
charts D (u), D4 (v), D4 (t1) to check that each of these affine open subschemes of the blow-up is
an open semistable R-curve. Since u and v play entirely symmetric roles in the setup, the task is
really just to study D, (u) and D, (t;).

For D, (u), we introduce new variables v' and ¢} subject to the relations v = v'u and t; = t}u.

We need to determine the quotient of the R-algebra
Rlu,v,v' ]/ (uv = [[ t]7, v — V'u, ty — thu) = Rlu, v, #}](uv" = (¢)) w52 - - - 477 8y — thu)
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modulo its u>-torsion. Since n; > 2 we can cancel the factor of u? in the final relation to obtain
the relation

v = (tll)munl—Qt;Lz .. ‘t?'r‘
that permits us to remove v'. That leaves us with the quotient

Rlu, v’ #]/(t; — thu)

which is visibly a regular domain (in particular, vanishing u*-torsion) and R-semistable.
Next, for D (t) we introduce variables u”,v"” and relations u = u”t;, v = v"t;. This amounts to

finding the quotient of the R-algebra

Rlu,v,u" v"]/(wv — [[ ), u — u"t1,v — v"t1) = R[u", 0"}/ (0"t} = ][ ¢}°)
modulo its #5°-torsion. Since n; > 2 we can cancel a factor of ¢} from the final relation, leaving us
with

r
R[u”, U”]/(u”’U” . t?l_Z H t?j).
Jj=2

This is visibly R-semistable.
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Lecture 29

Irreducible components of sing(X)

§29.1 Geometry of irreducible components

Take the setup as in §28.1, but assume instead that codimx (sing(X)) > 3 and sing(X) is not empty.
For any x € sing(X), as in §28.1 consider (Spec R, f(z)) a sufficiently small (pointed) affine open
neighborhood of (Y, f(z)) that meets only those D;’s which pass through f(z) and for which the

invertible #p,

spec(R) is free with generator ¢; (so {t;} is part of a regular system of parameters in

Ry(z)). By Artin Approximation we have

(X, z) (Spec B, ¢€) (29.1.1)

N l

(Y, f(z)) <= (SpecR, f(x))

with ¢; and g, étale, where B := R[u, v]/(uwv — [1; £} and & := (f(z),0,0).

The non-regularity of the completion B\g = ]?f(j)[[u, v]/(uwv —TT; t:-”(x)) implies Y-, n;(z) > 2. By
shrinking R enough around f(x) we can ensure B is a domain, since by Gauss’ Lemma By =
Ry [u,v]/(uwv —T1; 1) is a domain (as Ry [u,v] inherits the UFD property from the regular
local Ry)).

PROPOSITION 29.1.1. If n;(z) # 0 then n;(z) = 1.

Proof. Note that B/(u,v,t;) = R/(t;) for any ¢ with n;(x) > 0. Its localization at f(z) is Ry)/(t:)
that is regular local and hence a domain, so by shrinking R around f(z) we can ensure each R/(t;)
is a domain too. (Beware that the UFD property of Ry(,) doesn’t generally “spread out” to an affine
Zariski-open neighborhood of f(x), as already happens for many Dedekind domains with infinite
class group. Fortunately we have not needed that to spread out the “domain” property from a local
ring of a noetherian ring at a prime.)

Suppose n;, := n;,(z) > 2 for some iy, so 7" := Spec(R/(t;,)) = Z(u,v,t;,) C Spec B is integral
and it has codimension 2 near £ in Spec B since dim By = 1 + dim Ry, = 2 + dim(Ry()/(ti,))-
For n;, the generic point of D;,, A := R,, is a dvr. Note then that Spec(B,, ) — SpecA is an
open semistable curve over a dvr and 7y is a nonsmooth point in the special fiber with measure
of irregularity n;,(z) > 2. This implies that (B, )y,

T" C sing(B) (as the singular locus is a closed subset of Spec(B)).

is not regular, so nr € sing(B) and hence

By normality of the domain B (as it is an open semistable curve over R with generic fiber
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smooth), its singular locus has codimension at least 2. But 7” in sing(B) has codimension 2 in
Spec(B), so it must be an irreducible component of sing(B) and codimpg(sing(B)) = 2. But ¢»(W)
is an open subset of Spec B that contains g,(w) = ¢ € T, so ¢ {(T") € W is non-empty and
contained in sing(W) since ¢y is étale and T C sing(X). Yet g is quasi-finite and flat, and thus
codim -1 (W) = 2, which implies that sing(W) has codimension 2 inside W (its codimension is
at least 2 since W inherits normality from X by étaleness of ¢;). For an irreducible component 7

of sing(W) of codimension 2 in W, we have

W +—— sing(W) «+— F

1

X +—— sing(X) «—— ¢ (7)

with ¢, étale. Therefore, ¢;(.7) has the same codimension in X as 7 does in W, which is 2. But
¢1(7) C sing(X) since ¢ is étale and .7 C sing(W), so its closure is also contained in the closed
sing(X) C X. We then have a contradiction as sing(X) has codimension 3 in X. O

Let z € X, and relabel the D; so that f(x) € D; for exactly 1 < i < p < n. In other words,
(X, x) has common local-étale neighborhood with (Spec B,¢) for B = Rlu,v]/(uv — ITi_; t;) and
¢ = (f(2),0,0). Since By = Ry [u,v]e/(uv — [T/2, t;) inherits non-regularity from Ox, as in the
preceding proof the sum Y-, n;(z) = p is at least 2. The ¢;’s that occur have the corresponding D;
containing f(x), so all points in sing(X) lie over at least two distinct D;’s. Thus, by shrinking Y’
around f(z) we can arrange that sing(X) is covered by the closed subsets sing(X) N f~!(D; N D;)
for all pairs 1 <i < j < pu.

PROPOSITION 29.1.2. 1. For 1 < 4y < jo < p, sing(X) N f~Y(D;, N D;,) with the reduced
structure is regular, so its unique connected (= irreducible!) component E;; through =
has codimenion 3 and the map f : E;; = D; N D; is étale (note that D; N D; is regular

of pure codimension 2 as D is an sncd in the regular Y').

2. It E,, E C sing(X) are distinct irreducible components equipped with the reduced struc-

ture and E,NEgz # () then the schematic intersection E, N Ejg is regular with codimension

4 or 5 near each of its points.

Proof. First we prove (1). The approach is the usual zig-zag through a common étale neighborhood
to pass to a model example with which we can make explicit calculations. Let (Spec R, f(x))
be an open affine neighborhood of f(z) in Y as in (29.1.1) with B = Rlu,v]/(uv — [Ii, t;) a
domain (this may require making Spec(R) sufficiently small around f(x)). We can likewise arrange
that all R/(t;t;) for 1 < i < j < p are domains. The fibral non-smooth locus (which contains
sing(X)) consists of (u,v) = (0,0) over zeros of []/_; t; in Spec(R), so near § := (f(z),0,0), for
1 <i<j<pwesee that f~1(D; N D;) coincides with Z(u,v,t;,t;) ~ Spec(R/(t;t;)) = D; N D;
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(integral by inspection) that has local ring at & equal to Ry, /(t;t;) which is non-regular. Thus,
Uic; Z(u,v,t;,t;) C sing(B). But sing(B) C Uij<; [~1(D; N D;) = Uic; Z(u,v,t;,t;), so they are
equal with irreducible components Z(u,v,t;,t;). This proves (1) by the zig-zag method through
étale neighborhoods (the étaleness of E;; — D; N D; in the general setting is inferred from the
isomorphism Z(u,v,t;,t;) ~ D; N D; in the model example).

For (2), suppose there is a point z € E, N Ez, so upon shrinking ¥ to a small enough affine
open Spec(R) around f(x) as above we have a = (4,7) and g = (i/,7') with 1 < i,5,7,j < mu
and ¢ < j, ' < j'. We again zig-zag through a common étale neighborhood as in (29.1.1) with
B = R[u,v]/(uv — II)_; t;) a domain (again, this may require making Spec R sufficiently small
around f(z)). We can express E, N Eg as Z(u,v,t;,t;,ty,t;), and note that the local ring at & for

this scheme-theoretic intersection is
R[U, U]f/(ua v, tiv t]) ti’a t]’) - Rf(x)/(tla tj7 ti’) t]’)

which is regular by inspection. This proves regularity of £, N Ej.
The dimension of Ry is dim By — 1, and {¢;,t;,ty,t;} is a set of at least 3 (and at most 4)
elements of a regular system of parameters in Ry ,). Therefore the dimension of Ry, [ttt ty)

(i.e. the codimension of E, N Egz near &) is either 4 or 5. O

§29.2 Interaction of Z with modifications of X

In the setup in §28.1 we have Z = f~1(D)U(U; :(Y)) for disjoint sections 7; : ¥ — sm(X/Y) C X*™.
The 7;’s are “unaffected” by blow-up in the singular locus, such as the successive blow-ups at
irreducible components 7" of the singular locus with codimy(7") = 2. Letting ¢ : X; — X be the

modification over Y centered over sing(X) as a composition of blow-ups at such 7"s,

X, ¢ X
N T
Y

we have 7, := ¢~ 4(Z) = f{ 1 (D) U (U; 7/(Y)) for 7/ = ¢~ o 7; (¢ is an isomorphism over X*™) and
codimy, (sing(X;)) > 3. We can then pass to (X, Z;), so in this way while keeping track of Z we

can arrange that sing(X) has codimension at least 3 in X. This then puts us in the situation of
§29.1, so all irreducible components of sing(X) (if it is non-empty) have codimension exactly 3. We
will analyze the structure of Z N X®*™ in such circumstances as well as resolve singularities of X to

complete the proof next time.
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Lecture 30

Analyzing Z and resolving X

§30.1 Structure of Z N X

At the end of §29.2) we reduced to the case (while remaining attentive to Z) codimy (sing(X)) > 3.
More precisely, if sing(X) # ) then all its irreducible components have codimension exactly 3 in X,
with each intersection of pairs of such irreducible components (when non-empty) of codimension
either 4 or 5 in X. Throughout the blow-ups bringing us to the case codimy (sing(X)) > 3, X
remains a semistable curve over Y. However to resolve these final singularities we will will ruin
semistability over Y and thus we will need a new axiomatic setup that omits mention of Y.

In the case d = 2, we know X is smooth but Z C X may not be an sncd and so the case d = 2
is still not entirely settled. Our current situation is that f : X — Y is a semistable curve that is

smooth over Y — D with D an sncd in Y. Moreover, the closed set Z C X is described by

z= (fl(D) y (unm)) ,

for pairwise disjoint sections 7; : Y — sm(X/Y) C X*™. We need to replace these properties with

conditions that do not mention Y, starting with:

Prorosrrion 30.1.1. With the above notation and setup, the intersection Z N X"™ is a normal
crossings divisor in X®™ (i.e., some étale cover U’ of an open U C X®™ containing Z N X*™ has

the preimage of Z N X* in U’ as an sncd).

In Appendix E, we show for an ncd D C S with S regular, there exists a modification ¢ : S’ — §
centered over D (i.e., an isomorphism over S — D) with regular source such that ¢~!(D) is an sncd

in S’. Thus, the proposition settles the case when d = 2 or when X = X,

Proof. We analyze étale neighborhoods of (X®™,x) for x € Z N X in several cases.
Case 1: z ¢ f~Y(D)
Here » € U; 7;(Y) for 7; € (sm(X/Y))(Y) and the union of closed subsets disjoint. Thus x lies in

a section 7, to the smooth open curve sm(X/Y) — Y. Any section to a smooth open curve over a

regular base is easily seen to be an sncd, so this case is settled.

Case 2: x € f~Y(D) and x ¢ U; 7;(Y)
We separately treat the possibilities that z is a smooth point in Xy or not. First suppose
z € sm(X/Y), so the flat finitely presented f : X — Y is smooth near z. Thus, each f~'(D;)

inherits k-smoothness near x from k-smoothness of D; passing through f(z), and the dimension

149



Math 245A Notes Stanford University

formula for flat maps (or expressing an open neighborhood of z in sm(X/Y)) as étale over Ai,)
then ensures f~!(D) C X is an sncd near z since D C Y is an sncd near f(z).
Next we may assume z ¢ sm(X/Y); i.e., x is a non-smooth point in the semistable curve Xy(,).

We have the following étale neighborhoods
(W, w)

|

(X, ) (Spec(B), & = (f(),0,0))

| J
Y, f(x)) > (Spec(R), f(x))
where Spec(R) is an affine open neighborhood chosen small enough so that D; N Spec(R) =
Spec(R/(t;)) is a domain (where the invertible Zp,|spec(r) = tiR is globally principal) and B =
Rlu,v]/(uv — t;,) for some iy (not generally unique) with f(z) € D,,. We have used that = €
Reg(X) = X®™ (as this ensures }_; n;(z) = 1).

The reason we can arrange each R/(t;) is a domain by shrinking Spec(R) around f(x) is that the
“domain” property spreads out from stalks of a noetherian ring and {t;}, recovers part of a regular
system of parameters of the regular local ring Ry (so each Ry, /(t;) is regular and therefore a
domain).

Our task is to show f~!'(D) is an ncd near z in X. Since the ncd property near a point is
checkable using an étale neighborhood, by zig-zagging through the above diagram our task becomes
showing the subset h™!'(D) C Spec(B) is an sncd near . This is essentially a question about
Be = (Ryw)lu,v])e/(uv — t;,). We may and do shrink Spec(R) > f(z) so it only meets those

D; > f(z). Now we have a couple of sub-cases to analyze:
o If i # g, then h™(D;)¢ looks like
(Ryyus v]e) /(uv = tig, i) = (R /i) [u, vle) / (uv — L, )

which is a regular local ring, since {t;},; U {uv —t;,u,v} is part of a regular system of

parameters for Rlu,v]e = Ry |u, vle.
o If i =ig then h=1(D;,)¢ looks like
(R [t )[u; vle) / (uv),

which is the union of Z(t;,,u) and Z(t;,,v).

In particular, analyzing either of the descriptions above one can visibly see that taking successive

intersections of the h=1(D;)’s yields a regular closed subscheme of the expected codimension for an

150



Math 245A Notes Stanford University

sned, and thus f~1(D) is an ncd, as desired.

Case 3: z € f~1(D) N7, (Y) for some (unique) jo

Here we need to show that
(FH(D)uT,(Y))

near z is an ncd inside X. We’ll even show this is an sned inside X near z.

red

Note x is in the fibral smooth locus (since it is a point in the image of a section 7, to sm(X/Y") —
Y), and thus f: X — Y is smooth near x. Recall the Zariski-local structure of smooth morphisms
(an algebro-geometric version of the inverse function theorem) [EGA, 1V, Cor.17.12.2(d)]: the
source is Zarisi-locally étale over an affine space over the target. Thus, for a sufficiently small open

U C X around x we have a commutative diagram

U q étale Al

Tio (\l /

Y/
where Y’ is Y shrunk sufficiently around f(z) so that the image of the section lands in U (note that
7o (f(z)) = x since z € 75, (Y)), and g o 7, is the zero-section (as any section of the affine line over
a base becomes the zero-section after an additive translation).

Let D' = DNY’ (an sncd inside Y') and let f' : U — Y’ be the smooth structure map (so

f~H(D") = Un f~Y(D)). The inclusion 7;,(Y") C ¢~ (0-section) is a clopen immersion since any

section to a separated étale map is a clopen immersion, so we obtain the diagram

(71D UTj(Y"))rea Cetopen ¢~ (AL U ({0} X Y'))yea) C U

J{étale

(AID' U ({O} X Y/))red Cened A%/’

expressing (f~1(D) U, (Y))rea near  as clopen inside the pullback of an sncd along the étale map
g. But the pullback of an sncd along an étale map to a regular scheme is again an sned (check!), so

we have the sncd property near x. O

§30.2 New axioms and final blow-ups

We may now give a new axiomatic description of the setup to which we have reduced ourselves.

This involves properties of Z C X that do not mentionm Y.

SETUP 30.2.1. We have X a projective variety over an algebraically closed field k£ with dimen-
sion d > 3 and Z C X a reduced closed subscheme such that

(i) ZN X" C X*™ is an ncd.
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(ii) All irreducible components F of sing(X) are smooth of codimension exactly 3, and any

nonempty intersection of such components is also smooth (though maybe not transverse).

(iii) For all z € (sing(X) N Z)(k), we have the following diagram of k-algebra isomorphisms

and quotient maps:

@X,x — k[[u,v,tl, .. .td,l]]/(uv —ty - 'ts)

l |

04 ~ Oxa/(t1,.. . 1,)

with 2 < s <r < d—1 that may depend on z. (This encodes that Dy, ..., D, are exactly
the D;’s passing through f(z), and that Z near x — hence away from the 7;(Y)’s — is
f71(D) since x € sing(X) cannot lie in any of the sections 7;(Y) C (sm(X/Y))(Y).)

Axioms (i) and (iii) ensure that the ideal sheaf .#; C Ox is invertible by checking all = €
Z(k): use (i) for x € X®™ and use (iii) for € sing(X). By Artin approximation, (iii) in Setup
30.2.1 provides a model example with which to carry out zig-zag arguments using a common étale
neighborhood of (X, x) equipped with Z C X for z € (sing(X) N Z)(k): the pointed scheme
(Spec(B),0) for

B = klu,v,t1,. .. ta1]/(uv —t1 - t,)

equipped with the reduced closed subscheme Z' = Spec(B/(t;---t,)) for some 2 < s <r <d—1.

It is a straightforward calculation to check

« sing(Spec(B)) is the union of the integral closed subsets
Ey; = Spec(B/(u, v, t;,t;)) ~ Ad3

for 2 <i < j <'s (the affine space has coordinates {t,, }1<m<d—1,m=i;),

« such pairs (Spec(B), Z’) satisfy the axiomatic Setup 30.2.1 apart from the projectivity re-

quirement on X.

The final miracle comes in Appendix I: for £ C sing(X) an irreducible component and the
blow-up ¢ : Blg(X) — X, the pair (Blg(X), ¢ 1(Z)), satisfies the axioms of Setup 30.2.1 with one
less irreducible component in sing(X). More precisely, the irreducible components of the singular
locus of Blg(X) are the strict transforms of the irreducible components £’ # E of sing(X) (for
example, if sing(X) = E topologically inside X then Blg(X) is smooth). To verify this miracle, the
only content is at k-points of Blg(X) lying over FE.

After finitely many such successive blow-ups we can pass to the case X = X*™, so Z = Z N X"
is an ncd inside X = X. Appendix I then provides a final modification h : X’ — X centered

over Z with smooth X’ and h™'(Z) C X an sncd, so we are done!

152



Math 245A Notes Stanford University

Appendix A
Blow-up review

I first understood blow-ups from some notes of Deligne (at the start of his personal notes, in French,
on Nagata compactifications that he shared). The following is an expanded version of that, partly

borrowing from notes in an algebraic geometry course I once taught.

§A.1 Basic construction

Blowing up a variety along a closed subvariety, or a scheme along a closed subscheme, is one of the
more important geometric operations in algebraic geometry. It arose historically in the study of
“resolution of singularities”, but also occurs in quite different settings. There are at least 3 initial
descriptions of blow-ups, most of which look uncomputable at first sight.

We will first look at what blow-ups do classically. Let X be a variety over k = k. Then given
the closed singular locus Z C X, we seek to “rip X apart along the tangent directions to Z” to
get the blow-up 7 : X — X which is a birational morphism that is an isomorphism over X — Z:
X - 7 1(Z) ~ X — Z. One image to keep in mind is that of a nodal curve, which we rip along the
two tangent directions to get a smooth curve dominating it (with 2 points over the singularity).

There are three approaches:

(1) (Classical definition): Take the schematic closure of X — Z in an auxiliary variety. This
method is typically only discussed in the classical setting of varieties (see [Har77, Ch.1]). It

is a bit mysterious at first, and doesn’t initially look amenable to computations.

(2) (Relative Proj construction): This is also unintuitive, and looks even more uncomputable, but
it is technically useful. We will get to it in §A.2. This is the approach [Har77, Ch.II, Section
7] and in the abstruse [EGA | II, §8].

(3) (Universal property): This approach is due to Hironaka (generalizing the classical blowing up
at a point), and is rather computable if X is not too “bad” along Z. The blowup is the final
object in a specific category of “nice” objects over X. We adopt this final approach as our

starting point.

The setup is as follows: let Z < X be a closed immersion of schemes. Then consider those
morphisms f : Y — X for which the base change closed immersion f~'Z < Y is Cartier (where
[7'Z :=Y xx Z). This says the quasi-coherent ideal sheaf .#;Oy is invertible. (A boring example
of this type is to take Y to be empty.)

We seek a final object Y I x among such X-schemes. It will be covered by affine open
subschemes reminiscent of the open covering of P% covered by the affine spaces D, (¢;)'s which each

refine the mapping property of P%. However, similarly to normalizations, the mapping property for
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the construction we seek will only be as a final object among certain sufficiently nice X-schemes,
not with a description of its functor of points on general X-schemes (so this is less robust than the

mapping property for projective spaces).

DEFINITION A.1.1. The blow-up of X along Z is a morphism Blz(X) = X which is final among
maps [ : Y — X with f7'Z — BlzX Cartier. The Cartier pullback F = 777 < Blz(X) is

called the exceptional divisor.

How do we build this? Working locally, we focus on the affine case: X = Spec A, Z = Spec(A/I).
Consider any Y — X = Spec(A) such that the quasi-coherent ideal sheaf . = IOy C Oy is
invertible. Zariski-locally on Y, we can find an Oy-basis of .# given by elements a € I (i.e. on
members of an open cover, we can trivialize .# with a basis coming from [ itself). Indeed, it is
enough to check the y-stalks .#y as an O -module for all y € Y, since a basis of a stalk of a locally
free sheaf of finite rank spreads out to a basis over an open neighborhood. Now use the following

lemma:

Levmva A.1.2. Let M be a free module of rank d > 0 over a local ring (R, m), and ¥ C M a
(possibly infinite) generating set. Then there exists a basis of M in .

Proof. Let k = R/m, so the map ¥ — M/mM ~ k®¢ has image that spans. Then by linear algebra,
there is subset oy,...04 € ¥ such that {o;} C M reduces to a k-basis. This is then an R-basis of
the free module M by Nakayama’s lemma. O]

In particular, Y has the open cover {Y,},e; where
Y, ={y €Y :aisan Oyy-basis of IOy,}.

We can do better when I = (a4, ..., a,,) is finitely generated (as is usually the case): then the finite
collection of opens {Y,,,...,Y,, } covers Y (this should be regarded as an analogue of {D,(¢;)}
covering P” for reasons which will be clearer towards the end of this section).

Let us now choose a € I and impose on Y 7. X the refined condition that:
IOy is an Oy-free with basis {a}. (*a)

(this is analogous in the case of P" to the universal property of a single D, (¢;): it represents the
condition on surjections O™ — £ that the ith standard basis section of O™ for 0 < i < n is
carried to a global basis of .Z). We seek to find the final such Y subject to this refined condition.
It is crucial that we are not merely imposing principality with generator a but really freeness with

generator a.
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PROPOSITION A.1.3. Consider the A-subsalgebra A[la~!] C A, generated by elements a’/a for
a’ € I. Then Spec(A[la~']) — Spec A is final for (*a).

Proof. Setting A’ = A[la™'] C A,, we see that in A’ the element a is not a zero-divisor since A’ is
a subring of A, in which a is a unit, and for any o’ € I we can write ¢’ = (a'/a)a with a'/a € A,
so T A" is A'-free on {a}. So Spec A" at least belongs to the desired category of A-schemes. We seek
to show it is the final object in this category.

That is, for any f : Y — Spec A for which IOy is free with basis a, we seek to uniquely fill in a

commutative diagram
Y " Spec A’
O
Spec A,
Thanks to the uniqueness aspect, for this purpose we we can work locally on Y. Hence, it suffices
to treat the affine case Y = Spec R (any two affine opens in the original Y have overlap covered by
affine opens!). Note that by the hypothesis IR = Ra is free with basis a, the element a € R is not
a zero-divisor (even though a may well be a zero-divisor in A) This will be crucial.
Since a is not a zero divisor in R, the natural map R — R, is injective. Then by considering the
composite map A — R — R,, we get an associated unique map of A-algebra h : A, — R,. Let’s

assemble this information in a commutative diagram:

? !

A= Alla™'] "> R —— R,
4
A—— A,

The key point is that the A-subalgebra h(A’) C R, lies in R precisely because IR = Ra!
Thus, we get an A-algebra map A’ % R, and to check uniqueness consider the commutative

diagram of A-algebras

A—2 R

i J

A=A, —— R,

a

where the bottom map is ¢,. But we also noted that h : A, — R, is the unique A-algebra map,
so the bottom horizontal map ¢, is really h, no matter what ¢ may exist. The vertical maps are

injections, so we have the desired uniqueness for ¢. O

I DEFINITION A.1.4. For a € I, we define D, (a) = Spec(A[la™!]).

This notation is meant to be suggestive of D (f) C Proj S, and below it will relate nicely to

the standard affine charts of PY when I is finitely generated. For a,a’ € I, we have the diagram of
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A-schemes
D (a) C Di(a)a/a % Di(a')a/a O Di(d).

where o over A between the open subschemes D, (a)q /o and D (a'),/e arises from each being final
for the same condition on an A-schemes Y: that IOy has each of a and o’ as a basis (check this
shared finality property!). This isomorphism « just says concretely that inside the localization A,

we have an actual equality of A-subalgebras
A[Ia_l]a//a = A[]a'_l]a/a/.

Checking the triple overlap condition is easy since it expresses an equality among three A-subalgebras

of Agarar, 80 we can glue the D, (a)’s along such a’s.

Prorosition A.1.5. This gluing is a final object for the Cartier condition on /Oy which
defines Blz(X) = BII(A)

Proof. The argument is very similar to how the universal property of the gluing P’ is established

using the meaning of each D (t;) C P’ and their overlaps (check!). O

§A.2 Computing blow-ups

If I = (ao,...,an) then Bl;(A) is covered by the affine open subschemes D (a;) = Spec A[la}].

Soon we will see (Example A.2.2) that there is a closed immersion
i Bl (A) — P7

over A such that i 1 (D, (t;)) = Dy(ay).
In general there are then two ways of trying to “compute” D, (a).

Method 1: If [ = (a4, ..., ay), we aim to describe the D, (a;) in terms of a ring
Aj = AlTjligs / (ai — Tijaz)iz,

the initial A-algebra where each a; for i # j is a specified multiple of a;. We want a unique multipler.
The issue is that the a; may be a zero divisor in this quotient ring (even if A is a domain). To fix
this, we kill all aj-power torsion: A;/(a3°-torsion). (Beware it is not enough to kill a;-torsion, since
there could be a?—torsion which gives rise to nonzero a;-torsion in the quotient by the a;-torsion.
For instance, the quotient of the ring R = Z/(27) by its 3-torsion ideal 9R is Z/(9) in which there
is nonzero 3-torsion.)

This quotient is precisely A[l aj_l], since they satisfy the same initial property among A-algebras
(initial on the ring side expresses finality on the scheme side). The description as such a quotient

of A; is related to the classical description of the blowup, which we’ll discuss tomorrow. How does
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one compute this aj°-torsion concretely? It can be pretty difficult in general, and the difficulty of
that computation is one way of expressing the difficulty of computing the schematic closure in the
classical description of blow-ups (to be seen a bit later below).

Method 2: We claim that (@nzo I”)al = A[la™'], where a; := a € I is viewed in degree 1
(hence the subscript ;).

Proof. We have (EBn>0 1 ”) C (@n>0 A) = A[T)(ar), and this is the A-subalgebra generated by
= al = al

degree-0 fractions b/a” for b € I". But any such b is a finite A-linear combination of products of r

elements of I, so this A-subalgebra of A, is generated by the fractions a’/a for a’ € I. This in turn

is exactly how we defined A[la™!]. O

In the A-scheme B = Proj (@nzo 1 ”), the preceding description provides open subschemes
D, (a) = Spec(A[la™]) for a € I (viewed in degree 1 for the N-graded A-algebra é,51"), and
these are certainly a cover (since @,5¢ 1" is generated by its degree-1 part I over its degree-0 part

A). Moreover, their overlaps are the same as in the gluing Bl;A. This shows:

THEOREM A.2.1. Bl;(A) = Proj(P,>¢ I").

This Proj description is the definition of the blow-up in [Har77, Ch.II, §7] (and in other refer-
ences). It is efficient, but quite unmotivated as an initial definition. The approach we have taken
hopefully provides a more concrete understand of why this Proj construction has the desired finality
property for the blow-up. Next time we will globalize beyond the case of affine X and discuss some
properties and work out some calculations with the “affine chart” perspective developed above.

Here is a nice application of the Proj description:

ExXAMPLE A.2.2. In the case I = (aj, ..., a,,), we have a closed immersion Bl;A < P3~! over
A via the surjection of N-graded A-algebras A[Ty,...,T,,] = @,5¢ " given by T; — (a;);.

By definition 7 : Blz(X) — X is a relative Proj, namely Proj(.#) for the N-graded quasi-
coherent Ox-algebra % = @,,5¢ F" for the quasi-coherent ideal .# C Ox of Z C X. The compat-
ibility of relative Proj with any base change thereby gives an explicit description of the exceptional
divisor E = 7= 1(Z):

E = Proj((Ox/9) @0, (B #™)) = Proj( £/ 5"H1).

n>0 n>0

In the special case that X is smooth over a field £ and Z is also smooth over k, this takes on a

more concrete form, as we now explain.

LEMMA A.2.3. If X is smooth over a field £ and Z is smooth over k£ as well then the natural
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map

S(I)5%) = @ o) I

n>0
between graded Oz-algebras arising from the universal property of symmetric algebras and the

identity map on .#/.#% in degree 1 is an isomorphism. Moreover, .#/.#2 is a vector bundle

over O.

Proof. We may and do extend scalars to arrange that k is algebraically closed (so all closed points
are k-rational). The problem is Zariski-local on X, so we can assume X = Spec(A) is affine. Let
I C A be the ideal of Z, so by hypothesis both A and A/I are regular. Our aim is to show that the

natural map
Sy - @r/rmt
n>0
of A/I-algebras is an isomorphism, which is to say that f, : S"(I/I?) — I"/I"*! is an isomorphism
for all n > 2 (the cases n = 0,1 are trivial), and that I/I? is locally free as an A/I-module (or
equivalently by the noetherian property: it has free stalks at maximal ideals). The map is easily
seen to be surjective, but injectivity is rather less clear.

We are now going to carry out an algebraic analogue of the method of passing to “local coor-
dinates” in differential geometry to reduce to a concrete situation where one can compute things.
This rests on the technique of completion for noetherian rings along ideals, which is developed in
[Mat, §8], especially Theorem 8.8 there.

It suffices to check after localizing at each maximal ideal m of A/I. For both the freeness
(equivalently flatness) of (I/I?)y) over (A/I), and the isomorphism property of (f,)m between
finitely generated (A/I)y-modules, it suffices to check tafter faithfully flat base change to the
completion of this local noetherian ring.

That completion is R/J where R = A}, is regular and J = IR is an ideal of R for which R/.J
is also regular. The induced map of R-modules in degree n is S™(J/J?) — J"/J"*1. Since R is a
complete regular local noetherian k-algebra with residue field k, we have R ~ k[t;, ..., t4] is a formal
power series ring over k. Indeed, by regularity the maximal ideal has a set of d generators where
d = dim R, so that defines a local k-algebra map k[ty,... 7td](t1,...,td) — R, and by completeness
of the target this factors through the completion as a local k-algebra map k[t,...,ts] — R. By
completeness and separatedness of the target and completeness of the source, this is surjective due
to a successive approximation argument (check, building up from the isomorphism property modulo
squares of the maximal ideals). But both source and target are domains with the same dimension
d, so the prime kernel ideal must be (0).)

The regular quotient R/.J is also a formal power series ring, and we can arrange the choice of ¢;’s
(which lifted any basis of m/m?) so that the first m of them map to formal variables for a power series
description of R/.J. By surjectivity we can then easily change the other ¢;’s so they are all killed
by the map, which is to say J = (t;41, - -,tq). But now the map of interest S™(.J/J?) — J"/J"+1

158



Math 245A Notes Stanford University

over R/J = k[ti,...,ty] is obtained by passing to completion at the origin on the analogous map
for the usual polynomial ring k[tq, ..., t4] and its ideal (¢,,11,...,tq). In other words, by completion
of a situation with abstract smooth k-schemes we have reduced our task to the special case of affine
space and a linear subspace defined by the vanishing of some standard coordinates.

To summarize, we have reduced the general problem to the special case X = A¢ (ie., A =

Elt,...,tq]) and Z = {typs1 = -+ = tq = 0} = A} (i.e., I = (tmy1,...,tq)). In this case by
inspection /12 as a module over A/I ~ k[ty,...,t,] is free of rank d — m, with basis t,, 11, ..., t4.
Thus, S™(I1/I?) is also a free A/I-module, with basis given by monomials of degree n in t,, 11, ..., t4.

But it is clear by inspection that I"/I"*! is not only spanned over A/I by those monomials but is

even freely spanned, since the subring k[tq,. .., t,] of A maps isomorphically onto A/I. ]
By definition P(&’) := Proj(S(&)), so we immediately obtain:

ProrosiTion A.2.4. If X is smooth over a field k£ with dimension d and Z is also smooth over
k with dimension m < d then the exceptional divisor of Blz(X) — X is a P4~ L-bundle over
Z given by P(.#/.#%), with .# /.42 a vector bundle over Z with rank d — m.

ExamMpPLE A.2.5. Let’s work out explicitly the most classical case of all: the blow-up of A} at
the origin. In effect, we will show that our definition of blow-up recovers the ad-hoc definition
given near the end of [Har77, Ch.I, §4]. Since the ideal I C kl[t1,...,t,] for the origin is
(t1,...,t,), which has n generators, we have seen via Example A.2.2 that Bly(A}) is a closed
subscheme of PZ[;ll,...,tn} = A? x; P! In [Har77, Ch.I, §4] the blow-up at the origin is
defined by the system of homogenous linear equations over kl[ti,...,t,] given by t;z; = t;z; for
i # j where x1,...,x, are the homogeneous coordinates on P} ~!. So we will show that closed
subscheme is exactly Blp(A}) as such a closed subscheme.

By design, inside the chart
Dy(w:) = Ajgy! oy = Spec(klty, . tallon fai, . e f2i))

of projective (n — 1)-space, the closed subscheme for the blow-up is given by first imposing
the relations t; = (z;/x;)t; for j # i (as z;/x; for j # i are the standard coordinates on the
affine (n — 1)-space D, (x;) over the base ring klty, ..., t,]) and then killing all ¢°-torsion. The
relations t; = (z;/x;)t; for j # i are exactly the x;-dehomogenization of the relations t;x; = t;z;,
so it remains to check that upon imposing these dehomogenized relations the element ¢; is not
a zero-divisor (so there is no nonzero t°-torsion to kill).

In other words, we want to show that ¢; isn’t a zero-divisor in the ring

k[tl, c. ,tn,l'l/l'i, e ,ZL’n/[L'l]/(t] — ($]/$l)tl)]¢l

159



Math 245A Notes Stanford University

As a quotient of the polynomial ring, the imposed relations make the ¢,’s disappear for j # i,
leaving us with k[t;, x1/x;, ..., x,/x;] that is visibly a domain in which ¢; is nonzero, so indeed

it isn’t a zero-divisor in this ring.

§A.3 Strict transform

Let X be a scheme, Z C X a closed subscheme with associated quasi-coherent ideal sheaf .#,
7 : X = Bly(X) — X the corresponding blow-up, and Z' := 7 4(Z) = Z xx X C X the
exceptional divisor (i.e., the closed subscheme corresponding to the invertible ideal .# - O on X
via the universal property of blow-up). The restriction 7 : X-7 -U:=X-Zisan isomorphism
(since .#|y = Oy is trivially invertible). In this way we view U as an open subscheme of X whose

complement is defined by an invertible ideal. The inclusion j : U — X is quasi-compact due to:

Leviva A3l Let j : V — Y be an open immersion of schemes whose complement is the
zero locus of a quasi-coherent ideal of finte type (as is automatic when Y is locally noetherian).

Then 7 is quasi-compact.

Proof. The task is local on Y, so we can assume Y = Spec(A) is affine. Our task then reduces to
showing that V is quasi-compact. The complement of V' in Y is defined by a quasi-coherent ideal
of finite type, and such an ideal has the form I for an ideal I C A that is finitely generated. If
{ai,...,an} is a finite generating set for I then the open complement V' of Spec(A/I) in Spec(A) =
Y is covered by the open subsets Spec(4,,) for 1 < j < m. Hence, V is covered by finitely many
affine open subschemes, so V' is quasi-compact. O

Since j : U — X is quasi-compact, it has a meaningful scheme-theoretic image whose underlying
space is the topological closure of U in X and whose corresponding quasi-coherent ideal sheaf is
ker(O5 — j.(Op)). But this kernel vanishes, since over open affines on X where the invertible ideal
of the exceptional divisor is free of rank 1 the map j is Spec(R,) — Spec(R) for r € R that isn’t a
zero-divisor, and then ker(R — R,) = 0.

DEFINITION A.3.2. For a closed subscheme Y in X the strict transform Y of Y in X (relative
to Z) is defined to be Bls.o, (Y) = Bl si.0)/.9 (Y) = Blzay (V).

In the (uninteresting) case |Y'| C |Z| as underlying topological spaces inside | X |, the ideal .# - Oy
consists of locally nilpotent sections, so the blow-up along this is empty (as the only way an ideal of
nilpotent elements can be invertible is if one is in the zero ring). Our definition of “strict transform”
is not the usual definition of such terminology; in Lemma A.3.3 we will prove the equivalence with
another construction that is the usual definition.

The first key point is that the canonical map ¥ — X over Y — X (from functoriality of
Blz(X) in the pair (X, Z) as described more broadly in the diagram (A.4.1) early in Section A.4)
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is a closed immersion. Indeed, it suffices to check this over an open affine covering of X, and
if X = Spec(A) is affine then Z = Spec(A/I) and Y = Spec(A/J) for ideals I and J in A,
soY = Blyass)(Spec(A/J)) = Bl (Spec(A/J)) = Blynz(Y). The natural map Y — X is
(check!) induced by Proj “functoriality” applied to the map of graded A-algebras

DI — P+ )" =PU +J)/J

n>0 n>0 n>0

that is surjective by inspection. This establishes that ¥ — X is a closed immersion.
We have shown that the strict transform of Y in X (relative to Z) is a closed subscheme of
Blz(X). Here is a description of this closed subscheme in a more direct manner (which is the usual

definition of “strict transform”).

Levma A.3.3. Let X be a scheme, Y and Z closed subschemes of X, and U = X — Z the open
complement of Z in X. We view Y N U as a closed subscheme of U, which in turn is an open
subscheme of X = Bly(X). The immersion j : Y N U — X is quasi-compact (even affine) and

its scheme-theoretic closure in X is the closed subscheme Y := Blyqy (V).

In the special case that Y N U is empty, which is to say |Y| C |Z|, this recovers the earlier
observation that Blyz(Y') is empty when |Y| C |Z].

Proof. This can be checked locally on X, so we may assume X = Spec(A4), Z = Spec(A/I),
Y = Spec(A/J), so X = Blz(X). The scheme Y — (ZNY) =Y NU is is covered by open affines of
the form Spec((A/J),), with a € I. For a € I, we let Y, = Spec((A/J),) and X, = Spec(A[la™]).
We have a canonical map

Y, > X, — X

(since Y, C U C X and the ideal I contains a which becomes a unit on Y,, with X, representing
the condition that a freely generates 1O05).

Let’s show j71(X,) = Y, (so j is affine). We compute that for any o’ € I, j7'(X,) NY, ~
Yo xx,, (Xo N X,) is exactly

Spec((A/J)a @ arar1) Al Jajar) = Spec(((A/J)a)asar) = Spec((A/T)aur).

This is exactly the open subscheme Y, NY, inside of Y NU. Since Y N U is covered by the open
subschemes Y, for a’ € I, taking the union over all a’ € I yields j7!(X,) = Y, as desired.

The kernel of Of — j.(Oyny) over X, is exactly the quasi-coherent sheaf associated to the
kernel of A[la™'] — (A/J)q = A/ J,. Since this kernel is just J, N A[Ia™!] (intersection inside A,),
we just need to show that it agrees with the kernel of A[Ia™'] — (A/J)[(I+J)/J)a"!]. The target
ring is a subring of (A/J), = As/Ja, so we're done. O
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§A.4 Functoriality and base change for blow-ups

For a map of schemes f : X’ — X and the closed subscheme 7' := f~1(Z) = Z xx X' — X/,

consider the blow-ups
7 X' =Bly(X') - X', 7:X =BIlyX) = X.

By design, the closed subschemes E' := 7'~ '(Z') € X’ and E := 7~'(Z) C X are Cartier (the “ex-
ceptional divisor” for each blow-up). In particular, since 2’ = f~1(Z),sox’ "(Z2") = ' (f(Z)) =

(f on’)"1(Z), we see that under the composite map
for : X' X =X

the pullback of Z < X is Cartier. Hence, by the universality property (really the finality) of

7: X — X there is a unique map f X X fitting into a commutative diagram

x-1.x (A.4.1)

,H
XfX

and by commutativity

FUB) = f'x M 2) = (no /)y M 2) = (for) (2)=n"'(f 1 (2) =7 (Z) = E.
In particular, the commutativity defines an X’-morphism
h - Y/ — X’ X x y

satisfying h ' (X' xx E) = h'(pr7 (E)) = (pr, o h)"Y(E) = f(E) = E.

It is natural to ask when A is an isomorphism, in which case we may say that the formation
of the blow-up Blz(X) commutes with base change along f. When f is an open immersion then h
is an isomorphism; this expresses the evident fact from the construction that the formation of the

blow-up is Zariski-local on X. A generalization of an open immersion is a flat map:

PROPOSITION A4.1. If f : X’ — X is flat then h : X’ — X’ xx X is an isomorphism. In

general, for arbitrary f, h is a closed immersion.
Proof. The problem is Zariski-local on X and then on X’, so we may assume each is affine: X =
Spec A and X’ = Spec A" (so A’ is an A-algebra), with Z corresponding to an ideal I C A and Z’

corresponding to the ideal I” = JA" C A'. the evident ring map ¢ : S = @,50 " = B0 " =5’
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over A — A’ makes ¢(S,) generate S’ over S| = A’ since I’ = I A, so the “functoriality” of Proj

yields an everywhere-defined morphism
X' = Proj(S') — Proj(S) = X

over Spec(A’) — Spec(A). By the uniqueness of f, this map of Proj’s must be f. Hence, since
X' xx X = Proj(4 ®, (B,>01")) = Proj(@,>(A"®4 1)), h is likewise the map of Proj’s induced
by the map of graded A’-algebras

@(A, ®a ™) — @ .

n>0 n>0
But this map of graded rings is surjective since A’ ® 4 [ — I A" = I’ is surjective, so the associated
map h between their Proj’s is a closed immersion.

It remains to show that h is an isomorphsm when f is flat, and for that purpose it suffices to
show the map of graded A’-algebras giving rise to h is an isomorphism when A’ is A-flat. Since
I'" = I"A’, we just need to show that for any ideal J C A, if A’ is A-flat then the natural map
A" ®4J — JA' is an isomorphism. This latter map is certainly surjective, and for injectivity it
suffices to analyze it after composing with the inclusion of JA’ into A’. But that composite map is

the result of applying the ezact functor A’ ®4 (-) to the A-linear injection of J into A, so we are
done. O

§A.5 Forcing disjointness via blow-ups

For a blow-up ¢ : X = Blys(X) — X and a section s of .# over an open subscheme W C X, we
define U(s) to be the open subscheme of ¢~'(W) over which ¢*(s), viewed as a section of .# - O,
is a local generator. (If W = X = Spec(A) is affine, so .# = I for an ideal I C A, then U(s)
corresponds to what is called D, (s) in the construction of blow-ups in the affine case for an element
s € 1.) We will sometimes abuse notation and speak of s, rather than ¢*(s), as a section of .# - O
when there is no possibility of confusion.
Let .# and %, be two quasi-coherent ideal sheaves on X and let X; = Bl #,(X). We now build
a natural commutative diagram
Xpp — X, (A.5.1)

N

X2*>X

in which X;o = Bly, 4 (X). First observe that X, is covered by opens U(sysg) for s; and sy
respective sections of .# and %, over a common open W in X. On U(s;sz), neither s; nor s; is a
zero divisor. For any section t; of .#; over W, tyss is a section of .#;.%; - (9)?12 over U(s182) and so
t152 is a multiple of sys, here. Thus, ¢; is a multiple of s1, 50 71|y (s,5,) has s1 as a basis. In this
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way, we see that % - O %is is invertible on X 12, and likewise with %, replacing .#;.

The existence of (A.5.1) then follows from the universal property of blow-ups, and the map
X9 — )A(/j carries U(s1s2) into U(s;). Moreover, the resulting natural map from X5 to the blow-up
of X, along .% - Oy, carries U(s1sz) into (U(s1))(s2), and for W = Spec(A) C X the U(s;)-map
U(s152) — (U(s1))(s2) corresponds to the A-algebra map (A[I; ' s1])[l2s5 "] — A[I115(s152) 7] that
is an isomorphism by inspection (equality inside A;,,). Since the U(sys3)’s (resp. the (U(s1))(s2)’s)
cover Xy, (resp. Bl srOg, (X1)) as we vary W and s, s, by using the known gluing data on such
opens we thereby see that the natural map X9 — Bl IrO%, (Yl) is an isomorphism. Likewise, X9
is identified with the blow-up of X, along .# - O .

In particular, by induction there are unique X-isomorphisms Bl s« (X) ~ Bl ,(X) for all n > 1;
these isomorphisms are induced by applying relative Proj to the obvious explicit map on the level

of quasi-coherent graded Ox-algebras.

PROPOSITION A.5.1. For closed subschemes Y and Z in a scheme X, the strict transform Y
of Y in X = Blynz(X) lies inside of the union of the U(s)’s as s ranges through all sections of
5 over all opens.

Moreover, if Y3, ..., Y, are closed subschemes of X then the strict transforms Y; in Blay, (X)
satisfy NY; = 0.

Proof. We may assume X = Spec(A) is affine. For the first claim, let J = I'(X, .#z) and [ =
['(X,.%). Clearly X is covered by U(s) for s € IU.J (as this union generates I +.J), so it is enough
to show that for s € I, U(s) is disjoint from the strict transform ¥ = ‘7(\1/) (as then Y is covered by
the other U(s)’s, namely for s € J). In terms of commutative algebra, the overlap of the A,-scheme
U(s) = Spec(A[(I + J)s™1]) and the A-scheme ‘//\(I/) in X is the affine scheme attached to the ring

AT+ J)s7 /(I A[(T+ J)s™H),

with intersection I, N A[(I + J)s™!] taken inside of A,. But 1 € I, N A[(I + J)s™ '] since s € I, so
the overlap is empty.

For the second claim, let I; = I'(X, #,), so since Sy, = > Fy, we have that the U(s)’s for
s € UI; cover X = Blry, (X). It therefore suffices to show that for s € I; the open set U(s) is
disjoint from \//(\I_S (as then anything in every \//?fj/) is outside of U(s) for all s € UI;, yet such
U(s)’s cover X and so there are no points in every 171) This goes exactly as in the preceding

calculation, setting I = Iy and J=Ilo+---+ 1, (so J =0if n=1). O
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Appendix B

Iterated Genericity

§B.1 Introduction

In the proof of Lemma 6.2.1, there is a genericity property whose proof deJong omits from his paper
and which is essential for getting a smooth and geometrically connected fiber in the normal case.
We first have to review the basic setup. Let X be d-dimensional closed subvariety in some projective
space P with 1 < d < N (over an algebraically closed base field k), and let Z C X be a reduced
closed subscheme with pure dimension d — 1. We form a finite map 7 : X — P¢ by composition
of N — d linear projections away from points, and it is arranged to be generically étale with 7|z
birational onto its image. Explicitly, 7 = 7, is projection away from an (N — d — 1)-plane L C P¥
disjoint from X, where L is the projective span of independent k-points {ps,...,pn_q} Where p; is
generic in P¥, py lifts a generic choice of k-point in the hyperplane target of projection away from
p1, etc. (We will prove below that L’s arising in this way are generic in the Grassmann variety of
(N —d — 1)-planes in P¥; this is not a tautology, even though each p; is chosen generically within
a projective space depending on the previous p;’s!)

Geometrically, if L' is a fixed d-plane in PV disjoint from the (N — d — 1)-plane L then the
projection PV — L — [/ away from L sends a k-point z (such as z € X)) to the unique point where L'
meets the (N — d)-plane spanned by L and z. In coordinate-free and choice-free language (avoiding
the non-canonical L'), if PY = P(V) := Proj(Sym(V)) for an (N + 1)-dimensional vector space V/
then L = P(V/W) for a (d 4 1)-dimensional subspace W and = is the restriction to X of the map
P(V)—P(V/W) — P(W) that carries the homothety class of a nonzero linear form ¢ € V" not
vanishing in W (that is, not in (V/W)Y) to the homothety class of its nonzero restriction £|y,. This
coordinate-free and choice-free description admits a functorial description over k-schemes (justifying
algebraicity without needing to use coordinates), and this viewpoint will be required below when
we work in a relative situation over some Grassmannians.

[We are using the contravariant Grothendieck convention for projective bundles and Grass-
mannians, so for example the projective space P(V') classifies families of hyperplanes in V', or
equivalently isomorphism classes of families of 1-dimensional quotients of V. This is “dual” to the
classical covariant viewpoint, but Grothendieck’s version is more convenient when working over
base schemes as we shall have to do below. A very nice introduction to his perspective on these
matters, as well as to the functorial picture and construction of Grassmannians and flag schemes
in general, is Grothendieck’s elegant write-up in the complex-analytic category in [Gro60, Exp. 12].
The arguments there carry over to the case of schemes verbatim.|

Having made the finite (necessarily surjective) map 7 : X — P? we then chose a generic k-

point p € P? — 7(Z) such that 7 is étale over an open neighborhood of p and the finite projection
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pr, : 7(Z) = P91 to the “hyperplane” of lines through p is generically étale. In coordinate-free
language, if PY = P(V) and L = P(V/W) then 7 has target P(W) and the point p € P(W) is
P(W/W;) for a unique d-dimensional hyperplane Wy C W. The projection pr, has target given by
the projective (d — 1)-space P(W;). We introduced the incidence scheme

X' ={(z,0) e X xPWy) |z er () =¢Nn X}

(points of P(W,) = P41 are identified with lines ¢ in P(W) = P through p), and we considered
the projection
f: X = P(W,) =P

For a point £ in the target (considered as a line through p in P(W) = P%), the scheme-theoretic
fiber f~1({¢}) over the “point” ¢ € P(W;) is the same as the scheme-theoretic preimage 7 !(¢) of
the line £ C P(W) under the finite surjection 7 : X — P(W) = P Let H C P(V) = P¥ be the
(N —d+1)-plane that is the closure of the subvariety of homothety classes of linear forms on V' with
a specified nonzero restriction to Wy (corresponding to ¢ as a point of P(W})), or more geometrically
let H be the projective span the independent points py,...,py_q and two points lifting a pair of
independent points on the line £ C P? The scheme-theoretic fiber f~1({¢}) = 71({) is precisely
the linear slice X N H.

The question is this: as we vary through the permissible choices of (N — d — 1)-plane L =
P(V/W), and then choices of the point p = P(W/W}) in the projective space P(W) (which depends
on L = P(V/W) c P(V)), are the resulting (N — d + 1)-planes H generic? That is, does this
collection of H's at least exhaust some non-empty open set in the associated Grassmannian Grg(V)
of codimension-d subspaces in V' (i.e., codimension-(d+ 1) planes in P(V))? We need an affirmative
answer because the Bertini theorem ensures that, with respect to the Zariski topology in Grg(V),
a generic (N — d + 1)-plane H has scheme-theoretic intersection X N H that is a smooth and
(geometrically) irreducible curve.

Intuitively, it must be the case that as we generically vary L = P(V/W) and then vary the point
p=P(W/Wy) € P(W) subject to the various “generic” restrictions imposed upon it (namely, it lies
outside of 7. (Z) C P(W), the projection pr, : 7.(Z) — P(W)) is generically étale, and 7, is étale
over an open neighborhood of p), the resulting (N — d+ 1)-planes H € P(V') “spanned” by L and a
generic choice of line in P(W) through p should at least exhaust a non-empty open set in Gry(V).
If you reflect on the matter, you’ll see that there is something to be proved here because we have
iterated genericity conditions: the conditions on the point p that lies in the projective space P (V)
which depends on L, and the way that L was built up through iterated generic choices of k-points
with each depending on the preceding generic choice. In the end we wish to sweep out at least a
dense open locus in the Grassmannian Gry(V') of H’s in P(V).

It is probably the case that if you make artful non-canonical choices of planes in PV to realize

all projective spaces inside P" then you can see the desired genericity by working entirely within
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PV . However, at least for me the clearest way to do this rigorously is to avoid non-canonical choices
and work directly with universal bundles over suitable Grassmannians. This is the approach that

we shall take below.

§B.2  Genericity of L

As a first step toward genercity of H’s, we want to show that the L’s obtained in the initial part of
the construction exhaust a Zariski-open locus in the variety Grgy1(V') of codimension (d+ 1)-planes
in the (IV + 1)-dimensional vector space V' (which is to say, codimension-d planes in P(V')). That
is, although we built our L in successive stages, what matters for our purposes is to have a dense
open locus of such L’s. For any codimension-d plane L = P(V/W) C P(V) disjoint from X such
that the projection P(V) — L — P(W) has (necessarily finite and) generically étale restriction 7,
to X, by choosing N — d independent points py,...,pn_q in L we can realize 7, as a successive

composite of projections away from the p;’s. Hence, it is equivalent to prove:

TueoreM B.2.1. Let k be a field and V' an (/N +1)-dimensional k-vector space. Let X C P(V)
be a generically smooth closed subscheme with pure dimension d < N. Let G = Grgy1(V) be
the Grassmann variety of codimension-d planes in P(V'). The locus of “points” L = P(V/W) €
G such that L is disjoint from X and 7 : X — P(W) is generically étale is dense and open.

In the final statement of the theorem it has to be understood that we are working with arbitrary
field-valued points of the Grassmannian (not just k-points), and we are engaging in the usual abuse
of notation by not explicitly writing in the base change to the field in which the point takes its
values. (Of course, it is equivalent to work with points taking values in a fixed algebraically closed

extension of k.)

Proof. We already know that this locus has a geometric point (and in fact has lots of geometric
points). Since G is irreducible, the problem is therefore just to prove that this locus is open.
By definition, G classifies isomorphism classes of quotient bundles of Vg := V ®; Og with rank
(N 4+ 1) — (d + 1), which is to say subbundles of Vg with rank d + 1 (for varying k-schemes S). In
particular, there is a universal subbundle & — Vg of rank d+ 1 over G, and so we get a “universal”
(N —d — 1)-plane P(Vg/&) — P(Vg) = P(V) x; G over G. Consider the associated “universal
projection” morphism

7:P(Vg) —P(Vg/&) = P(&)

over G that is functorially defined as follows: to a rank-(d + 1) subbundle .# C Vs and hyperplane
bundle .7 C Vg fiberwise not containing .% (so .# corresponds to a k-map Phi : S — G and 7
corresponds to a G-map S — P(Vg)) we associate the hyperplane bundle s N .# C #. Over a
geometric point Spec K — G corresponding to a (d + 1)-dimensional subspace W C Vi =V ®; K,
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the pullback of 7 is the usual projection P(Vy) — P(Vi /W) — P(W) as considered earlier (given
by restriction of homothety classes of linear functionals).

On geometric points, consider the condition on G that a codimension-d plane P(W) is disjoint
from X. This is a dense open condition (stronger than merely containing a dense open set). Indeed,
the overlap Xg N P(Vg/&) of closed subschemes in P(Vg) = P(V) X, G has closed image in G
by properness of projective bundles, and this closed set is not all of G because Bertini’s theorem
provides (many) codimension-(d + 1) planes in P(V) that do not meet the pure d-dimensional
closed subscheme X C P(V). The complement of this closed set is a dense open G C G, and it is
precisely the locus of interest. All we have done is obtain an openness aspect in a Bertini theorem.

Now over G we have the inclusion Xgo C P(Vgo) — P(Vgo/&|go), and so by restriction of

we arrive at the “universal” 7p:
™ Xgo — P(&go) = P(&)go;

as we vary through geometric points of G, this map gives precisely the projections 7, from X away

from codimension-(d + 1) planes in P(V') that do not touch X. Since all maps 7, are finite, the

univ univ

map 7 is finite on fibers over geometric points of G%, so 7"V is quasi-finite. It is also a G%-map

univ

between proper G°-schemes, so it is proper. Hence, 7 is a finite map.

Letting X*™ be the dense open k-smooth locus of X, the quasi-finite restriction 7° : X3% —
P(&)go of YV between flat G°-schemes of finite type is fiberwise quasi-finite between smooth
algebraic schemes of the same pure dimension. By the miracle flatness theorem (23.1 in Matsumura’s
CRT) such fibral restrictions are therefore flat, and so by the fibral flatness criterion it follows that
the restriction of 7" to X% is flat. Hence, the open étale locus U of 7¥ meets each fiber over

xsm. I claim that there is a dense open in the

a geometric point L € G° in the étale locus of 7,
irreducible G° over which U is fiberwise dense, and so this would provide a dense open locus of L’s
for which 7, is generically étale on X.

It is harmless (check!) to make a finite extension on k, so we may assume that the connected
components of X are geometrically connected (and so geometrically irreducible). In this case, if
{X ]Sm} is the set of such components then the problem is to find a non-empty open U; C G® over
which the open set U N (X5™)go meets all (irreducible!) fibers of (X;™)go. Indeed, such Uj’s in
the irreducible G° must be dense and so they would have a common non-empty overlap that is the
desired dense open locus of L’s in G? over which U is fiberwise dense. To find the Uj’s, first use the
definition of G and deJong’s 2.11 to find geometric points L of G° for which 7,

étale. Thus,U N (st-m)Go is a non-empty open set and hence its image under the smooth projection

xsm is generically
J

(X5™)go — G is a non-empty open set U; that does the job. O

To summarize, we have proved that in the Grassmannian G, the condition on a geometric point
L=P(V/W) that LN X = ( and 7, : X — P(WW) is generically étale is a dense open set. (This

is stronger than just saying it contains a dense open set.) It remains to show that the further
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requirement that 7, carries Z birationally onto its image in P(V') is a generic condition. Consider

the universal case (using notation as in the previous proof)
Ty =1V 5 1 Zgo — P(&]go).

This map is certain finite (as it is proper and has finite restriction to geometric fibers over GY), and
we seek a dense open locus in G° over which it is birational onto its image on (geometric) fibers.

Consider the natural map of sheaves Opg),) = TH2" (O, ). Since 74" is finite (hence affine),
the formation of this map of sheaves commutes with any base change on P(&|go), so it commutes
with any base change on G°. Thus, the formation of the open locus U C P(&|go) over which this
sheaf map is surjective (use Nakayama for openness) is compatible with any base change on G°.
Now by deJong’s 2.11 and the definition of G, there exists a geometric point L € G°(k) such that
the open L-fiber U, C P(&|L) contains a dense open in 7 (Z), or equivalently (by finiteness of 7,
and equidimensionality of Z) that the open (73"V)~!1(U) C Zgo is dense in the L-fiber. We seek a
non-empty open in the irreducible G° over which (73")~!(U) is dense in all fibers of Zgo — G°.

Let {Z;} be the (reduced) irreducible components of the equidimensional Z over the algebraically
closed field &, so by flatness of (Z;)go — G the restriction (74")~1(U) N (Z;)qo — G° to an open
subset is also flat. This map is therefore open, but its image hits the geometric point L mentioned
above and so its image is a nonempty open set. By varying j we get finitely many nonempty open
sets in the irreducible G°, so they meet in a common dense open over which we have the desired
fibral density in fibers of Zgo — GO.

This completes the proof that for a generic (N — d + 1)-plane L = P(V/W) in P(V) = PV we
have LNX = 0, 7z, : X — P(W) = P%is generically étale, and the restriction 7, : Z — P(W) = P4
is birational onto its image. In fact, the above proof gives a stronger property than genericity that
will be essential in what follows: this collection of conditions on L is an open condition. The only
aspect of such openness that has not been explained above is the generically étale property for 7,
(given L N X = @; that is, L € G°). But the finite 77, is generically flat for any L disjoint from
X, so generic étaleness is equivalent to generic unramifiedness. This latter condition is precisely
the generic vanishing of the coherent sheaf Q% /pw): and since X is (geometrically) irreducible it
is equivalent that such vanishing occur somewhere on X. By Nakayama, it is equivalent to have a
vanishing fiber at some point of X, and so by compatibility of formation of Q! with respect to base
change on the target we get the desired openness of this condition on L via Nakayama’s Lemma.

univ

(Form the open set in Xgo where its Q' with respect to 7" vanishes, and use the open image of
this under the flat map Xgo — GO.)

To summarize: not only have we proved the genericity of L in the Grassmannian G = Grgy1(V),
but we have shown that the conditions of interest on the codimension-d plane L in P(V') cut out

exactly an open set G’ C G.
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§B.3  Genericity of H

Consider a codimension-d plane L = P(V/W) C P(V) satisfying the preceding conditions. For
each such L, consider points p = P(W/Wy) € P(W) — m(Z) such that (i) the finite generically
étale map 7 : X — P(W) is étale over an open neighborhood of p (that is, p lies outside of the
closed set given by the 7 -image of the closed non-étale locus of 7y, in the irreducible X)), and (ii)
the finite restriction pr, : 7.(Z) — P (W) is generically étale. To p we associate the codimension-
(d —1) plane H = P(V/W,) in P(V), and we want to prove that as we vary through all possible
L =P(V/W) as above and the allowed p € P(W), the resulting subspaces H = P(V/W;) in P(V)
sweep out at least a dense open in the corresponding Grassmannian G for V.

Consider the flag variety F classifying pairs Wy C W consisting of a (d+1)-dimensional subspace
W C V and a hyperplane W, in W. This is a smooth projective variety, and it is equipped with
two natural forgetful maps ' — G and F — G givens by (Wo, W) — Wy and (Wy, W) — W
respectively. Under the surjection F' — G between irreducible varieties, the image of any nonempty
open set contains a dense open. (In fact, this map is smooth, so the image of an open is open.)
It is therefore sufficient to prove genericity in F' for the set of pairs (W, W) as above over a
nonempty open set in G. We shall of course consider the part of F' lying over the dense open
G’ C G consisting of precisely the subspaces L = P(V/W) as above. Recall again the conditions on
p=P(W/Wy): if B, C X denotes the closed nowhere dense non-étale locus (“branch scheme”) for
the finite generically étale projection 7y, : X — P(W), then we want p to lie in L — 7, (Z U By) and
that pr, : 7. (Z) — P(Wp) = P! is generically étale. Note that since the finite 7| is generically
étale (it is even birational, by the conditions on L), the hypothesis on pr, is equivalent to requiring
that pr, o7y, : Z — P(Wp) is generically étale.

Aside from the condition that p = P(W/W}) not lie in 7y (By), the other requirements on
(Wo, W) € F over the dense open G’ C G are that it lies in the part of F sitting over the dense
open G’ C G defined with respect to Z exactly as the dense open G’ C G was defined with
respect to X. (The openness of G’ requires a moment’s reflection, since Z is reducible whereas X
is irreducible. We were careful in Theorem B.2.1 to not impose irreducibility hypotheses so that it
would carry over to Z in the present setting. For the other aspects it is straightforward to allow
reducibility without losing openness or density.) It remains to check genericity in F' for the locus
cut out by the condition that p = P(W/W,) & 7 (Br) with L = P(V/W) € G'. This locus is not
empty because we have exhibited such L and p at the outset (the definitions of G’ and G’ did not

7

involve ambiguous “genericity” restrictions!). It is therefore enough to prove abstractly that this

locus is open in F'.
Let F° C F be the open preimage of G’ C G, so the finite map

Wlu;sr(l)iv : XFO — P(Vpo/gp())
over F” has open étale locus that is dense in all fibers over F°. The closed complement of this open
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set has closed image in P(Vyo/&ro), so the desired openness result follows from the rather general:

LeEvMMA B.3.1. Let 9" C ¢ be a hyperplane bundle in a vector bundle ¢ over a scheme S, and
let T'C P(¥) be a closed subscheme. Let j : S = P(¥4/9') — P(¥) be the canonical section.
The condition on S-schemes that the pullback of S not meet the pullback of T is represented

by an open subscheme of S.

Proof. The open locus S — j71(T) does the job. O]
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Appendix C
Hilbert schemes and a ‘“universal” stable marked

curve

§C.1 Background on Hilbert schemes

Let f:Y — S be a proper finitely presented map of schemes. We seek to classify “flat families” of
(finitely presented) closed subschemes. To be precise, consider the contravariant Set-valued functor
Hilby /s on S-schemes that assigns to each S-scheme 7' the set of finitely presented closed subschemes
Z C Yr that are T-flat. (For a closed immersion j : Z < Y7, it is equivalent to say that j is finitely
presented and that Z is finitely presented over T'; this avoids any possible confusion about what it
means to say “Z is finitely presented”. We leave the equivalence of conditions as an exercise; it uses
only that Y7 is finitely presented over T'.)

To be precise about regarding Hilby,g(T') as a set, we observe that Z is determined up to unique
isomorphism by the specification of its finitely presented quasi-coherent ideal sheaf .# C Oy,
subject to the condition that Oy,./.# is T-flat. (Alternatively, a closed subscheme is determined
uniquely up to unique isomorphism by its associated closed subset of Y, and the stalks of its
structure sheaf as quotients of those of Oy, at points of that closed subset.) The assignment
T ~ Hilby/g(7T') is a functor by means of base change: for any 7" — T over S, given any such
j 4 — Yr we get jp @ Zp — Y via base change.

One of Grothendieck’s first significant results on moduli schemes was to prove the representabil-
ity of such Hilbert functors under projectivity conditions on Y over S (the name “Hilbert func-
tor/scheme” due to the role of Hilbert polynomials in the result under projective hypotheses, as we
will see below). A good reference for the material we review below, including a modern existence
proof that incorporates Mumford’s simplifications in Grothendieck’s original proof, is [Nit05, Ch. 5].
(Grothendieck’s original proof in his Bourbaki report is very inspiring reading, but it is tough going
in places since he omits some details that are not so easy for a beginner to fill in.)

What does it mean to say that Hilby/s is representable? Or rather, for an S-scheme 72 what
does it mean to specify an isomorphism of functors £ : Homg(+, 5#) ~ Hilby,s? (That is, not just
to say that J# represents Hilby,g, but how it does so.) Evaluating £ on # and chasing id,» gives
rise to an element of Hilby,s(), which is to say an J7-flat finitely presented closed subscheme
Z CY xgH =: Yy, and by Yoneda-style general nonsense the condition that £ is an isomorphism

says precisely that this Z is universal: for any T'— S and T-flat finitely presented closed subscheme
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j: Z <= Yy, there exists a unique S-map ¢ : T — F such that there is a Cartesian diagram

7=

1

Yr Fr Y.,
We stress that given ¢, « is unique if it exists at all, since @ amounts to an isomorphism 7 ~
YrXixgy,, Z =T X, »2Z as closed subschemes of Yy = T'xgY = T'X, »Y,r, any such isomorphism
being unique if it exists since Z admits no nontrivial automorphism leaving j invariant. This is
the reason that the specification of such ¢ is all that matters (assuming some « exists at all), and
is related to the fact that the objects being classified admit no nontrivial automorphisms (i.e., a
T-automorphism of Z leaving j invariant must be idy); were that not the case then there is no
reasonable way one could expect to have a universal structure Z C Y, classifying everything via

solely the data of maps along the base (such as g above).

REMARK C.1.1. Grothendieck proved a remarkable functorial characterization [EGA, IVj,
8.14.2] for when a map of schemes is locally of finite presentation (though no such criterion
is known for being locally of finite type beyond the locally noetherian case, nor is there any
known functorial criterion for being quasi-compact). This is not logically necessary here, but it
explains why a representing object for the Hilbert functor must be locally of finite presentation
over S if it exists at all.

As we will see, representing objects for Hilbert functors tend to be a countably infinite
disjoint union of clopen subschemes, due to certain discrete invariants not controlled by the
definition of the Hilbert functor (much as when considering line bundles on relative proper

curves one needs to fix the fiberwise degree to cut out a bounded part of the relative Picard

scheme).

To get a handle on the task of representing Hilby,g, Grothendieck chopped this up into more
manageable parts via the crutch of an auxiliary relatively ample line bundle. To be precise, we now
put ourselves in the projective setting: suppose there exists a closed immersion 7 : ¥ — P% and
define . = i*(O(1)). This line bundle .Z is “S-ample” (or “relatively ample”) on Y in any of the

following three senses that are equivalent for any proper finitely presented map ¥ — S:

(i) there exists an open affine cover {U, = Spec(A,)} of S such that 2|y, is ample on the
Aq-proper Yy, for all «;

(ii) for all open affine U = Spec A C Y, the restriction .Z|y, is ample on the A-proper Yy;

(iii) for all s € S, the line bundle .Z; on the k(s)-proper Y; is ample.

The equivalence of (i) and (ii) is elementary, but the equivalence with (iii) lies much deeper and is

remarkable since there are no flatness hypotheses on Y over S (so one cannot access any base-change
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theorems for coherent cohomology, say even if S were locally noetherian); see [EGA, 1V3, 9.6.4] for
this amazing equivalence.

Let’s now retain . and forget about i (which we won’t need): we suppose there is given an
S-ample .Z on Y in the above three equivalent senses (and we do not assume that . is globally
generated by a finite set of global sections, as happens when . arises via pullback of O(1) as
above). To decompose Hilby,g into a disjoint union of “clopen subfunctors” via such an .Z, we
need two results on Euler characteristics. The first is [Mum12, Ch.II, §5, Cor. 1(b)] (proved there

for a locally noetherian base; the general case is reduced to this by some limit techniques):

ToeoreMm C.1.2. Let Z — T be a proper finitely presented map, and .% a finitely presented
quasi-coherent sheaf on Z that is T-flat. Then the function on T defined by ¢t — x(.%;) =
S (—=1)%hi(Z;, F) is locally constant for the Zariski topology. In particular, for varying n € Z

the pairwise disjoint subsets {t € T'| x(%#;) = n} of T are clopen.

This is a striking fact, since the individual terms h'(Z;, %) = dimyy H(Z;, %) are merely
upper semi-continuous as ¢ varies in 7. The next result concerns the Euler characteristic of varying

powers of a fixed line bundle:

ToeoreM C.1.3. If Z is a proper scheme over a field and .Z is an invertible sheaf on Z then
for any coherent sheaf .# on Z the function n — x(F# ® £®") is a polynomial in Q[n] with

degree at most dim Z.

Proof. In the projective case the result is addressed in many textbooks on algebraic geometry. The
general case is deduced from the projective case via Chow’s Lemma, as follows. By Grothendieck’s
Unscrewing Lemma [EGA, II1;, 3.1.2], to show that all coherent .% satisfy the desired conclusion it
suffices to show that for every irreducible closed subset Z’ C Z equipped with the reduced structure
there exists some coherent Oz -module ¢ with generic fiber of dimension 1 such that ¢ viewed as
an Oz-module satisfies the desired conclusion. We will show that ¢4 = Oz does the job.

Arguing by noetherian induction on the scheme Z, we may assume that for every proper closed
subscheme Z' C Z that is reduced and irreducible, every coherent Oz-module satisfies the desired
conclusion when viewed as an Oz-module. In particular, by the Unscrewing Lemma, we are done
if Z is non-reduced or reducible (as the sufficient criterion above only involves closed subschemes
of reduced irreducible components of Z.q), so we may assume Z is integral, and again via the
Unscewing Lemma we know that for every proper closed subscheme Z' C Z (not necessarily irre-
ducible!) and coherent Oz-module ¢ the function n — y (4 ® Z®") is in Q[n]| with degree at most
dim 7' < dim Z. By the Unscrewing Lemma one more time, it is now only necessary to exhibit a
single coherent Oz-module .# with generic stalk of rank 1 such that x(# @ £®") is in Q[n] with
degree at most dim Z. We will show that .% = O, works.

By Chow’s Lemma, there exists a proper birational map 7 : Y — Z with Y projective and

integral. Thus, Oz — m.(Oy) is an inclusion whose cokernel 2 is supported on a proper closed
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subscheme of Z (not necessarily irreducible!), so n — x(2 @ £®") belongs in Q[n] with degree
< dim Z. Since
X(07 ® Z5") = x(1.(Oy) © L") = X(2© L"),

it suffices to show that n +— x(m.(Oy) @ Z®") belongs to Q[n] with degree at most dim Z.

Each higher direct image R/7,(Oy) is coherent on Z with support on a proper closed subscheme
for j > 0, so n +— x(R/7.(Oy) ® L") belongs to Q[n] with degree at most dim Z for j > 0. Since
RiT,(Oy) @ L% = Rim,(r*Z%") for all j > 0, by the Leray spectral sequence

HZ(Z7 R‘]ﬂ-*()) = HZ+J(Y7 )
applied to 7*.Z®" we have

XY, 72" =3 (=1)x(Z,R'7.(Oy) ® £°")
J
with the left side and all terms for j > 0 on the right side belonging to Q[n| with degree at most
dim Z = dim Y. (We have used the settled projective case to handle the left side.) Thus, the term

in this final sum for j = 0 satisfies the same property, and that is exactly what we needed. m

Let’s now return to our initial setup with the proper finitely presented Y — S equipped with an
S-ample line bundle .Z, and a T-flat finitely presented closed subscheme Z C Y7 for an S-scheme
T. Note in particular that .#|, is T-flat. Thus, for n € Z the function t — x((Z]2){") is locally
constant on 7. But this function of n is a polynomial of degree at most dim Z;, so it is determined
by its values at the 1 4 dim Z; integers 0 < n < dim Z;. Since t — dim Z; is locally constant on T
(as Z — T is proper, flat, and finitely presented), for each ® € Q[n] the pairwise disjoint sets

Ty = {t € T| X((Z])%") = ®(n) for all n € Z}

are all open (maybe likely empty!), so all are open and closed; note that Tg depends on the speci-
fication of Z C Y7, despite the notation.

If we define Hilb$/S(T) = {Z € Hilby/s(T) | x((ZL]2)f™ = ®(n) for all n € Z,t € T'} then when
Hilby /s is represented by some universal pair (¢, Z) it follows easily (check!) that each clopen
subscheme % (defined via 2 C Y,) equipped with the restriction 2|, represents Hilb$: /s- More
importantly, the general clopen decomposition [[ T = T" attached to any Z € Hilby,g(7T") implies
(check!) that if there exist representing pairs (%, Z¢) for Hilb%s for all ® (some such .7 may
be empty!) then

(T, 11 %)

represents Hilby/g.
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REMARK C.1.4. Even for the concrete case Hilbpg /z 1t is a rather non-trivial matter to de-
termine for which ® the subfunctor Hilbqlig /z 18 non-empty (equivalently, has a point valued in
some algebraically closed field). Of course, a necessary condition is that ® is a “numeric poly-
nomial”, meaning that ®(n) € Z for all n € Z; these are precisely the Z-linear combinations of

the polynomials n — (?) for j > 0.

The real theorem on this matter is:

TueoREM C.1.5 (Grothendieck). For any proper finitely presented ¥ — S and S-ample .Z
on Y, each Hilbgi/ g is represented by a proper and finitely presented S-scheme Hilb% g that is
equipped with an S-ample line bundle. Hence, Hilby/g is represented by the scheme ][4 Hilb;{; /s

The schemes Hilb;{;/s are constructed as locally closed subschemes of Grassmannians Zariski-
locally on S (then shown to be closed subschemes of such via the valuative criterion and not via
the initial construction). A basic technical role for the T-flatness hypothesis on Z is that for all

T" — T the natural surjection of Oy,,-modules
(A7) — fZT/

is an isomorphism (since 0 — .#z — Oy,. — Oz — 0 retains short-exactness after any base change
on T due to T-flatness of Oy).
As motivation for some considerations with marked stable curves, it is instructive to consider a

refinement of the Hilbert functor:

DEFINITION C.1.6. Define Hilb{/s to be the contravariant functor that assigns to any S-scheme
T the set of pairs (Z,0) for Z € Hilby,s(T") and 0 € Z(T).

There is an evident forgetful map Hilb§/ — Hilby,s defined by (Z,0) — Z. Thus, if Hilbyg
is to be representable, then a representing object naturally lives over the Hilbert scheme Hilby, g
(when the latter exists). In fact, it is a very specific object over the Hilbert scheme: the universal

flat family! More precisely:

ProprosiTioN C.1.7. Assume that Hilby/g is represented by a pair (€, Z). Then Hilbys is
represented by the S-scheme 2.

Proof. Consider any S-scheme T' and pair (Z,0) € Hilb¥¢(T). The data of Z C Yr is classified
by a unique S-map f : T — S, which is to say that Z = 2 X ;T inside Yp» X T = Y.
Then the section o : T' — Z as a T-morphism amounts to a map F : T — 2 over the classifying
S-map f : T — H for Z. Clearly F is an S-map, and conversely given any S-map F : T — &
we may define an S-map f : T — S by composing F' with the structure map 2 — ¢, with
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such f defining an element Z € Hilby,s(T") via pullback of 2 along f. In this way we see that

specifying (Z,0) € Hil Y/S(T) is ezactly the same as specifying an S-map F : T — %, and this is

all functorial in 7. O

It is a very instructive exercise to bootstrap the preceding argument to show that for any n > 0,
the n-fold fiber power
L X L Xy X &

represents the functor Hilbyy' assigning to any S-scheme T' the set of data (Z;01,...,0,) for
Z € Hilby/s(T) and o04,...,0, € Z(T). (Note that the sections are given as an ordered n-tuple;
this corresponds to making maps into the fiber product that has n ordered copies of Z.) The
open complement of the closed union of the pr;;-pullback of the diagonal 2° C 2" X 5 2 for all
1 <1i < j < n represents the subfunctor of Hil ;B/CS” corresponding to pairwise disjoint sections.
Exampre C.1.8. Over a representing scheme 7, for Hilby)¢', the condition that fibers be
geometrically connected and semistable of pure dimension 1 with (arithmetic) genus ¢g and the
sections o; be pairwise disjoint is represented by an open subscheme %, C .7, over which we
have a “universal genus-g curve” (€; s1,...,s,) inside Y with n disjoint markings. Imposing
the further condition on the functor that each o; lands inside the relative smooth locus for the
given flat family of curves is represented by the open subscheme of %, complementary to the

union of the closed subsets s; ' (€ — ™).

§C.2 Putting a stable marked curve into standard form

Let S be a scheme, and f : X — S a proper finitely presented flat map whose geometric fibers are
semistable connected curves with arithmetic genus g. Let oy,...,0, € X*(S) be pairwise disjoint
sections supported in the smooth locus. Let Zx/s = wx/g(>°0;) be the canonically associated
invertible sheaf with fiber-degree 2g — 2 4+ n which we assume to be positive. (Despite the notation,
ZLx,s depends on the ¢;’s and not just on X over S.) By arguments in [DM69] and [Knu83], the
geometric fibers are stable if and only if Zx/g is ample on all fibers X, and we now assume that
to be the case.

By adapting cohomological vanishing arguments in the proof of [DM69, Thm. 1.2] (for n = 0
and g > 2), if m > 2 then Hl(Xs,‘Z)?S’?S) vanishes for m > 2 and 3)?/”5 is fiberwise very ample
for m > 4. (The reason we require m > 4 for fibral very ampleness whereas [DMG9] only requires
m > 3 is to handle certain degenerate cases with irreducible geometric fibers when g < 1.) The
polynomial function

m o (L8

has degree 1 with linear coefficient equal to the degree 29 — 2 + n and its value at m = 0 is
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X(OXs) =1- g, S0
X(ZE) = (29 =2+ n)m+ (1 —g).

Hence, if m > 2 then h%(X,, Z¢7,) = (29 — 2 +n)m + (1 — g).

Defining @, ,(t) = (29 — 2+ n)t + (1 — g) € QJt], by Grothendieck’s base change theorems for
coherent cohomology we see that if m > 2 then &, := f*(,,%)?/”;) is a vector bundle on S whose
formation commutes with any base change and has fiber-rank ®,,(m). Moreover, by the same base-
change methods, the fibral very ampleness for m > 4 implies that the natural map f*(&,,) — 3}?}2

is surjective. This quotient map is classified by an S-morphism
Jm : X = P(&,)

to a projective-space bundle, and the formation of j,,, commutes with any base change on S. Thus,
if m > 4 then j,, is a closed immersion on fibers over S, so the proper S-morphism j,, is quasi-finite
and hence finite (by Zariski’s Main Theorem). Thus, we can apply Nakayama’s Lemma to deduce
that j,, is a closed immersion.

Now fix m = 4 for specificity, and let 7 = j; and & = & with rank
N:=N(g,n) =429 —2+n)+ (1 —g);

this is a closed immersion of X into the P¥~1-bundle P(&) with fibers having Hilbert polynomial

P(t) = ®,,(4¢). In particular, if we Zariski-localize on S then we can also choose a trivialization
ON ~¢&

and thereby identify j with a closed immersion X < P¥~! Actually, we can get by with something
slightly less: we can instead Zariski-localize so that there is merely an isomorphism ¢ : P(&) ~
PY~1 of S-schemes (not necessarily arising from an isomorphism ¢ of vector bundles: GLy(A) —
PGLx(A) is not surjective for non-local rings A in general!). Our aim in this handout is to reverse the
entire process, by recovering a “universal” such stable n-pointed curve equipped with an appropriate

projective embedding.

§C.3 Hilbert scheme considerations

In the above setup, (X, ) gives us a map

h:S — Hilb®

Py !z

<I>N 1
pPY-1/z

over which the universal family has fibers that are connected semi-stable curves with arithmetic

which classifies the closed immersion j : X < P¥~1. Let U C Hilb be the open subscheme
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genus ¢, and let Z — U be the universal such curve inside P} '. The map h visibly factors through
U, and the data of the ordered n-tuple of sections o; lifts b : S — U to a map h : S — Z" (fiber
power over U). The locus in Z™ where the n sections over U are pairwise disjoint and supported
inside Z*™ is an open subset Q C Z", and h : S — Z" lands inside Q.

Over ( there is a “universal semistable curve” C inside Py ', and by the miraculous [ECA, Vs,
9.9.6] it is an open condition on § that £ o has ample fibers. Thus, there is an open subscheme
H C Q over which there is a universal stable n-pointed genus-g curve (C;&1,...,&,) equipped with
the data of a specified closed immersion ¢ : C' < P! That is, (C;&,...,&y; ) represents the
functor of stable n-pointed genus-g curves equipped with a closed immersion of the curve into P!,
Letting f : C'— H be the universal structure morphism, the vector bundle .% := f, (fgﬁ{) of rank
N has nothing to do with ¢, and in particular .# might not admit a trivialization over H.

Consider the Isom-scheme I = Isom(P(.%),PY¥~1) over H. This is a Zariski-torsor for the
automorphism scheme PGLy of PY~! (as we see by working Zariski-locally over H where .# admits
a trivialization), and by the very definition of I the pullback P(.%#); over I is equipped with a
tautological isomorphism ¢ to PY~1. Hence, by composing the I-pullback of j, : C' < P(.%) with
¢, C7 is equipped with a canonical closed immersion ¢/ : C; < PY ™!, But this closed immersion
has nothing to do with ¢;!

Finally, consider the condition on an I-scheme T that on the pullback C7, the two closed im-

! arising from ¢; and ¢/ coincide. If this condition is represented by a closed

mersions Cp — PJ~
subscheme B C I (i.e., T — I factors through B if and only if the pullbacks of ¢; and ¢’ over T coin-
cide) then B represents the functor assigning to any scheme S the set of isomorphism classes of stable
n-pointed genus-g curves (X;o1,...,0,) equipped with an isomorphism ¢ : P( f*<$)(?/4s)) ~ pi-!
where f: X — S is the structure morphism and N = N(g,n) as above. Here, by “isomorphism”
between such data

(X;O—].?"'?O-TL?()O)? (X,70-,17"'70-7/7,790/)

we mean an isomorphism
/ / /
0:(X;01,...,00) = (X', 0o1,...,0,)

rn

such that the induced isomorphism

F(L)s) = FU(L30s)

has projectivization which carries ¢ to ¢'. Note the crucial fact such combined data have no non-
trivial automorphisms (so the task of determining an isomorphism class is actually Zariski-local on
the base). To see this latter rigidity property, consider an automorphism « of (X; 0y, ...,0,) whose
effect on P := P( f*(.i”f?/‘ls)) intertwines the isomorphism ¢ with itself. The effect of & on P must
then be the identity map, yet its effect on P recovers o on X C P due to the canonicity of the
inclusion of X into P (depending on the ordered n-tuples of o;’s that is respected by «).
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We have now nearly proved the following theorem:

THEOREM C.3.1. Fix n,g > 0 such that 2¢ —2+n > 0. Let N = N(g,n) and ®(t) =
®,,,(4t) as defined above. The functor of isomorphism classes of stable n-pointed genus-g

curves (X;o01,...,0,) equipped with an isomorphism (or “trivialization”)
v P(f(LRs) = Pg

is represented by a locally closed subscheme M;f;y inside a PGLy-bundle over an open sub-
o

scheme of the n-fold fiber power of the universal flat family over the Hilbert scheme Hilbpy-1 Iz
z

triv
g?”

family over the Hilbert scheme is a locally closed immersion. We will not need this.

It can be shown that the natural map from MV to the n-fold fiber power of the universal flat

Proof. Tt remains to prove a general fact that has nothing to do with stable curves: if XY are closed
subschemes of a projective space over a scheme 7' (in the case of interest Y is itself a projective
space over T') with X flat over T', and if f,h: X = Y are two T-morphisms, then the condition on
a T-scheme T” that f7v = hp is represented by a finitely presented closed subscheme of T'.

One of the standard applications of the existence of Hilbert schemes is the existence of Hom-
schemes by viewing a morphism U — V' between finitely presented projective schemes over a base
B as a graph inside U x g V, which is to say a finitely presented closed subscheme of U x5 V on
which pr, is an isomorphism. Such a graph is flat over B when U is flat over B, so the place to look
for a Hom-scheme is inside Hilb(yx ,1),5. More specifically, as is explained in [Nit05, Ch.5], the
functor 7" — Homy (X7, Y7v) is represented by a countable disjoint union H of finitely presented
quasi-projective T-schemes (over which there is a “universal morphism” Xy — Ypy). In particular,
H is T-separated and the maps f and h correspond to a pair of T-morphisms 7" = H, which is to
say a section j : T'— H x¢ H (which is a closed immersion since H is T-separated). The condition
of equality fr = hp after base change along a map k : T/ — T is precisely the condition that
jok: T — H xp H factors through the diagonal, which is to say that k factors through the closed
subscheme j~'(Ap/r). Hence, this latter closed subscheme of T" does the job. ]

The “difference” between the moduli scheme built in the above theorem and the dream of a
universal stable n-pointed genus-g curve is the specification of . To remove ¢ from the picture,
first note that there is a natural action of PGLy on M;r;;’ by composing ¢ with the PGLy-action
on PV~ But this action is not a free action because two ¢’s for the same stable n-pointed genus-g
curve can be related through the action of a non-trivial automorphism of the stable pointed curve.
In other words, it is exactly the presence of nontrivial (though finite!) automorphism groups for
some stable curves which prevents the action from being free.

The work of Artin [Art74] on moduli problems provides an appropriate notion of “quotient stack”

./\/l;“nV /PGLy that is a-priori an Artin stack. Due to the properties of automorphism schemes of
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stable n-pointed genus-g curves over algebraically closed fields as in Lemma 14.1.1, it follows from
[LMB, Thm.8.1] that this stack is even Deligne-Mumford (informally, that means that the stack
admits an étale cover by a scheme, a property that Deligne and Mumford proved directly in [DM69]
via “slicing arguments” since at that time the notion of Artin stack didn’t exist and the notion of
DM stack was only then being introduced).

In §17 and §18.1 this Deligne-Mumford stack is shown to be smooth and proper over Z. Were
the automorphism groups at geometric points actually trivial then it could be further concluded
that this DM stack is an algebraic space, and there are useful sufficient criteria to prove that an
algebraic space is a scheme. However, it is not an algebraic space due to the presence of non-trivial

(though étale) automorphism schemes at geometric points, and in particular it is not a scheme.
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Appendix D

Isomorphisms of quadratic spaces

§D.1 Introduction

Let A be a local ring, with residue field k, and Q,Q’" : A™ = A two residually non-degenerate
quadratic forms in n variables over A such that their reductions ¢, ¢’ : k™ = k are isometric. (That
is, there exists a linear automorphism Lg of ™ such that go Ly = ¢'.)

Subject to the mild hypothesis char(k) # 2 when n is odd (i.e., we assume n is even if char(k) =
2), we aim to prove that if A is henselian (e.g., complete local noetherian, or the henselization of
any local ring) then @ and @) are isometric; i.e., we seek to build a linear automorphism L of A"
such that Qo L = @Q'.

REMARK D.1.1. Let’s show that the parity condition on n when char(k) = 2 cannot be removed.
(We will only care about the case of even n, in fact n = 2, so the reader who doesn’t care about
residue characteristic 2 is welcome to skip this.) Suppose char(k) = 2 and n = 2m + 1 with
m > 0.

For non-degenerate quadratic space (V) of odd dimension 2m + 1 over such k, the sym-
metric bilinear form B, (v1,vs) = q(v1 + v2) — q(v1) — q(v2) is alternating and has defect space
VEi={v € V|,By(v,-) = 0} equal to a line, with the induced alternating form B, on the

2m-dimensional V/V1 non-degenerate (i.e., symplectic.) Let
Q = iL‘g + X129 + -+ Toam—1Tom, Q/ = Ul’g + 2122 + -+ Tom—1T2m

for u € A*. The reductions (k", ¢) and (k", ¢’) have 1-dimensional defect spaces each coinciding
with the line keg.

The restrictions of ¢ and ¢ to their respective defect lines are z2 and uz? respectively, so
the existence of a residual isometry forces the reduction @ € k* to be a square in k. Since
char(k) = 2, the reduction of u being a square does not generally imply that u is a square in
A* (even if A is a complete discrete valuation ring). Although it is clear by inspection that u
being a square in A* is sufficient for Q) and @’ to be isometric, it isn’t evident in general if this
is necessary for @) and @’ to be isometric (in which case we would have a genuine obstruction,
showing that the parity condition on n for residue characteristic 2 cannot be avoided).

In case A is an Fj-algebra then necessity is obvious because in such cases the intrinsic
defect modules for (Q and Q)" respectively each coincide with the subbundle Aeq on which they
respectively restrict to 3 and uz?, so we can argue as we did over k. Thus, by taking A to be
a local henselian Fy-algebra and u € A* a non-square unit whose reduction is 1 (e.g., A = [t]

for a field k of characteristic 2 and u = 1 + t) we get the desired examples of non-isometric @)
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and @’ that are residually non-degenerate and residually isometric for all odd n = 2m + 1.

In fact, by using more serious input through the structure of “odd” orthogonal group schemes
over rings one can show over any local ring A that the condition of u being a square is always nec-
essary for Q and )" to be isometric; see Remark D.2.1. Thus, we also get mixed-characteristic
examples with A any 2-adic integer ring, by taking u to be 1+ 7 for a uniformizer 7 (visibly a
non-square precisely because if u were a square then it would have to have a square root that

is a 1-unit but the square of any 1-unit is 1 mod 7% since 7|2 in A).

§D.2  Smoothness of an Isom-scheme

Now we take up the task of proving for henselian local A that () and @)’ are isometric when they
are residually isometric, provided that n is even when char(k) = 2. First we dispose of a boring
case: n = 1. Suppose n = 1, so Q = az? and Q' = a'x? for units a,a’ € A* such that a’/a has
reduction in £* that is a square (by the residual isometry hypothesis). For odd n we are assuming
char(k) # 2, so d’/a is therefore a square in A by the henselian condition (i.e., Y? —a'/a € A[Y]
has a simple residual root, and thus a root in A) and so @ and @' are isometric. Thus, we now
assume n > 2.

The key idea is to introduce an A-scheme classifying isometries and prove this scheme is smooth
(which will crucially use the hypothesis that n is even when char(k) = 2); it will then follow via
the henselian condition on A that the given residual isometry ¢’ ~ ¢ can be lifted to an isometry
Q' ~ Q over A.

Inside the A-group scheme GL,,, the condition on a point L that () = Qo L is an explicit (albeit
nasty) finite system of universal polynomial conditions over A on the matrix entries of L (depending
on @ and @’ over A). This defines a finitely presented closed subscheme I C GL,, representing the

functor on A-algebras

C ~ Isom((C", Qp), (C™, Qc)).

We are given that I(k) is non-empty. Thus, if I is A-smooth then I(A) — I(k) is surjective for
henselian A, so we would be done. Our aim then is to prove that I is A-smooth. The beauty of
this idea is that as a property of an explicit finitely presented A-scheme it will be sufficient to check
this after suitable fpqc scalar extensions on A that would otherwise seem to lose all contact with
our actual problem of interest over A.

It is discussed in Section 22.1 (with n > 2) that the residual non-degeneracy of @) implies that
the projective quadric (Q = 0) C P’;! is A-smooth with relative dimension n — 2 > 0, so we now
forget about the assumptions that A is local and henselian (so in particular we drop the hypothesis
involving a residual isometry!) and instead allow A to be any ring whatsoever but assume two

things:

(i) the projective quadrics (Q = 0), (Q' = 0) C P" ! are A-smooth with relative dimension n — 2,
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(i) if n is odd then A is a Z[1/2]-algebra.

Under these assumptions, we shall prove that the Isom-scheme I is A-smooth. It is only at the end
of the argument that (ii) will be used.

By [Conl4, Lemma C.2.1] (whose proof is primarily a reference to a self-contained concrete
calculation in [SGA7, XII, Prop. 1.2]), the smoothness of relative dimension n — 2 for the projective
quadrics (Q = 0) and (Q' = 0) in P"y! ensures that fppf-locally on Spec(A), each of Q and Q'
becomes isometric to the “standard” fiberwise non-degenerate quadratic form in n variables, namely
Qom = 1129 + -+ + Topym_1%2, When n = 2m and Qoppyq i= m% + 2, Wwhen n = 2m + 1. Since the
A-smoothness of the Isom-scheme [ is an fppf-local problem over Spec(A), by making a suitable
fppf-affine base change on A (!) we can assume @ = Q' = Q,,! Thus, our Isom-scheme I becomes
the A-group scheme O,, 4 C GL,, 4 representing the functor of isometric automorphisms of (),,. This
A-group scheme is the scalar extension of the corresponding one over Z, so our task has reduced to
that of proving the smoothness of O,, over Z for even n and over Z[1/2] for odd n. (Recall that we
assume A is a Z[1/2]-algebra when n is odd.)

It is shown by a concrete equation-counting argument in [Conl4, Thm. C.1.5] that if n = 2m
with m > 1 then the orthogonal group scheme O,, is Z-smooth and in fact (see also [Conl4, (C.2.2),
Prop. C.2.8, Def. C.2.10, Thm. C.2.11]) is an extension of the constant group Z/(2) by a smooth
affine group scheme SO,, with connected fibers of dimension n(n — 1)/2 (this latter group scheme
is not defined to be O, N SL,, because for even n this gives the wrong group in characteristic 2;
the Dickson morphism defined in (C.2.2) of loc. cit. gives a unified definition over Z for even n,
recovering the usual notion over Z[1/2] by [Conl4, Cor. C.3.2]).

In [Conl4, Rem. C.2.12], it is shown that if n = 2m +1 then O,, = us x SO,, as Z-group schemes
for the Z-group scheme SO,, :== O,,NSL,, that is smooth with connected fibers of dimension n(n—1)/2
[Conl4, Thm.C.2.11]. Thus, over Z[1/2] we recover the desired smoothness for O,, for odd n!

REMARK D.2.1. The description Og,, 11 = g X SOg,,11 over Z allows us to fill in the loose end
in Remark D.1.1 concerning the necessity of u being a square (for those who didn’t completely
ignore Remark D.1.1, which we don’t logically need anyway). Namely, the Isom-scheme [ =
Isom(Q’, Q) that we want to have an A-point is a left torsor for O(Q) = Ogpr1 = 2 X SOgp11
for the fppf topology on A. To get from Q to Q" over the fppf cover A’ = A[T]/(T? — u) of A,

we can apply the diagonal operation on A" given by

diag(vu, Vu, 1/Vu, Vu, /a1 ).

Thus, the resulting fppf 1-cocycle over A’ ®4 A’ is given by

diag(¢, ¢, 1/¢,...,¢,1/¢)
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for ( = u® (1/y/u). But (* =u® (1/u) =1, 50 ¢ € (A’ @4 A’) and hence 1/¢ = .

We conclude that the fppf descent datum describing I as an Os,,1-torsor comes from
HY(A, ps). Since Ogpyi1 = pta X SOsgy 11, this Ogp,yi-torsor is trivial if and only if the class in
H'(A, us) is trivial (since a 1-coboundary splitting the Oy, 1-valued 1-cocycle over some fppf
cover of A refining A’ can be projected to its po-factor). By fppf Kummer theory, the class in
H'(A, p2) represented by v/u® 1//u € (A’ @4 A’')* corresponds to the class of u € A*/(A*)?
under the natural injective map A*/(A*)? — H'(A, us). Hence, I(A) is non-empty if and only

if u is a square in A. This is exactly the necessity claimed in Remark D.1.1.
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Appendix E

From normal crossings to strict normal crossings

§E.1 Introduction

Let S be an integral noetherian scheme. Recall that we defined an effective Cartier divisor D C S
to be a strict normal crossings divisor if S is regular at each point d € D and the irreducible
components {D;};cr of D (with their reduced structure) are regular and have (scheme-theoretic)
overlaps D; = N;e;D; that are regular with pure codimension #.J for all subsets J of I. (The case
J = () is either a tautology or is to be ignored; take your pick.) Locally, this says that for each
d € D lying on exactly m irreducible components, a local generator f € Qg4 for the ideal sheaf of
D at d has irreducible factorization f = []; f; in Ogq with the f;’s pairwise coprime (that is, not
unit multiples of each other) and part of a regular system of parameters of Og 4.

We also defined the concept of normal crossings divisor: a closed subscheme D C S is a normal
crossings divisor if it pulls back to a strict normal crossings divisor on an étale cover of S (or
equivalently, for each s € S there is an étale map U — S hitting s so that the pullback of D in U is
a strict normal crossings divisor in U). In particular, D must be reduced and have invertible ideal
sheaf (that is, it is Cartier). The purpose of this appendix is to prove that for any normal crossings
divisor D C S there is an integral noetherian scheme S’ and a proper birational map ¢ : 8" — S
that is an isomorphism outside of D (and in fact is a blow-up along a coherent ideal whose zero
scheme is physically supported in D, but we do not require this fact) such that ¢ =!(D),eq is a strict
normal crossings divisor on S’. The reason we wish to prove this result is two-fold: it is a very basic
fact for which we do not know a reference, and at the end of deJong’s proof he gets a divisor that
is merely a normal crossings divisor (due to a local calculation in the étale topology) so we need

such a ¢ to get the “strict normal crossings” aspect of deJong’s theorem.

REMARK E.1.1. Note that if the original S is regular then so is S” obtained in this way, since by
design S’ is regular at points in ¢! (D) (by the sned condition) whereas S — ¢~ '(D) — S — D
is an isomorphism (so S’ — ¢~ }(D) inherits regularity from S). This is important for the final

resolution process in deJong’s proof.

§E.2  Construction of some closed sets

At the end of [deJ96, §2.4] it is explained how one carries out the construction of ¢ : §" — S as
above. The explanation involves the étale-local notion of “branches”, so to make contact with the
original situation one really wants a global instrinsic (rather than étale-local) description of the
process and for a general noetherian integral scheme (as opposed to a variety over a field) in order

to carry out the relevant étale descent. Hence, one may pause to question if everything really works
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out correctly.
We prove here that everything does indeed work as it should. Given a normal crossings divisor

D C S, our goal is to construct a finite sequence of blowings-up
0: S8 = Sy1—~>--—>S

along closed subschemes supported over D such that ¢~ '(D),q C S, is a strict normal crossings
divisor. It then follows from the self-contained (but slightly obscurely proved) [RG71, Lemma 5.14]
that such a composite map ¢ is necessarily a blow-up along a closed subscheme physically supported
in D, though this fact that ¢ is actually a blow-up within D (rather than merely an isomorphism
over S — D) is not necessary for deJong’s work.

For n > 1, let Z,, C D be the locus where D has “> n analytic branches”. Rigorously,
Z, ={d € D| O}, has > n minimal primes}.

This is merely a subset of D, and its geometry will be sorted out in a moment. Observe that the
formation of Z,, is compatible with étale localization on S. That is, if S” — S is étale and if D’ is
the pullback of D to S" and Z/, C D’ is defined analogously to Z,, C D, then Z/ is the full preimage
of Z, in 5.

The following lemma isolates some intrinsic properties of strict normal crossings divisors that

are local for the étale topology and so are well-posed for normal crossings divisors such as our D:
LeEMMA E.2.1. Let D C S and {Z,},>1 be as above.
1. The scheme S is regular at all points of D.

2. The subset Z,, C S is Zariski-closed with pure codimension n if it is nonempty; that is,

inf,cz, dimOg, =n if Z, # 0.

3. Giving Z, its reduced structure, the regular locus Z'°® is equal to the open subset Z,, —

Zni1 in Z,, and this is both dense in Z,, as well as of pure codimension n in S.

Proof. For (1) we may work étale-locally, so the assertion is clear (as it holds for strict normal
crossings divisors). As for (2), since the formation of the set Z, is local for the étale topology and
since étale descent theory is effective for descent of reduced closed subschemes it suffices to prove
the result étale-locally over S. Hence, for (2) it is enough to treat the case when D is a strict
normal crossings divisor. By (1) and [EGA, IVy, 5.1.9], it likewise follows that for the proof of (3)
it is enough to check it étale-locally on S. Thus, to prove both (2) and (3) we lose no generality
in assuming that D is a strict normal crossings divisor in S. Since the Cartier D is reduced, if
{D;} is the set of (reduced) irreducible components of D then D = > D; as closed subschemes of

S. By the regularity conditions in the definition of a strict normal crossings divisor, for all d € D
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the irreducible components of Spec (’)%ﬁd are given by Spec O%li,d for D; that contain d. Hence,
Zp =Ugj_pnDyfor all n > 1, so Z, is Zariski-closed. This settles (2).

The open complement Z,, — 7,11 in Z, with its reduced structure is given by

Ty — 1 = H (D — UigsD;),
#J=n
and this is regular with pure codimension n in S if it is nonempty because each D; — U;z;D; is
regular with pure codimension n in S if it is nonempty. Hence, Z,, — 7,1 C Z'°. To get the reverse
inclusion, pick d € Z,, and suppose d € D; with #J = n. Hence, Spec Op, 4 C Spec Og4 is a closed
subscheme of codimension n that is regular. But Z,, = Uy =, D set-theoretically, so Spec Oy, 4 is
set-theoretically the union of the Spec Op, 4’s for all D; that contain d (with #.J = n) and these
Spec Op, 4’s must be the irreducible components of Spec Oy, 4 (as they are irreducible and none
contains the other since they all have the same dimension). Hence, if Spec Oy, 4 is regular then d

must lie in a unique D; with #J = n. This also gives the density of Z,, — Z,,11 in Z,,. ]

§E.3 The blow-up process

We are now ready to make some blow-ups. Let m be maximal so that Z,, is nonempty, and consider

the strictly increasing chain of closed sets
0#2nCZpna1C--CZ1=D.

By Lemma F.2.1, each Z; C S is of pure codimension 7, the open locus Z; — Z;,_1 C Z; is dense
and equal to Z;°®, and Z,, is regular. If m = 1 then D is regular and we are done. Hence, we shall
assume m > 1, and the first blow-up we shall study is that of S along Z,,.

Let S" = Blyg,, (5). We claim that the reduced preimage D’ of D in S’ is a normal crossings
divisor equal to D' = D UE as closed sets with D the strict transform of D and E the exceptional
divisor of the blow-up; moreover, E is reqular. To justify this, by working locally for the étale
topology we come down to the easily checked fact that in a regular local ring A with {f1,..., fin}

part of a regular system of parameters, in the regular integral scheme

Spec Alty, ..., ta]/(f; — fit))

the locally closed subscheme {fj, # 0, fi = 0} for jo # 1 is empty (yet in Spec A the locus with the
same description is dense in {f; = 0}) whereas the locally closed subscheme {f; = 0, fi # 0} in
this integral scheme has closure equal to the regular Cartier divisor {t;, = 0}.

It follows that after some étale local base change on S (to make the normal crossings divisor
D becomes a strict normal crossings divisor) the m-fold overlaps of strict transforms of irreducible

components of D are empty, so the strict transform Z,,_; of Z,,_1 is a disjoint union of (m — 1)-
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fold overlaps of such strict transforms étale locally on S. Hence, Z,,_ is reqular. Again working
étale locally over S to make D a strict normal crossings divisor, on the blow-up S" the (m + 1)-
fold overlaps among irreducible components of D’ are empty because they involve at most one
irreducible component of the regular exceptional divisor and so at least m of the strict transforms
of the irreducible components of D (and we have just seen that such m-fold overlaps in the blow-up
are empty).

Now consider the blow-up S” = Bl ~ (5'). If we work Zariski-locally on S’ and use the disjoint
union decomposition of Z,,_; into certain (m — 1)-fold overlaps, the same calculations as above

show:
o the reduced preimage D" C S” of D’ in S’ is a normal crossings divisors;

e if m > 2, the strict transforms Z. o of Z, o with respect to S” — S is regular. (The key

point is that Z,,,_o — Z,,_1 is a dense open in Z,, o if m > 2.)

We can keep iterating this procedure until we arrive at a (composite) blow-up S — S that is
an isomorphism over S — D and on which the reduced preimage D of D is a normal crossings
divisor. In fact, we can arrange that D is the union of some regular irreducible components and
the strict transform D of D in S, with the strict transform 7, of Zy in S also regular. But Zi=D
by construction, so we conclude that Dis a regular normal crossings divisor, so its irreducible
components are its connected components and thus are regular. Thus, D C S is a normal crossings

divisor whose irreducible components are regular, so D is a strict normal crossings divisor in S.
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Appendix F

Resolving singularities in codimension 3

§F.1 Axiomatic setup

This appendix gives a detailed treatment of the final two sections [deJ96, §4.26-4.27] of the proof
of the main result over fields. We begin by fixing any pair (X, Z) satisfying the hypotheses at the
end of [de]96, §4.25]: X is a projective variety of dimension d > 3 over an algebraically closed field
k and Z C X is a reduced closed subset such that:

1. Z N X®™ is a normal crossings divisor in X® (recall this means that locally for the étale
topology on X*™ the closed subset looks like an intersection of coordinate hyperplanes through

the origin in an affine space),

2. for all x € (Z Nsing(X))(k) there is a k-algebra isomorphism
@X,x ~ k:[[u,v,tl, .. 7td—1]]/(UU —ty - .ts>

with the quotient @Z@ cut out by the principal ideal generated by ¢; - - - ¢, where 2 < s <r <
d —1 (and r, s may depend on z),

3. all irreducible components E of sing(.X) are smooth of dimension d — 3 and all overlaps ENE’

(in the scheme-theoretic sense) are smooth (possibly not transverse intersections).

These hypotheses imply that the ideal sheaf .#; C Ox is invertible (as we may check locally at
cach © € Z(k) by separately treating the cases x € X* (k) and = € sing(X)(k)), so Z has pure
codimension 1 in X.

Note that if X is smooth then by (1) we have that Z is a normal crossings divisor in X. Hence,
if X is smooth then we may apply Appendix I on passage from normal crossings divisors to strict
normal crossings divisors (via precise blow-ups) to find a modification X’ — X with smooth X’
(see Remark E.1.1!) such that the preimage of Z in X’ is a strict normal crossings divisor (i.e.,
the irreducible components of Z are smooth and are mutually transverse). This final situation is
exactly where we want to get to complete the inductive argument, so we may now assume sing(X)
is non-empty.

We wish to find a modification X’ — X such that for the preimage Z’ of Z in X’ we have that
(X', Z') satisfies the same axioms as above for the pair (X, Z) but with sing(X’) somehow “simpler”
than sing(X) so that the process eventually ends with no singularities in the total space (and then
a further modification of X via Appendix I brings us to the desired case, namely with Z a strict

normal crossings divisor in the smooth X).
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§F.2 Blow-up in codimension 3

Let E be an irreducible component of sing(X), and let 7 : X’ = Blg(X) — X be the blow-up. Let
Z' = 77Y(Z) eq. The answer to our prayers is given by the following result from [deJ96, §4.27]:

TueorEM F.2.1. With notation as just defined, the pair (X', Z’) satisfies the same axioms
as (X, Z) in §I'.1, but the number of irreducible components of sing(X’) is one less than the

number of irreducible components of sing(X). More precisely, the irreducible components of

sing(X’) are the strict transforms of the irreducible components of sing(X) distinct from FE.

Proof. The idea is similar to how we analyzed (and ultimately removed the presence of) codimension-
2 irreducible components in sing(X): we do some concrete blow-up calculations in convenient étale
charts. As before, we need to exercise some care with respect to keeping track of irreducibility
under completion and étale localization, and once again regularity will be the key to handling such
issues.

Let E be an irreducible component of sing(X) distinct from E (if any exist). There is a natural
pnp () and the strict transform E' of E under the blow-up 7 : X’ — X

along F (where E'N E is taken in the scheme-theoretic sense, which is regular by our axioms). This

FE-isomorphism between Bl

relationship between strict transform of a closed subset under a blow-up and a blow-up of the closed
subset is explained in detail in Lemma A.3.3. The advantage of such a “blow-up” description of E
in X’ is that it shows that this strict transform (which we know to be integral: it is a closure of
EN(X —E) in X") is regular. Indeed, working locally for the étale topology, the study of Bl, =(FE)
is the same as that of blowing up an affine space along a linear subspace, for which the blow-up is
seen to be regular by explicit calculation on blow-up charts.

The upshot is this: all such E”s are smooth codimension-3 subvarieties of X’. Since X' —
7 YE) ~ X — E, all singularities of X’ away from the E”’s must lie in the exceptional divisor.
Thus, our problem is to verify the following three assertions, with {E;} the set of irreducible

components of sing(X):

1. X’ is regular at all points of along 7~ !(E) away the reduced union Ug, . E; (this is the strict

transform of the closure of sing(X) — F, even when this complement is empty!),

2. for all Ej, B; # E with i # j (if two such exist!), the overlap E N E’ in the scheme-theoretic

sense is smooth (or equivalently, regular),

3. At all k-points of Z’ N 7~!(F) the formal structure of the pair (X’,Z’) is as in the second

axiom at the outset.

By the same type of zig-zag argument through étale neighborhoods (now around a k-point of X)
via Artin approximation, it is enough (check!) to study the analogous situation for an étale chart

with the same formal structure as (X, x) (i.e., same completed local ring).

191



Math 245A Notes Stanford University

Our problem is now reduced to checking the above three assertions for the following “open

variety” situation:
X = Specklu,v,ty,... . tg_1]/(uv —t1---ts), Z=V(t1---t,) = X

with 2 < s <r < d-1and £ = V(u,v,t;,t;) with 1 < i < j < s (where V(I) denotes the
zero-scheme in X of an ideal I). Without loss of generality, i = 1 and j = 2. The blow-up Blg(X)
is covered by four Zariski-open subschemes, namely the charts D, (u), Dy (v), D, (t1), and D, (ts).
By symmetry, it suffices to study the opens D, (u) and D, (t;). We will see by calculation that
D (u) is regular with Z’ N D, (u) a strict normal crossings divisor (which is only enough to infer
the normal crossings condition in the original situation, as we are presently only working on an
¢tale chart of the original setup and the strict normal crossings condition is not local for the étale
topology whereas the normal crossings condition is). In particular, all of the real work will therefore
take place in D, (t;). Keep in mind, as we have already seen, that Z' = 771(Z),eq.

On the open locus D, (u) we have relations v = v'u, t; = tju, and ty = thu, so the relation
uv =ty -+ t, is the same as u?(v' — |t - - - t,) = 0. Killing the u-power torsion therefore gives that
that

D, (u) = Spec(k[u,t],t5,t3, ..., ta_1])

since this clearly has no nonzero u-power torsion. Note by inspection that this is regular. Also,
ty - t, = ultithtz---t,, so since u is not a zero-divisor on D, (u) we conclude that the overlap
Z'NDy(u) = 7 YZ)wea N Dy(u) is the integral zero-scheme cut out by wutjthts---t, = 0. By
inspection, Z’ N D, (u) is clearly a strict normal crossings divisor in D (u).

Now we turn our attention to D, (t1), which is a bit more involved. We have the relations

u=u'ty, v="1'ty, and ty = thty, so killing ¢?-torsion gives
D, (t1) = Spec(k[u', V', t1,ty, .. . ta_1]/ (W' — thts- - - t5)), Z' =V (tityts---t,)

by the same sort of calculation as on Dy (u). Note that the relation cutting out D, (¢;) does not
involve ¢;. Thus, the singular locus on D, (t;) is the union of the irreducible loci of the following
two types:

Vo't t), V(W vt ) (F.2.1)

with 3 <17 < sand 3 <17 < j < s respectively. These are clearly smooth and have smooth scheme-
theoretic overlaps. By direct inspection we see that Z' N Dy (¢) has the desired formal structure
within D, (¢;) at all of its k-points lying in sing(X").

Our final task is to relate the irreducibles in (F.2.1) to the strict transforms of the irreducible
components of sing(X) distinct from F = V(u,v,t;,t5). This is purely a counting problem and
only requires us to work generically on irreducible components of singular locus on X and X’

(so it is enough to identify work out how these meet either of D, (t;) or D, (t3); there is no
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need to work on D, (u) or D, (v) because we have seen that X’ is smooth on these latter two
opens). By consideration of generic points, the map D, (t;)subsetX’ — X induces a dominant map
V(u' o't t;) = V(u,v,ta,t;) for 3 < i < s, so the closed locus V (u',v',t5,t;) in D (t;) is where
the strict transform of V' (u,v,ts,t;) meets Dy (t;). Likewise, for 3 < i < j < s we get a dominant
map V (v, v, t;,t;) = V(u,v,t;,t;) that realizes the source as the part of D, (¢;) meeting the strict
transform of the target. There remain the irreducible components V (u,v,t1,t;) of sing(X) with
3 <1 < s, but since ty is a unit at the generic point of each of these components we see that
these generic points must all lift into D, (t5) under X’ — X. Hence, we may analyze these strict
transforms generically by working in D, (t5) exactly as we just worked out where D, (f;) meets a

dense open in the strict transform of V' (u', v, t}, ;) (swap the roles of ¢; and t5). O
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